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Abstract
Full Text
MATHEMATICS
V. P. MIKHAILOV

ON THE FIRST BOUNDARY-VALUE PROB-
LEM FOR SOME SEMI-BOUNDED HYPOEL-
LIPTIC DIFFERENTIAL OPERATORS
(Presented by Academician I. G. Petrovskii on 9 XI 1962)

In this note the first boundary-value problem is studied for certain classes of
hypoelliptic equations, as well as for certain classes of equations with semi-
bounded principal part.

I. Consider, in a bounded domain 𝑄 of 𝑛-dimensional space 𝑥 = (𝑥1, … , 𝑥𝑛), the
differential equation of order 2𝑚1 in 𝑥1, 2𝑚2 in 𝑥2, … , 2𝑚𝑛 in 𝑥𝑛, for certain
integers 𝑚1, … , 𝑚𝑛, 𝑚𝑖 > 0:

𝐿(𝑢) ≡ ∑
|𝛼|=1

𝐴(𝛼)(𝑥)𝐷𝛼𝑢 + ∑
|𝛼|<1

𝐴(𝛼)(𝑥)𝐷𝛼𝑢 ≡ 𝐿0(𝑢) + 𝐿1(𝑢) = 𝑓, (1)

where 𝛼 = (𝛼1, … , 𝛼𝑛), 𝐷𝛼 = 𝐷𝛼1
1 ⋯ 𝐷𝛼𝑛𝑛 , |𝛼| = 𝛼1

2𝑚1
+ ⋯ + 𝛼𝑛

2𝑚𝑛
; the functions

𝐴𝛼(𝑥) have in 𝑄 bounded derivatives up to order

[𝛼1 + ⋯ + 𝛼𝑛
2 ] .

Suppose that

inf
𝑥∈𝑄

Re ∑
|𝛼|=1

𝐴(𝛼)(𝑥)(𝑖𝜉)𝛼 ≥ 𝜃2 (𝜉2𝑚1
1 + ⋯ + 𝜉2𝑚𝑛𝑛 ) , 𝜃 > 0, (2)

where (𝑖𝜉)𝛼 = (𝑖𝜉1)𝛼1 ⋯ (𝑖𝜉𝑛)𝛼𝑛 .

Lemma 1. Equation (1) is hypoelliptic in 𝑄 (1).
We shall be interested in the question of finding, in the domain 𝑄, a solution of
equation (1) satisfying in the usual sense the boundary conditions

𝑢|Γ = ⋯ = 𝐷𝑚−1
𝑥 𝑢|Γ = 0, (3)

where 𝑚 = max𝑖(𝑚𝑖), and Γ is the boundary of the domain 𝑄.
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Denote by
∘

𝑊 (𝑟)(𝑄), 𝑟 = (𝑟1, … , 𝑟𝑛), the Sobolev space
∘

𝑊 (𝑟)
𝑥,2(𝑄) obtained by

completing 𝐶∞
0 (𝑄) in the metric 𝑊 (𝑟)

𝑥,2(𝑄); by
∘

𝑊 (−𝑟)(𝑄), as usual, we denote

the space of functionals on
∘

𝑊 (𝑟)(𝑄).
By a generalized solution of problem (1), (3) we shall mean a function

𝑢 ∈
∘

𝑊 (𝑚)(𝑄), 𝑚 = (𝑚1, … , 𝑚𝑛),

which, for every function 𝑣 ∈
∘

𝑊 (𝑚)(𝑄), satisfies the integral identity

(𝑅1(𝑢), 𝑅2(𝑣)) + (𝑇1(𝑢), 𝑇2(𝑣)) = (𝑓, 𝑣), (4)

where the brackets ( , ) denote the scalar product in ℒ2(𝑄); 𝑅𝑖 and 𝑇𝑖, 𝑖 = 1, 2,
are operators bounded in

∘
𝑊 (𝑚)(𝑄), and for 𝑣 ∈

∘
𝑊 (𝑚)(𝑄) and 𝑢 ∈

∘
𝑊 (𝑚)(𝑄) ∩

𝑊 (2𝑚)(𝑄)

(𝑅1𝑢, 𝑅2𝑣) = (𝐿0𝑢, 𝑣), (𝑇1𝑢, 𝑇2𝑣) = (𝐿1𝑢, 𝑣)

(the possibility of such a decomposition of 𝐿0 and 𝐿1 into 𝑅1, 𝑅2 and 𝑇1, 𝑇2,
respectively, is proved).

Lemma 2. There exists a constant 𝜆0 such that, for any function 𝑢 ∈ 𝐶∞
0 (𝑄),

the inequality

(𝐿0𝑢, 𝑢) ≥ 𝜃2

2 ‖𝑢‖2
𝑊̇ (𝑚)(𝑄) − 𝜆0‖𝑢‖2

𝐿2(𝑄), (5)

holds, where 𝜃 is the constant from (2).

This lemma is analogous to Gårding’s lemma (2) for elliptic equations. It shows
that the bounded operator 𝑅∗

2𝑅1 +𝜆, acting in 𝑊̇ (𝑚)(𝑄), has a bounded inverse
for 𝜆 ≥ 𝜆0, which in turn makes it possible to prove the following theorem:

Theorem 1. Problem (1), (3), for 𝑓 ∈ 𝑊̇ (−𝑚)(𝑄), is regularly solvable in
𝑊̇ (𝑚)(𝑄).
Moreover, if the homogeneous problem (𝑓 = 0) has only the zero solution, then
the operator 𝐿 establishes a one-to-one correspondence between 𝑊̇ (𝑚)(𝑄) and
𝑊̇ (−𝑚)(𝑄) (by regular solvability, following Vishik, we mean Fredholmness).

II. We now consider, in a bounded domain 𝑄 of the (𝑛+1)-dimensional space
𝑥 = (𝑥0, 𝑥1, … , 𝑥𝑛), an equation of odd order 2𝑚0 + 1 with respect to 𝑥0
and of even orders 2𝑚𝑖 with respect to 𝑥𝑖, 𝑖 = 1, … , 𝑛, where 𝑚0 ≥ 0,
𝑚𝑖 > 0, 𝑖 = 1, … , 𝑛, 2𝑚0 + 1 < 2𝑚 = max1≤𝑖≤𝑛 2𝑚𝑖,
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𝐿(𝑢) ≡ ∑
|𝛼|=1

𝐴(𝛼)(𝑥)𝐷𝛼𝑢 + ∑
𝛼∈𝐸𝑃

𝐴𝛼(𝑥)𝐷𝛼𝑢 ≡ 𝐿0(𝑢) + 𝐿1(𝑢) = 𝑓, (6)

where 𝛼 = (𝛼0, … , 𝛼𝑛),

|𝛼| = 𝛼0
2𝑚0 + 1 + 𝛼1

2𝑚1
+ ⋯ + 𝛼𝑛

2𝑚𝑛
,

and 𝐴(𝛼)(𝑥) have, in 𝑄, bounded derivatives up to order

[𝛼0 + 𝛼1 + ⋯ + 𝛼𝑛 + 1
2 ] .

We shall assume that

inf
𝑥∈𝑄

∣𝐴(2𝑚0+1,0,0,…,0)(𝑥)∣ ≠ 0; (7)

inf
𝑥∈𝑄

Re ∑
|𝛼|=1

𝐴(𝛼)(𝑥)(𝑖𝜉)𝛼 ≡ inf
𝑥∈𝑄

𝑃(𝜉𝑖) ≥ 𝜃2 (|𝜉|𝑓1 + ⋯ + |𝜉|𝑓𝑁 ) ≥ 𝜃2 (𝜉2𝑚1
1 + ⋯

⋯ + 𝜉2𝑚𝑛𝑛 ) , 𝜃 > 0. (8)

We note that for parabolic equations, which are a special case of (6), in (3) an
even stronger solution of problem (6), (3) has been constructed.

Denote by 𝐹𝑃 (𝑥) the set of those 𝛼 of the plane |𝛼| = 1 for which 𝐴𝛼(𝑥) ≠
0 enters into 𝑃(𝜉𝑖). The minimal convex polyhedron in the plane |𝛼| = 1
containing all 𝐹𝑃 (𝑥) will be called 𝐺𝑃 (we note that, by virtue of inequality (8),
the vertices 𝑓1, … , 𝑓𝑁 are vectors with even coordinates). Finally, by 𝑀𝑃 we
denote the set of points of the (𝑛+1)-dimensional simplex 𝛼𝑖 ≥ 0, 𝑖 = 0, 1, … , 𝑛,
|𝛼| ≤ 1, whose projection onto the plane 𝛼𝑖 = 0 coincides with the projection
onto the same plane of the set 𝐺𝑃 , for 𝑖 = 1, 2, … , 𝑛.

Now one can also define the set 𝐸𝑃 , appearing in the definition (6) of the
operator 𝐿1(𝑢) of lower-order terms: 𝐸𝑃 is the totality of integer points of the
set

𝐼𝑃 = (𝛼𝑖 ≥ 0, 𝑖 = 0, 1, … , 𝑛, 𝛼0
2𝑚0

+ 𝛼1
2𝑚1

+ ⋯ + 𝛼𝑛
2𝑚 < 1) ∪

∪ [𝑀𝑃 ∩ ( 𝛼0
2𝑚0 + 1 + 𝛼1

2𝑚1
+ ⋯ + 𝛼𝑛

2𝑚𝑛
< 1 ≤ 𝛼0

2𝑚0
+ 𝛼1

2𝑚1
+ ⋯ + 𝛼𝑛

2𝑚𝑛
)] .
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Lemma 3. Equation (6) is hypoelliptic in 𝑄.

Denote by 𝐻0(𝑄) and 𝐻1(𝑄) the Hilbert spaces of functions obtained by com-
pleting 𝐶∞

0 (𝑄) in the metrics

(𝑢, 𝑢)𝐻0(𝑄) = ∥𝐷𝑚0
0 𝑢∥2

𝐿2(𝑄) + (𝑃(𝐷)𝑢, 𝑢),

(𝑢, 𝑢)𝐻1(𝑄) = ∥𝐷𝑚0+1
0 𝑢∥

2

𝐿2(𝑄)
+ (𝑃(𝐷)𝑢, 𝑢),

respectively. In view of inequality (8), the following embeddings are evident:

∘
𝑊 (𝑚0,𝑚1,…,𝑚𝑛)(𝑄) ⊃ 𝐻0(𝑄);

∘
𝑊 (𝑚0+1,𝑚1,…,𝑚𝑛)(𝑄) ⊃ 𝐻1(𝑄).

By a generalized solution of problem (6), (3) we shall mean a function 𝑢 ∈ 𝐻0(𝑄)
for which the equality

(𝑅0𝑢, 𝑅1𝑣) + (𝑇0𝑢, 𝑇1𝑣) = (𝑓, 𝑣) (9)

holds for every 𝑣 ∈ 𝐻1(𝑄). The operators 𝑅0, 𝑇0 and 𝑅1, 𝑇1 are bounded,
respectively, in the spaces 𝐻0(𝑄) and 𝐻1(𝑄); moreover, for 𝑢 ∈ 𝐶∞

0 (𝑄) and
𝑣 ∈ 𝐻1(𝑄), (𝑅0𝑢, 𝑅1𝑣) = (𝐿0𝑢, 𝑣), (𝑇0𝑢, 𝑇1𝑣) = (𝐿1𝑢, 𝑣) (the possibility of such
a splitting of the operators 𝐿0 and 𝐿1 is proved).

Assume, for simplicity, that the boundary Γ of the domain 𝑄 has only two
points 𝐴 = (𝑥𝑎

0 , … , 𝑥𝑎
𝑛) and 𝐵 = (𝑥𝑏

0, 𝑥𝑏
1, … , 𝑥𝑏

𝑛) at which the tangent plane to
Γ is orthogonal to the axis 𝑂𝑥0 (let 𝑥𝑏

0 > 𝑥𝑎
0).

Theorem 2. Problem (6), (3), for 𝑓 ∈ 𝐻1(𝑄) (𝐻1(𝑄) is the space conjugate to
the space 𝐻1(𝑄)), is regularly solvable in 𝐻0(𝑄), if 𝑄 lies in one of the cylinders

|𝑥𝑖𝑘
− 𝑥𝑎

𝑖𝑘
| = 𝜓(𝑥0 − 𝑥𝑎

0), 𝑥0 ≥ 𝑥𝑎
0 ,

and in one of the cylinders

|𝑥𝑖𝑘
− 𝑥𝑏

𝑖𝑘
| = 𝜓(𝑥𝑏

0 − 𝑥0), 𝑥0 ≤ 𝑥𝑏
0,

where 𝑖𝑘 are 𝑚 of the numbers 𝑖 = 1, 2, … , 𝑛 for which 2𝑚𝑖 = 2𝑚, 𝜓(𝑡) =
𝑡 2𝑚0+1

2𝑚 +𝛾, and 𝛾 > 0 is some constant∗.

Moreover, if the homogeneous problem (𝑓 = 0) has only the trivial solution,
then the operator 𝐿 establishes a one-to-one correspondence between 𝐻0(𝑄)
and 𝐻1(𝑄).
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For the proof of Theorem 2 it is enough to establish unique solvability in 𝐻0(𝑄)
of equation (6) in which 𝐿1(𝑢) = 𝜆𝑢 for a sufficiently large constant 𝜆 (equation
(9) with (𝑇1𝑢, 𝑇2𝑣) = 𝜆(𝑢, 𝑣) will be called equation (9′)).
The proof of the existence of at least one solution of (9′) is carried out according
to the same plan as the corresponding proof in (3), using the following lemma.

Lemma 4. There exists a constant 𝜆0 > 0 such that

(𝐿0𝑢, 𝑢) ≥ 𝜃2

2 ‖𝑢‖2
𝐻0(𝑄) − 𝜆0‖𝑢‖2

𝐿2(𝑄)

for all 𝑢 ∈ 𝐶∞
0 (𝑄).

The proof of uniqueness of the solution constructed is carried out as follows.
First it is proved that, for a solution 𝑢 ∈ 𝐻0(𝑄) (𝑓 = 0), when 𝜎 > 0 the
equality

(𝑅0𝑢, 𝑅1𝑢[𝜑(𝑥0)]𝜎) + 𝜎(𝑅0𝑢, 𝑅1𝑢[𝜑(𝑥0)]𝜎−1𝜑′(𝑥0))+

+𝜎𝐵(𝑢, 𝜎) + 𝜆(𝑢, 𝑢[𝜑(𝑥0)]𝜎) = 0, (10)

holds.
∗ For the parabolic equation (6) of order 2𝑚 (𝑚0 = 0, 𝑚𝑖 = 𝑚, 𝑖 = 1, … , 𝑛),
unique solvability of the problem under consideration has been proved under
the condition that

∫
0

𝑑𝑡
|𝜓(𝑡)|2𝑚 = ∞.

where 𝜑(𝑥0) is an infinitely differentiable function on the interval [𝑥𝑎
0 , 𝑥𝑏

0] which,
for 𝑥𝑎

0 ≤ 𝑥0 ≤ 𝑥1
0, is equal to 𝑥0 −𝑥𝑎

0 , for 𝑥2
0 ≤ 𝑥0 ≤ 𝑥𝑏

0 is equal to 𝑥𝑏
0 −𝑥0, and on

the interval 𝑥1
0 ≤ 𝑥0 ≤ 𝑥2

0 (𝑥1
0 and 𝑥2

0 are arbitrary points of (𝑥𝑎
0 , 𝑥𝑏

0)) 𝜑(𝑥0) is an
arbitrary smooth function with 𝜑(𝑥0) ≥ 𝑎 > 0; 𝑅0, 𝑅1 and ̃̃𝑅0, ̃̃𝑅1 are operators
bounded in 𝐻0(𝑄), which are parts of the operators 𝑅0 and 𝑅1 (𝑅0 and 𝑅1 are
those parts of 𝑅0 and 𝑅1 which correspond to even 𝑎0 + 𝑎1 + ⋯ + 𝑎𝑛 in 𝐿0(𝑢)
(6), while ̃̃𝑅0 and ̃̃𝑅1 are analogously connected with odd 𝑎0 + 𝑎1 + ⋯ + 𝑎𝑛);
𝐵(𝑢, 𝜎) is a quadratic form with respect to the function 𝑢 and its derivatives;
the coefficients in 𝐵(𝑢, 𝜎) depend on 𝜎 and are bounded for 0 ≤ 𝜎 ≤ 𝜎0, for any
fixed 𝜎0. It is proved that

|𝐵(𝑢, 𝜎)| + ∣(̃̃𝑅0𝑢, ̃̃𝑅1𝑢[𝜑(𝑥0)]𝜎−1𝜑′(𝑥0))∣ ≤ (11)

sovietrxiv.org/items/ru-196301.18551 Machine Translation

https://sovietrxiv.org/items/ru-196301.18551


≤ 𝜆1 (𝑢, 𝑢[𝜑(𝑥0)]𝜎) + 𝐶 min
𝑄

∣𝐴(2𝑚0+1,0)(𝑥)∣ ∣(𝐷𝑚0
0 𝑢, 𝐷𝑚0

0 𝑢[𝜑(𝑥0)]𝜎−1𝜑′(𝑥))∣

with certain 𝐶 and 𝜆1 independent of 𝜎.

It turns out that the solution 𝑢 for 𝑓 = 0 (or even for 𝑓 ∈ ℒ2(𝑄)) in fact
possesses greater smoothness than that ensured by membership in 𝐻0(𝑄).
Lemma 5. The solution from 𝐻0(𝑄) of problem (6), (3) for 𝑓 ∈ ℒ2(𝑄) satisfies
the inequality

∥𝐷𝑚0
0 𝑢 |𝑥0 − 𝑥𝑎

0 |−1/2∥ℒ2(𝑄) + ∥𝐷𝑚0
0 𝑢 |𝑥0 − 𝑥𝑏

0|−1/2∥ℒ2(𝑄) < ∞.

Lemma 5 and inequality (11) make it possible to pass to the limit in (10) as
𝜎 → 0 and, by virtue of Lemma 4, for 𝜆 ≥ 𝜆0 + 𝜆1, to conclude that 𝑢 = 0.

Remark. The considerations and results of part I can be extended to certain
non-hypoelliptic equations

𝐿(𝑢) ≡ 𝐿0(𝑢) + 𝐿1(𝑢) = 𝑓,

for which

Re 𝐿0(𝑥, 𝑖𝜉) + 𝜆0 ≡ 𝒫(𝑥, 𝜉) > 0 for |𝜉| ≥ 0, 𝑥 ∈ 𝑄

with a certain constant 𝜆0. The operator of lower-order terms 𝐿1(𝑢) and the
skew-symmetric principal part in 𝐿0(𝑢) are assumed, in the natural way, to be
subordinate to the polynomial 𝒫(𝑥, 𝐷). In this case the solution is sought in
the space 𝐻2(𝑄), obtained by completing 𝐶∞

0 (𝑄) in the metric (𝒫(𝑥, 𝐷)𝑢, 𝑢) =
‖𝑢‖2

𝐻2(𝑄). The corresponding considerations can also be carried out for the case
analogous to part II.

We note that, for the case analogous to I, some results have been obtained by
the variational method in (4,5 ).
Moscow State University
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