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Abstract
Full Text

MATHEMATICS
I. Ya. Bakelman, I. Ya. Guberman

THE DIRICHLET PROBLEM FOR AN EQUA-
TION WITH THE MONGE–AMPÈRE OPER-
ATOR
(Presented by Academician V. I. Smirnov on VII 6, 1962)

In the paper (1), one of the authors of the present article established that, for
an equation of the form

𝑟𝑡 − 𝑠2 = 𝜑(𝑥, 𝑦, 𝑧, 𝑝, 𝑞), 𝜑 ⩾ 0, (1)

when the function 𝜑 grows sufficiently rapidly as 𝑝2 + 𝑞2 → +∞, the Dirichlet
problem, generally speaking, has no solutions if the satisfaction of the boundary
condition is understood in the classical sense. The simplest example of this is
the Dirichlet problem in the disk 𝐾 ∶ 𝑥2 + 𝑦2 ⩽ 𝑎2 < 1:

𝑟𝑡 − 𝑠2 = (1 + 𝑝2 + 𝑞2)2; 𝑧∣fr 𝐾 = 𝑏𝑥.

For sufficiently large values, in absolute value, of the number 𝑏, this problem
has no solutions.

In the paper (2) it was proved that if the domain Ω is bounded by a closed
convex curve Γ with substantially positive specific curvature, and the function
𝜑(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) is continuous and satisfies the inequalities

0 ⩽ 𝜑(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) ⩽ 𝑐0(1 + 𝑝2 + 𝑞2), 𝑐0 = const, (2)

then the Dirichlet problem for equation (1) has a generalized solution (see (1,2)),
which assumes on Γ a prescribed continuous function. Using other considera-
tions, A. V. Pogorelov in (3) established that the indicated problem is solvable
also in the case when the function 𝜑 does not increase with respect to 𝑧 and
satisfies the condition, less restrictive than (2),

0 ⩽ 𝜑(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) ⩽ 𝑐0(1 + 𝑝2 + 𝑞2)3/2.

In the present article conditions are established under which the Dirichlet
problem for the equation 𝑟𝑡 − 𝑠2 = 𝜑(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) is solvable if the function
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𝜑(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) has an arbitrary power order of growth in 𝑝, 𝑞, or 𝑝2 + 𝑞2 → +∞,
and the specific curvature of the curve Γ may tend to zero. We restrict
ourselves to the case of power growth of the function 𝜑 in 𝑝, 𝑞 only for the
sake of simplicity of exposition. The methods which we use below, as is easy
to see, apply to functions 𝜑(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) having arbitrary growth in 𝑝, 𝑞 as
𝑝2 + 𝑞2 → +∞.

Let 𝑅(𝑝, 𝑞) be a positive function continuous on the entire 𝑝, 𝑞-plane; we shall
assume throughout that there exist positive constants 𝑐0 and 𝑘 such that, for
all 𝑝, 𝑞, the inequality

𝑅(𝑝, 𝑞) ⩽ 𝑐0(1 + 𝑝2 + 𝑞2)𝑘 (3)

holds.

Let 𝑃 be a convex surface that projects one-to-one onto the bounded open
convex domain Ω. By 𝜔(1/𝑅, 𝑃 , 𝐻) we shall denote its conditional curvature
generated by the function 1/𝑅(𝑝, 𝑞) (1).
We shall say that the specific curvature of the convex curve Γ (Γ is the boundary
of the domain Ω) at a point 𝑄0 has order of vanishing not greater than 𝜈 (𝜈 ⩾ 0)
if there exists such a positive constant ℎ that

𝜃/𝑙 ⩾ ℎ𝑙𝜈, (4)

where 𝑙 is the length of an arbitrary sufficiently small arc of the curve Γ contain-
ing the point 𝑄0, and 𝜃 is the angle between the supporting lines to Γ drawn at
the end-

ends of this arc. Below we shall constantly assume that the curve Γ has, at
every point, order of extension not greater than 𝜈, where 𝜈 ⩾ 0 is a constant
number.

Theorem 1. Let surfaces 𝑃1, 𝑃2, … , 𝑃𝑛, …, convex in the direction 𝑧 > 0 (𝑧 <
0), be projected one-to-one onto convex domains Ω𝑛 ⊆ Ω, and, as 𝑛 → ∞,
converge to a surface 𝑃 which is projected one-to-one inside Ω. Let the boundary
curves 𝛾1, 𝛾2, … , 𝛾𝑛, … of these surfaces converge to a curve 𝛾, projected one-to-
one onto Γ. Suppose, furthermore, that there exist numbers 𝜆 ⩾ 0, 𝑎 > 0 such
that for every point 𝑄0 ∈ Γ there is a neighborhood 𝑆, for all Borel sets of
which lying entirely in Ω, the inequality holds

lim
𝑛→∞

𝜔 ( 1
𝑅 , 𝑃𝑛, 𝐻 ∩ Ω𝑛) ⩽ 𝑎 [ sup

(𝑥,𝑦)∈𝐻
𝜌(𝑥, 𝑦)]

𝜆

mes𝐻 ∗ . (5)

Then, if the numbers 𝜆, 𝑘, 𝜈 are related by the inequality

𝑘 ⩽ 1 + 1
𝜈 + 2 + 𝜆

2 , (6)
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the curve 𝛾 is the boundary of the surface 𝑃 .

From this theorem there follow the following two theorems, important for further
applications.

Theorem 2. Let the conditions of Theorem 1 be fulfilled and let Ω𝑛 = Ω for
all 𝑛. Then the sequence of convex functions 𝑧𝑛(𝑥, 𝑦), for which the surfaces
𝑃𝑛 are graphs, converges uniformly in Ω + Γ to the function 𝑧(𝑥, 𝑦) defining the
surface 𝑃 in Ω.

Theorem 3. Let 𝜇(𝐻) be a completely additive nonnegative set function on
the domain Ω, satisfying the following conditions: there exist constants 𝜆 ⩾ 0,
𝑎 > 0 such that for every point 𝑄0 ∈ Γ there is a neighborhood 𝑆, for all Borel
sets 𝐻 of which lying entirely in Ω, the inequality

𝜇(𝐻) ⩽ 𝑎 [ sup
(𝑥,𝑦)∈𝐻

𝜌(𝑥, 𝑦)]
𝜆

mes𝐻, 𝜇(Ω) > ∫
+∞

−∞
∫

+∞

−∞

𝑑𝑝 𝑑𝑞
𝑅(𝑝, 𝑞) (7)

is valid (𝜌(𝑥, 𝑦) is the distance from the point (𝑥, 𝑦) to Γ). Then, whatever
closed curve 𝛾, having a one-to-one projection onto Γ, may be, there exists a
unique surface 𝑃 , convex in the direction 𝑧 > 0 (𝑧 < 0), with boundary 𝛾, which
is projected one-to-one onto Ω + Γ and satisfies the equation

𝜔(1/𝑅, 𝑃 , 𝐻) = 𝜇(𝐻).

Let us consider in particular the case when

𝜇(𝐻) = ∬
𝐻

𝜑(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦;

the function 𝜑 ⩾ 0 is summable. If there exist constants 𝜆 ⩾ 0 and 𝑎 > 0 such
that for all points (𝑥, 𝑦) sufficiently close to Γ the inequality

𝜑(𝑥, 𝑦) ⩽ 𝑎[𝜌(𝑥, 𝑦)]𝜆 (8)

is valid, then the set function 𝜇(𝐻) satisfies conditions (7). Hence, from The-
orem 3 it follows that the equation 𝑟𝑡 − 𝑠2 = 𝜑(𝑥, 𝑦)𝑅(𝑝, 𝑞) has a unique gen-
eralized solution (see (1)), taking on Γ any prescribed continuous function of a
point of Γ and having convexity directed toward 𝑧 > 0 (𝑧 < 0).
Denote by 𝑊 + (𝑊 −) the set of all functions convex in the direction 𝑧 > 0
(𝑧 < 0), defined in Ω. Let 𝜓(𝑋) be a continuous function of a point 𝑋 of the
curve Γ. A solution of the boundary-value problem

𝑟𝑡 − 𝑠2 = 𝜑(𝑥, 𝑦)𝑅(𝑝, 𝑞), 𝑍|Γ = 𝜓(𝑋)

* 𝜌(𝑥, 𝑦) is the distance from the point (𝑥, 𝑦) to Γ.
in the class 𝑊 +, if it exists, by 𝐴𝑅𝜑. Put, for 𝑢 ∈ [0, +∞),
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𝑀(𝑢) = ∬
𝑝2+𝑞2≤(𝑢/𝑑)2

𝑑𝑝 𝑑𝑞
𝑅(𝑝, 𝑞)

(𝑑 is the diameter of Ω). In (1) it is proved that, if 𝐴𝑅𝜑 exists, then

𝑀 (max
Ω+Γ

𝐴𝑅𝜑 − max
Γ

𝜓(𝑥)) ≤ ∬
Ω

𝜑(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 ≤ 𝑀(+∞).

Theorem 4. Let Φ = {𝜑(𝑥, 𝑦)} be some family of nonnegative functions,
summable in Ω, satisfying condition (8) with the same constants 𝑎, 𝜆 for all
𝜑 ∈ Φ. Suppose further that

𝐼Φ = sup
𝜑∈Φ

∬
Ω

𝜑(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 < 𝑀(+∞).

Then the operator 𝐴𝑅 maps the family Φ into a set of class 𝑊 + compact in the
sense of uniform convergence.

Theorem 5. If Φ is a family of functions satisfying the condition of Theorem
4, and the sequence 𝜑𝑛 ∈ Φ is such that the set functions

𝜇𝑛(𝐻) = ∬
𝐻

𝜑𝑛(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦

converge weakly to the set function

𝜇0(𝐻) = ∬
𝐻

𝜑0(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦

inside Ω, then the sequence of functions 𝐴𝑅𝜑𝑛 converges uniformly to the func-
tion 𝐴𝑅𝜑0.

We now pass to the consideration of the Dirichlet problem for the equation

𝑟𝑡 − 𝑠2 = 𝜑(𝑥, 𝑦, 𝑧, 𝑝, 𝑞).

Without loss of generality, it will be more convenient for us to write this equation
in the form

𝑟𝑡 − 𝑠2 = 𝑅(𝑝, 𝑞)𝑓(𝑥, 𝑦, 𝑧, 𝑝, 𝑞).

The factor 𝑅(𝑝, 𝑞), roughly speaking, carries the character of growth of the
function 𝜑(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) as 𝑝2 +𝑞2 → +∞. With respect to the domain Ω and the
function 𝑅(𝑝, 𝑞) we retain the assumptions made at the beginning of the paper.
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We shall assume the function 𝑓(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) to satisfy the following conditions:
a) it is defined, continuous, and nonnegative for 0 ≤ 𝑧 < 𝑅0, (𝑥, 𝑦) ∈ Ω, −∞ <
𝑝, 𝑞 < +∞ (in the particular case 𝑅0 may also be +∞); b) for every 𝑅 ∈ [0, 𝑅0)
there exist constants 𝑎 > 0, 𝜆 ≥ 0, 𝜀 > 0 such that, for all (𝑥, 𝑦) ∈ Ω satisfying
the condition 𝜌(𝑥, 𝑦) < 𝜀, the inequality

𝑓(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) ≤ 𝑎[𝜌(𝑥, 𝑦)]𝜆

holds for arbitrary 𝑝, 𝑞 and 𝑧 ∈ [0, 𝑅]; here it is assumed that the condition

𝑘 ≤ 1 + 1
𝜈 + 2 + 𝜆

2 ;

is fulfilled; c) for all 𝑅 ∈ [0, 𝑅0) the inequality

𝐹(𝑅) = ∬
Ω

𝑓𝑅(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 < 𝑀(+∞), where 𝑓𝑅(𝑥, 𝑦) = sup
0≤𝑧≤𝑅

−∞<𝑝,𝑞<+∞

𝑓(𝑥, 𝑦, 𝑧, 𝑝, 𝑞).

We shall assume that the function 𝜓(𝑥) defining the boundary condition in the
Dirichlet problem satisfies the inequalities 0 ≤ 𝜓(𝑥) < 𝑅0.

Denote by 𝑊 +
𝜓,𝑅 the set of all functions in 𝑊 + whose boundary values coincide

with 𝜓(𝑥) and which satisfy the inequality 𝑧(𝑥, 𝑦) ⩽ 𝑅, and by 𝑊 +
𝜓,𝑅 the set

of those functions in 𝑊 +
𝜓,𝑅 which satisfy the inequality 𝑧(𝑥, 𝑦) < 𝑅. The set

𝑊 +
𝜓,𝑅 is nonempty if and only if max

Γ
𝜓(𝑋) ⩽ 𝑅; analogously, the inequality

max
Γ

𝜓(𝑥) < 𝑅 is the condition for nonemptiness of the set 𝑊 +
𝜓,𝑅. The set

𝑊 +
𝜓,𝑅0

is obviously nonempty. Let 𝑧 ∈ 𝑊 +
𝜓,𝑅0

. Then everywhere in Ω + Γ,
𝑧(𝑥, 𝑦) < 𝑅. Hence it follows that ‖𝑧‖𝐶 < 𝑅0; thus 𝑧 ∈ 𝑊 +

∞,‖𝑧‖𝐶
and ‖𝑧‖𝐶 < 𝑅0.

Put 𝜑𝑧(𝑥, 𝑦) = 𝑓(𝑥, 𝑦, 𝑧, 𝑝, 𝑞), where 𝑧 = 𝑧(𝑥, 𝑦), and 𝑝, 𝑞 are the coefficients of
the supporting plane to the surface 𝑧 = 𝑧(𝑥, 𝑦) at the point (𝑥, 𝑦, 𝑧(𝑥, 𝑦)). Since

0 ⩽ min
Γ

𝜓(𝑥) ⩽ min
Ω

𝑧(𝑥, 𝑦) ⩽ max
Ω

𝑧(𝑥, 𝑦) < 𝑅0,

the function 𝜑𝑧(𝑥, 𝑦) is defined in Ω almost everywhere uniquely. Since

0 ⩽ 𝜑𝑧(𝑥, 𝑦) ⩽ 𝑓‖𝑧‖𝐶
(𝑥, 𝑦),

we have
∬

Ω
𝜑𝑧(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 ⩽ 𝐹(‖𝑧‖𝐶) < 𝑀(+∞).

From property b) of the function 𝑓 it follows that the function 𝜑𝑧(𝑥, 𝑦) satisfies
all the conditions of Theorem 3. Thus, for every function 𝜑𝑧(𝑥, 𝑦) the function
𝐴𝑅𝜑𝑧 is defined, i.e., on 𝑊 +

𝜓,𝑅0
the operator 𝐵𝑧 = 𝐴𝑅𝜑𝑧(𝑥, 𝑦) is defined.
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Theorem 6. The operator 𝐵 is completely continuous on each set 𝑊 +
𝜓,𝑅,

𝑅 ∈ [0, 𝑅0), in the sense of uniform convergence.

Theorem 7. If there exists a number 𝑅 satisfying the inequalities

max
Γ

𝜓(𝑥) ⩽ 𝑅 < 𝑅0; 𝐹 (𝑅) ⩽ 𝑀 (𝑅 − max
Γ

𝜓(𝑋)) , (9)

then the boundary-value problem

𝑟𝑡 − 𝑠2 = 𝑅(𝑝, 𝑞)𝑓(𝑥, 𝑦, 𝑧, 𝑝, 𝑞), 𝑧|Γ = 𝜓(𝑋)

has a solution in 𝑊 +
𝜓,𝑅̃.

Conditions (9) make it possible to apply to the operator equation 𝑧 = 𝐵𝑧
on the set 𝑊 +

𝜓𝑅̃ the well-known Schauder fixed-point principle for completely
continuous transformations of convex sets into themselves in Banach spaces,
whence Theorem 7 follows.

An analogous method can be applied to the study of the Dirichlet problem for
strongly elliptic Monge—Ampère equations

𝑟𝑡 − 𝑠2 = 𝐴(𝑥, 𝑦, 𝑧, 𝑝, 𝑞)𝑟 + 2𝐵(𝑥, 𝑦, 𝑧, 𝑝, 𝑞)𝑠 + 𝐶(𝑥, 𝑦, 𝑧, 𝑝, 𝑞)𝑡+

+𝜑(𝑥, 𝑦, 𝑧, 𝑝, 𝑞).

In conclusion, we note that Theorem 7 contains, as special cases, the theorems
of I. Ya. Bakelman and A. V. Pogorelov cited at the beginning of the article.

Leningrad Pedagogical Institute
named after A. I. Herzen
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