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1. In the paper (1), L. V. Kantorovich proposed a method for the approxi-
mate solution of boundary-value problems, which he called interpolational.
Later the method was again proposed (?) (for the case of ordinary differen-
tial equations) under the name of the method of placement. Subsequently
it came to be called in the literature (%) the collocation (coincidence)
method, which in essence corresponds to its content.

The author obtained (*) results on the convergence of the collocation method
as applied to the solution of the simplest boundary-value problem for ordinary
differential equations of even order under polynomial approximation, and also
showed the possibility of divergence of the method when equally spaced nodes
are chosen as the collocation points. The convergence of the collocation method
for integral equations was investigated in (°%). In the paper (7), the applica-
tion of the Galerkin, least-squares, and collocation methods to the solution of a
boundary-value problem for ordinary integro-differential equations was consid-
ered. However, the possibility of implementing the methods and their conver-
gence are not investigated.

In the present note we formulate some theorems on the convergence of the
collocation method for ordinary integro-differential equations, as well as for some
integro-differential equations in partial derivatives. Our investigation is based
on the general theory of approximate methods developed by L. V. Kantorovich

C*).

2. Consider the ordinary integro-differential equation with constant limits of
integration
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under the condition

m—1 ! b
L, Z [Z afjm(i>(7'k) —|—/ by )z (1) dt] =0 (j=1,2,....m), (2)

i=0 |k=1

where a < 77 < 7, < -+ < 1; < b, and the coefficients afj and the functions
b;;(t), summable on [a,b], are such that A\ = 0 is not an eigenvalue of the
corresponding homogeneous problem. This assumption makes it possible to
construct a sequence of polynomials Ry (t) of degree (m + k — 1) such that
Ligk=0(k=1,2,...; i=1,2,...,m).

According to the collocation method, we seek an approximate solution of prob-

lem (1), (2) in the form

m-+n

z, (1) = chRk(t> = Z thi (3)
| k=1

and determine the coefficients ¢, ¢, ..., ¢,, from the system of linear algebraic-

differential equations

(Kl'n)(tz) :y(ti) (Z = 1527"'7’”)’ (4)

where t,,t,,...,t,, is a prescribed system of nodes in [a, ].
We introduce the conditions:

A. For some r, on [a,b] the following inclusions hold: y(")(t) € Lipa, p@(t) €
Lipa, a >0 (s=1,2,...,m).

B. For a <t,7 <b, the ¢,(t,7) have continuous partial derivatives with respect
to the argument ¢ up to order r inclusive, and 9"q,/dt" € Lip a with respect to
t, uniformly with respect to 7 (s = 0,1,...,m).

C. A is not an eigenvalue of the problem.

Theorem 1. Suppose that the Chebyshev nodes or the Gauss nodes are chosen
as the collocation points. If, for v > 0, conditions A, B, C* are fulfilled, then for
all sufficiently large n the system (4) is solvable and the approximate solutions
xy, converge uniformly, together with their derivatives up to order m inclusive, to
the exact solution x* of the problem (1), (2) and to its corresponding derivatives,
with rate

max
a<t<b

2*(k) (t) — x;‘l(k) (t)‘ -0 ( Inn ) (5)
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for the Chebyshev nodes, and

max |2 (¢) — 2 (1)] = O (%) (6)

a<t<b

for the Gauss nodes (k=0,1,...,m).

Theorem 2. Suppose that the roots of the n-th orthogonal polynomial with
weight w(t) > v > 0, bounded below, are chosen as the collocation points. If
py = O%x and, for r > 1, conditions A, B, C are fulfilled, then for all sufficiently
large n the system (4) is solvable and x¥, converges to x* with rate

w0 (4) — ) | — (L) _
g%\x (t) —2n (1) =0 pr e (k=0,1,...,m). (7)

3. Consider problem (2) for the integro-differential equation with variable
limits of integration

(Ky2)(t) = 2™ (t) =X {zm:ps(t)x“”s)(t) + / Zm:qs(tﬁ)w(m’s)(ﬂ dr| =y(b).
= s=0 (8)

We still seek the solution of problem (8), (2) in the form (3), and determine the
coeflicients ¢y, ¢y, ..., ¢,, from the system

(Ky2,)(t;) = y(t,), 9)

where a <t, <b (i=1,2,...,n).
Replace condition B by the following:

B’. For a < 7 <t < b, the ¢,(t,7) have continuous partial derivatives with
respect to ¢t up to order r inclusive, and 9"¢,/0t" € Lip a with respect to t,
uniformly with respect to 7, and d"'q,(t,t)/dt""' € Lipa (s = 0,1,...,m).

Theorem 3. Suppose that the Chebyshev nodes or the Gauss nodes are chosen
as the collocation points. If, for r > 0, conditions A, B, C* are fulfilled,
then for all sufficiently large n the system (9) is solvable, and the approximate
solutions xk, converge to the exact solution x* of the problem (8), (2) with the
rate determined by equalities (5) and (6).

* For the Gauss nodes, when r = 0, one must additionally assume a > 1/2.

** This can be achieved by a suitable change of variables.
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Theorem 4. Let the roots of the n-th orthogonal polynomial with a weight
bounded below be chosen as the collocation points. If py = qy =0 and, forr > 1,
conditions A, B', C are satisfied, then for all sufficiently large n the system (9)
is solvable and x}, converges to x* at the rate determined by the inequality (7).

4. Let P(z,y) and Q(&,n) be points of the square S (0 < z,y < 7). Consider
the Dirichlet problem for a partial integro-differential equation of the form

(Kyu)(P) = Au(P) — A {p(P)U(P)+//SQ(P,Q)U(Q) d¢dn| =v(P)  (10)

under the condition

where I' is the contour of S.

We seek an approximate solution of problem (10), (11) in the form

n
Uy (T,Y) = Z Z ay; sinkx - sin ly,

k=1 1=1

and the coeflicients ay;, according to the collocation method, are determined
from the system of linear algebraic equations

(Kot ) (5, y5) = v(z,9;),  (75,y;) €8 (12)

(i=1,2,....,m; 7=1,2,...,n).

Theorem 5. Suppose the following conditions are satisfied:

1) For P,Q € S, the functions v(P), p(P), and q(P,Q) are continuous and
satisfy a Lipschitz condition with exponent o > 0 in the argument x and
with exponent 8 > 0 in the argument y (for q this condition is assumed to
hold uniformly with respect to Q).

2) v(P) and q(P,Q) satisfy condition (11), Q € S.
3) X is not an eigenvalue of problem (10), (11).

% —1 2j—1
€T. =T =T
T omr1 YT Ty

(i=1,2,....,m; j=1,2,...,n).
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Then the system (12) is solvable for all sufficiently large m and n, and the
approzimate solutions ul,, converge to the exact solution u* of problem (10),
(11) at the rate

n

111312%(‘A[u*(P> —Up, (P)] =0 [lnzm'mQ”' (nia ‘o ﬂ

5. Consider the partial integro-differential equation of the form

(Kyu)(P,t) = (A— %) w(P, )=\ [ (P, tyu(P, 1) / // Ju(Q, )dfdndT] — (P, 1)
(13)

with homogeneous initial and boundary conditions

uw(P,0)=0, PecS; u(P,t)|F:0, 0<t<T. (14)

We seek an approximate solution of problem (13), (14) in the form

(z,y,t Z Z fra(t) sin kx - sin ly, (15)

and the functions f;(t) are determined from the condition that equation (13)
be satisfied on the lines x = z,;, y = Yp, 0 <y, y; <m (i=1,2,...,m; j=
1,2,...,n), i.e., from the system of ordinary integro-differential equations of the
first order with constant limits of integration

(Kgumn)(xi,yj;t) = v(mi,yj,t) (i=1,2,....,m; j=1,2,...,n) (16)

under the initial conditions

Ffy(0)=0 (k=1,2,....m; 1=1,2,...,n). (17)

With this choice of the functions f;(t), expression (15) satisfies conditions (14).
Theorem 6. Suppose that the following conditions are satisfied:

1) For P,Q € S and 0 < t,7 < T, the functions v(P,t), p(P,t), and
q(P,t;Q,T) are continuous and satisfy a Lipschitz condition with expo-
nent a > 0 in the argument x and exponent § > 0 in the argument y,

uniformly with respect to t (for q, moreover, uniformly with respect to Q
and 7).

2) v(P,t) and q(P,t;Q,T) vanish for Pe T, Q € S, 0<t,T<T.
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3) A is not an eigenvalue of problem (13), (14).

2i—1 2j—1
=T .= i =1,2,...,m; j=1,2,...,n).
1 7T2m+17 y] 7T2n+1 (7’ » < 7mvj < 3”)
Then the system (16) with initial conditions (17) is solvable for all sufficiently
large m and n, and the approximate solutions u},,, converge to the exact solution

u* of problem (13), (14) with the rate

4) x

n

0 . . o 2 2 1 1
(s~ 2) w0 e (o b))
0<t<T

Remark. All the theorems presented may be regarded as convergence theorems
for certain interpolation processes, when the interpolation polynomials are con-
structed from the values of integro-differential operators at the nodes and from
the boundary (and initial) conditions.

I take this opportunity to express my gratitude to Prof. S. G. Mikhlin for his
attention to this work.
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