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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1963, Vol. 149, No. 4

THEORY OF ELASTICITY
I. D. LEGENYA

ON THE STABILITY OF A COMPRESSED
PLATE WITH ACCOUNT TAKEN OF ROTA-
TION ANGLES
(Presented by Academician A. Yu. Ishlinskii on January 21, 1962)

V. V. Novozhilov showed (1) how the influence of rotation angles may be taken
into account in the loss of stability of elastic (and not only elastic) bodies.
In the works of L. S. Leibenzon (2), A. Yu. Ishlinskii (3), and others, the
stability of elastic bodies was investigated from the point of view of the general
mathematical theory of elasticity; the influence of rotation angles on the critical
loads was not taken into account; in the limiting case, from the solutions found,
the well-known formulas of the theory of stability of elastic rods and plates may
be obtained.

In the present work, the loss of stability of a thick freely supported rectangular
plate, uniformly compressed in one direction, is investigated on the basis of the
equations of V. V. Novozhilov’s theory of stability. It is shown that, in the limit
for small plate thickness, the formulas of the theory of stability of plates under
the Kirchhoff–Love hypotheses (4) do not follow from the obtained solution. The
stability of thin plates under the Kirchhoff–Love hypotheses follows only in the
case where the influence of rotation angles is neglected (6). This circumstance
indicates that the widely used theory of stability of plates (and shells) may
be revised from the standpoint of taking into account the influence of rotation
angles.

Consider a rectangular freely supported thick plate of thickness 2𝑎, length 2𝑙,
and width 2𝑏, compressed along the 𝑧-axis by forces of intensity 𝑝 (Fig. 1).

We shall regard the material as incompressible and take as the starting point
the known relations of the theory of small elastic-plastic deformations (5)

𝜎𝑥 − 𝜎 = 2
3

𝜎𝑖
𝑒𝑖

𝑒𝑥; 𝜏𝑥𝑦 = 1
3

𝜎𝑖
𝑒𝑖

𝑒𝑥𝑦 (𝑥, 𝑦, 𝑧);
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𝜎𝑖 = Φ(𝑒𝑖); 𝑒𝑥 + 𝑒𝑦 + 𝑒𝑧 = 0;

𝜎𝑖 =
√

2
2 √(𝜎𝑥 − 𝜎𝑦)2 + (𝜎𝑦 − 𝜎𝑧)2 + (𝜎𝑧 − 𝜎𝑥)2 + 6(𝜏2𝑥𝑦 + 𝜏2𝑥𝑧 + 𝜏2𝑦𝑧); (1)

𝑒𝑖 =
√

2
3

√(𝑒𝑥 − 𝑒𝑦)2 + (𝑒𝑦 − 𝑒𝑧)2 + (𝑒𝑧 − 𝑒𝑥)2 + 3
2(𝑒2𝑥𝑦 + 𝑒2𝑥𝑧 + 𝑒2𝑦𝑧),

where (𝑥, 𝑦, 𝑧) denotes a cyclic permutation of the indices.

We seek the solution of the problem in the form

𝜎𝑖𝑗 = 𝜎0
𝑖𝑗 + 𝜎′

𝑖𝑗; 𝑒𝑖𝑗 = 𝑒0
𝑖𝑗 + 𝑒′

𝑖𝑗; 𝑢 = 𝑢0 + 𝑢′; … , (2)

where the superscript zero denotes the state of equilibrium before loss of stability,
and the prime superscript denotes increments of the components during loss of
stability.

We take the equilibrium conditions in the form (1)

𝜕
𝜕𝑥 [𝜎′

𝑥 − 𝜔′
𝑧𝜏0

𝑥𝑦 + 𝜔′
𝑦𝜏0

𝑥𝑧] + 𝜕
𝜕𝑦 [𝜏 ′

𝑥𝑦 − 𝜔′
𝑧𝜎0

𝑦 + 𝜔′
𝑦𝜏0

𝑦𝑧] +

+ 𝜕
𝜕𝑧 [𝜏 ′

𝑥𝑧 − 𝜔′
𝑧𝜏0

𝑦𝑧 + 𝜔′
𝑦𝜎0

𝑧] = 0 (𝑥, 𝑦, 𝑧), (3)

where

𝜔′
𝑥 = 1

2 (𝜕𝑤′

𝜕𝑦 − 𝜕𝑣′

𝜕𝑧 ) ; 𝜔′
𝑦 = 1

2 (𝜕𝑢′

𝜕𝑧 − 𝜕𝑤′

𝜕𝑥 ) ; 𝜔′
𝑧 = 1

2 (𝜕𝑣′

𝜕𝑥 − 𝜕𝑢′

𝜕𝑦 ) .
(4)

For the initial equilibrium position at 𝑧 = ±𝑙 we shall have

𝜎0
𝑥 = 𝜎0

𝑦 = 0; 𝜎0
𝑧 = −𝑝; 𝜏0

𝑥𝑦 = 𝜏0
𝑥𝑧 = 𝜏0

𝑦𝑧 = 0; 𝑒0
𝑥𝑦 = 𝑒0

𝑥𝑧 = 𝑒0
𝑦𝑧 = 0.

(5)

From the incompressibility condition we obtain

𝑒0
𝑥 = 𝑒0

𝑦 = −1
2𝑒0

𝑧. (6)
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Fig. 1

Figure 1: Fig. 1

Fig. 1

Linearizing the relations (1), taking into account (2), (5), (6), and the incom-
pressibility of the material, we find

𝜎′
𝑖 = −𝑝; 𝜎′

𝑖 = 𝜎′
𝑧 − 1

2(𝜎′
𝑦 + 𝜎′

𝑥); 𝑒0
𝑖 = 𝑒0

𝑧; 𝑒′
𝑖 = 𝑒′

𝑧;

𝜎′
𝑥 − 𝜎′ = −𝐵0(𝑒′

𝑥 − 𝑒′
𝑦) − 1

6(2𝜎′
𝑧 − 𝜎′

𝑦 − 𝜎′
𝑥);

𝜎′
𝑦 − 𝜎′ = −𝐵0(𝑒′

𝑦 − 𝑒′
𝑥) − 1

6(2𝜎′
𝑧 − 𝜎′

𝑦 − 𝜎′
𝑥);

𝜏 ′
𝑥𝑦 = −𝐵0𝑒′

𝑥𝑦 = −𝐵0 (𝜕𝑢′

𝜕𝑦 + 𝜕𝑣′

𝜕𝑥 ) (𝑥, 𝑦, 𝑧),

(7)

where 𝐵0 = 𝑝/3𝑒0
𝑧.

Taking (5), (6) into account, we write the equilibrium conditions (3) in the form

𝜕𝜎′
𝑥

𝜕𝑥 + 𝜕𝜏 ′
𝑥𝑦

𝜕𝑦 + 𝜕
𝜕𝑧 (𝜏 ′

𝑥𝑧 − 𝜔′
𝑦𝑝) = 0;

𝜕𝜏 ′
𝑦𝑥

𝜕𝑥 + 𝜕𝜎′
𝑦

𝜕𝑦 + 𝜕
𝜕𝑧 (𝜏 ′

𝑧𝑦 + 𝜔′
𝑥𝑝) = 0;

𝜕𝜏 ′
𝑧𝑥

𝜕𝑥 + 𝜕𝜏 ′
𝑧𝑦

𝜕𝑦 + 𝜕𝜎′
𝑧

𝜕𝑧 = 0.

(8)

Substituting 𝜏𝑖𝑗 from (7) and bearing in mind (4), we find

𝜕𝜎′
𝑥

𝜕𝑥 = 𝐵0 [Δ𝑢′ − 2𝜕2𝑢′

𝜕𝑥2 ] + 𝑝
2 [𝜕2𝑢′

𝜕𝑧2 − 𝜕2𝑤′

𝜕𝑥 𝜕𝑧 ] ;

𝜕𝜎′
𝑦

𝜕𝑦 = 𝐵0 [Δ𝑣′ − 2𝜕2𝑣′

𝜕𝑦2 ] + 𝑝
2 [𝜕2𝑣′

𝜕𝑧2 − 𝜕2𝑤′

𝜕𝑦 𝜕𝑧 ] ;

𝜕𝜎′
𝑧

𝜕𝑧 = 𝐵0 [Δ𝑤′ − 2𝜕2𝑤′

𝜕𝑧2 ] ,

(9)

where Δ = 𝜕2/𝜕𝑥2 + 𝜕2/𝜕𝑦2 + 𝜕2/𝜕𝑧2.

From (7) and (9), by comparing analogous expressions for the difference 𝜎′
𝑥 −𝜎′

𝑦,
we obtain

𝜕Δ𝑢′

𝜕𝑦 − 𝜕Δ𝑣′

𝜕𝑥 + 𝑞
2 [ 𝜕3𝑢′

𝜕𝑦 𝜕𝑧2 − 𝜕3𝑣′

𝜕𝑥 𝜕𝑧2 ] = 0, (10)
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where 𝑞 = 𝑝/𝐵0 = 3𝑒0
𝑧.

Expanding 𝜎𝑖 = Φ(𝑒𝑖) in a series and restricting ourselves to the linear approx-
imation, we find

2𝜎′
𝑧 − 𝜎′

𝑦 − 𝜎′
𝑥 = 𝐴0𝑒′

𝑧, (11)

where 𝐴0 = 2(𝑑Φ/𝑑𝑒𝑖)𝑒𝑖=𝑒0
𝑖
.

Differentiating (11) with respect to 𝑥, 𝑦, 𝑧 and comparing with the analogous
expression obtained from relations (9), we find

2𝜕3Δ𝑢′

𝜕𝑥2𝜕𝑦 +𝜕3Δ𝑢′

𝜕𝑦 𝜕𝑧2 +2 𝜕3Δ𝑣′

𝜕𝑥 𝜕𝑦2 + 𝜕3Δ𝑣′

𝜕𝑥 𝜕𝑧2 −(𝑘 + 6 − 𝑞) [ 𝜕5𝑢′

𝜕𝑥2𝜕𝑦 𝜕𝑧2 + 𝜕5𝑣′

𝜕𝑥 𝜕𝑦2𝜕𝑧2 ]+𝑞
2 [ 𝜕5𝑢′

𝜕𝑦 𝜕𝑧4 + 𝜕5𝑣′

𝜕𝑥 𝜕𝑧4 ] = 0,
(12)

where 𝑘 = 𝐴0/𝐵0.

In the system of differential equations (10), (12), the terms with coefficient 𝑞
take into account the influence of rotation. Let us note that the solution without
taking the angles of rotation into account can be obtained for 𝑞 = 0.

We seek the solution of the system of equations (10), (12) in the form

𝑢′ = 𝐹(𝑥) cos(𝑛𝑦) cos(𝑚𝑧); 𝑣′ = 𝐺(𝑥) sin(𝑛𝑦) cos(𝑚𝑧). (13)

Then the unknown functions are written in terms of 𝐹 and 𝐺 as follows:

𝑤′ = − 1
𝑚 [𝐹 ′ + 𝑛𝐺] cos(𝑛𝑦) sin(𝑚𝑧);

Δ𝑢′ = [𝐹 ″ − 𝛽2𝐹] cos(𝑛𝑦) cos(𝑚𝑧);
Δ𝑣′ = [𝐺″ − 𝛽2𝐺] sin(𝑛𝑦) cos(𝑚𝑧);
𝜏 ′

𝑥𝑦 = 𝐵0[𝑛𝐹 − 𝐺′] sin(𝑛𝑦) cos(𝑚𝑧);

𝜏 ′
𝑥𝑧 = 𝐵0

𝑚 [𝐹 ″ + 𝑚2𝐹 + 𝑛𝐺′] cos(𝑛𝑦) sin(𝑚𝑧);

𝜏 ′
𝑦𝑧 = −𝐵0

𝑚 [𝑛𝐹 ′ + (𝑛2 − 𝑚2)𝐺] sin(𝑛𝑦) sin(𝑚𝑧);

𝜎′
𝑥 = 𝐵0

2 [(𝑞 − 2)𝐹 ′ + 𝑛𝑞𝐺 − 2𝜉2 ∫ 𝐹 𝑑𝑥] cos(𝑛𝑦) cos(𝑚𝑧);

𝜎′
𝑦 = −𝐵0

𝑛 [𝐺″ + (𝑛2 − 𝑚2)𝐺 − 𝑞
2(𝑛𝐹 ′ + 𝛽2𝐺)] cos(𝑛𝑦) cos(𝑚𝑧);

𝜎′
𝑧 = − 𝐵0

𝑚2 [(𝑛2 − 𝑚2)(𝐹 ′ + 𝑛𝐺) − (𝐹 ‴ + 𝑛𝐺″)] cos(𝑛𝑦) cos(𝑚𝑧),

(14)
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where

𝛽2 = 𝑚2 + 𝑛2; 2𝜉2 = 2𝛽2 + 𝑞𝑚2. (15)

The prime on 𝐹 and 𝐺 denotes derivatives with respect to 𝑥. The constants of
integration have been omitted, which is connected with the satisfaction of the
boundary conditions.

Substituting (13) into the system (10), (12), we rewrite it in the form

𝑛𝐹 ″ + 𝐺‴ − 𝜉2(𝑛𝐹 + 𝐺′) = 0;
2𝑛 [𝐹 (IV) − 𝛽2𝐹 ″] − 𝑛𝑚2 [𝐹 ″ − 𝛽2𝐹] + (2𝑛2 + 𝑚2) [𝐺‴ − 𝛽2𝐺′]

+ (𝑘 + 6 − 𝑞)𝑛𝑚2 [𝐹 ″ + 𝑛𝐺′] + 𝑚4𝑞
2 [𝑛𝐹 − 𝐺′] = 0.

(16)

Solving this system, we find 𝐹 and 𝐺, which will be expressed as sums of even
and odd functions.

Considering the case of lateral buckling of the plate, it is necessary to take the
function 𝐹 to be even. Thus, we shall have

𝐹(𝑥) = 𝐴1 ch(𝜆𝑥) + 𝐴2 ch(𝛾𝑥) + 𝐷𝐴3 ch(𝜉𝑥);

𝐺(𝑥) = −𝐴1𝑛
𝜆 sh(𝜆𝑥) − 𝐴2𝑛

𝛾 sh(𝛾𝑥) + (1 − 𝑛𝐷)𝐴3
𝜉 sh(𝜉𝑥), (17)

where

𝐷 = − 2𝑛
(2 + 𝑞)𝑚2 ;

𝜆 = 1
2

√4𝑛2 − (2 + 𝑘 − 𝑞)𝑚2 + 𝑚2√(6 + 𝑘 − 𝑞)2 − 8(6 + 𝑘);

𝛾 = 1
2

√4𝑛2 − (2 + 𝑘 − 𝑞)𝑚2 − 𝑚2√(6 + 𝑘 − 𝑞)2 − 8(6 + 𝑘).

(18)

For a freely supported plate, 𝑢′ = 0 at 𝑦 = ±𝑏, 𝑧 = ±𝑙. Then from (13) and
(14) we obtain

𝑚𝑙 = ±𝜋/2 + 𝑖𝜋; 𝑛𝑏 = ±𝜋/2 + 𝑗𝜋; 𝑖, 𝑗 = 0, 1, 2, … ; (19)

𝜎′
𝑦 = 0 at 𝑦 = ±𝑏; 𝜎′

𝑧 = 0 at 𝑧 = ±𝑙.

Consequently, when the plate buckles, its faces 𝑦 = ±𝑏, 𝑧 = ±𝑙 are free of
bending and twisting moments.
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The boundary conditions on the lateral surface 𝑥 = ±𝑎, free of load, are written
in the form

𝜎′
𝑥 = 0;

𝜏 ′
𝑥𝑦 = 0 for 𝑥 = ±𝑎;

𝜏 ′
𝑥𝑧 + 𝑝 𝜕𝑢′

𝜕𝑧 = 0,
(20)

whence

(𝑞 − 2)𝐹 ′ + 𝑛𝑞𝐺 − 2𝜉2 ∫ 𝐹 𝑑𝑥 = 0;

𝑛𝐹 − 𝐺′ = 0;
𝐹 ″ + 𝑚2(1 − 3𝑒0

𝑧)𝐹 + 𝑛𝐺′ = 0

(21)

for 𝑥 = ±𝑎.

System (21), after the appropriate substitutions and transformations, gives three
equations for the unknown constants 𝐴1, 𝐴2, 𝐴3, from which we find the tran-
scendental equation for determining the critical value of the strain and, conse-
quently, of the load, in the form

𝑒0
𝑧 = { 1

𝜆 [𝑞(𝜆2 − 𝛽2) − 2(𝜆2 + 𝛽2)][2𝑛𝐷(𝜉2 − 𝛾2) + (𝛾2 + 𝛽2)] th(𝜆𝑎)

− 1
𝛾 [𝑞(𝛾2 − 𝛽2) − 2(𝛾2 + 𝛽2)][2𝑛𝐷(𝜉2 − 𝜆2) + (𝜆2 + 𝛽2)] th(𝛾𝑎)

+ 2𝑛(𝛾2 − 𝜆2)
𝜉 [𝐷𝑞(𝜉2 − 𝛽2) + 𝑛𝑞 − 2𝐷(𝜉2 + 𝛽2)] th(𝜉𝑎)} ∶

∶ 3𝑚2{ 1
𝜆 [𝑞(𝜆2 − 𝛽2) − 2(𝜆2 + 𝛽2)] th(𝜆𝑎) − 1

𝛾 [𝑞(𝛾2 − 𝛽2) − 2(𝛾2 + 𝛽2)] th(𝛾𝑎)}.

(22)

Here the quantities 𝜆, 𝛾, 𝜉, 𝐷 depend on 𝑞. Equation (22) can be solved by
successive approximations, taking 𝑞 = 0 in the first approximation.

If the thickness 2𝑎 is small, then, linearizing (12), we obtain
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𝑒0
𝑧 = {{2𝑞[𝑛𝐷(𝛽2 − 𝜉2) − 𝑚2] + 𝑎2

3 {2𝑛𝐷[𝜉2(𝜉2 + 𝛾2 + 𝜆2) − 𝛾2𝜆2]

+ 𝑞[𝛽2(𝛾2 + 𝜆2 − 𝛽2) + 𝛾2𝜆2 − 2𝑛2𝜉2] + 4𝑛𝐷[𝜉2(𝜉2 − 𝛾2 − 𝜆2) + 𝛾2𝜆2]

− 2(𝜆2 + 𝛽2)(𝛾2 + 𝛽2)}}}/ 3(2 − 𝑞)𝑚2.

(23)

Putting 𝑞 = 0, 𝛾 = 𝑖𝜔, 𝜉2 = 𝛽2, 𝐷 = −𝑛/𝑚2, from expressions (22) and (23)
we obtain the previously found formulas (6) for determining 𝑒0

𝑧, respectively for
arbitrary 𝑎 and for small 𝑎.

If the loss of stability is not accompanied by passage beyond the yield limit
(𝑘 = −6), then in system (10), (12) one must put 𝑞 = 0, and we arrive at
the solution given in (6), from which, as a special case, we obtain the formula
presented in (4).

Received
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