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Abstract
Full Text
MATHEMATICS

Yu. I. CHERSKII

TWO THEOREMS ON ERROR ESTIMATION
AND SOME OF THEIR APPLICATIONS
(Presented by Academician N. I. Muskhelishvili, December 14, 1962)

§ 1. Let, in a linear space 𝐴, an approximate solution ̃𝑓 of the linear equation

𝐾𝑓 = 𝑔 (1)

be sought by exactly solving an approximate equation, simpler in structure,

𝐾̃ ̃𝑓 = ̃𝑔. (2)

The following theorems differ from the corresponding results of L. V. Kan-
torovich (1), Ch. XIV, in particular, in that in these theorems it is not the
error ‖𝑓 − ̃𝑓‖𝐴 that is estimated (we do not introduce a norm in the space 𝐴),
but the error ‖𝑓 − ̃𝑓‖𝐴0

, where 𝐴0 is a subspace of the space 𝐴.

Theorem 1. Let: 1) 𝐾 and 𝐾̃ be linear operators, defined in 𝐴, whose values
lie in the linear space 𝐵; 2) equation (1), for the given element 𝑔 ∈ 𝐵, have a
solution 𝑓 ∈ 𝐴; 3) (𝐾 − 𝐾̃)𝑓1 ∈ 𝐵0, where 𝑓1 is any element of 𝐴, and 𝐵0 is
a linear normed subspace of the space 𝐵; 4) equation (2), where the element ̃𝑔
satisfies the condition 𝑔 − ̃𝑔 ∈ 𝐵0, have a unique solution ̃𝑓 ∈ 𝐴; 5) for every
element 𝜓 ∈ 𝐵0 the equation 𝐾̃𝜑 = 𝜓 have a solution 𝜑 ∈ 𝐴0, where 𝐴0 is a
linear normed subspace of the space 𝐴; 6) ‖(𝐾 − 𝐾̃)𝜑‖𝐵0

≤ ‖𝐾 − 𝐾̃‖ ⋅ ‖𝜑‖𝐴0

for every element 𝜑 ∈ 𝐴0; 7) ‖𝐾̃−1𝜓‖𝐴0
≤ ‖𝐾̃−1‖ ⋅ ‖𝜓‖𝐵0

for every 𝜓 ∈ 𝐵0; 8)
‖𝐾 − 𝐾̃‖ ⋅ ‖𝐾̃−1‖ < 1.*
Then the solution of equation (1) is unique, 𝑓 − ̃𝑓 ∈ 𝐴0, 𝐾 ̃𝑓 − 𝑔 ∈ 𝐵0, and

‖𝑓 − ̃𝑓‖𝐴0
≤

‖𝐾̃−1‖ ⋅ ‖𝐾 ̃𝑓 − 𝑔‖𝐵0

1 − ‖𝐾̃−1‖ ⋅ ‖𝐾 − 𝐾̃‖
. (3)

Theorem 2. Let assumptions 4) and 5) of Theorem 1 be replaced by the
following: 4) equation (2), where the element ̃𝑔 satisfies the condition 𝑔− ̃𝑔 ∈ 𝐵0,
is solvable in the space 𝐴; the homogeneous equation 𝐾̃ ̃𝑓0 = 0 has in 𝐴 one and
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only one linearly independent solution ̃𝑓0; the general solution of equation (2)
belongs to the linear space 𝐴1 ⊆ 𝐴; (𝑇 , ̃𝑓0) ≠ 0, where 𝑇 is a linear functional
defined on 𝐴1; 5) for every element 𝜓 ∈ 𝐵0 the equation 𝐾̃𝜑 = 𝜓 has a unique
solution in the linear normed space 𝐴0 ⊂ 𝐴1; moreover (𝑇 , 𝜉) = 0 for every
element 𝜉 ∈ 𝐴0.

Then 𝑓 ∈ 𝐴1, where 𝑓 is an arbitrarily fixed solution of equation (1). In addition,
if ̃𝑓 is such a solution of equation (2) that (𝑇 , ̃𝑓) = (𝑇 , 𝑓), then 𝑓 − ̃𝑓 ∈ 𝐴0,
𝐾 ̃𝑓 − 𝑔 ∈ 𝐵0, and estimate (3) holds.

We note that, in choosing 𝐾̃ and ̃𝑔, one should strive to make the quantities
‖𝐾 − 𝐾̃‖ and ‖𝑔 − ̃𝑔‖𝐵0

minimal. We also note that the spac-

the space 𝐵𝑛 is not prescribed in advance and thus the solver is given the
possibility of a rational choice of this space.

§ 2. Consider the question of an approximate solution of the Wiener–Hopf
equation

𝑓(𝑥) + 1√
2𝜋 ∫

∞

0
𝑘(𝑥 − 𝑡)𝑓(𝑡) 𝑑𝑡 = 𝑔(𝑥), 𝑥 > 0. (4)

Let 𝑓, 𝑔 ∈ 𝐿2(0, ∞), 𝑘(𝑥) ∈ 𝐿2(−∞, ∞), and let the Fourier integral

𝐾(𝑥) ≡ l. i.m.𝜆,𝜆1→∞
1√
2𝜋 ∫

𝜆1

−𝜆
𝑘(𝑡)𝑒𝑖𝑥𝑡 𝑑𝑡

satisfy the Hölder condition on the completed 𝑥-axis. Suppose, moreover, that
1 + 𝐾(𝑥) ≠ 0 and [arg(1 + 𝐾(𝑥))]∞−∞ = 0.
Using Theorem 1, we arrive at the conclusion that, in order to obtain an approx-
imate solution ̃𝑓(𝑥) and an estimate of the mean-square error, it is enough to
solve an equation of the form (4), in which, instead of 𝑓, 𝑘, and 𝑔, the functions

̃𝑓 , 𝑘̃, and ̃𝑔 stand. Here ̃𝑓 ∈ 𝐿2(0, ∞), ̃𝑔 ∈ 𝐿2(0, ∞), 𝑘̃(𝑥) ∈ 𝐿2(−∞, ∞); the
Fourier integral 𝐾(𝑥) satisfies the Hölder condition, 1 + 𝐾(𝑥) ≠ 0, [arg(1 +
𝐾(𝑥))]∞−∞ = 0, and

max |𝐾(𝑥) − 𝐾(𝑥)| ⋅ max |𝑋+| ⋅ max |𝑋−|−1 = 𝛿 < 1.

Here 𝑋+, 𝑋− are the canonical solution of the Riemann problem (see, for ex-
ample, (2), § 38),

𝑋+(𝑥)[1 + 𝐾(𝑥)] = 𝑋−(𝑥), −∞ < 𝑥 < ∞.

The error estimate has the form
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(∫
∞

0
|𝑓 − ̃𝑓|2 𝑑𝑥)

1/2
≤

≤ max |𝑋+|
(1 − 𝛿)min |𝑋−|

(∫
∞

0
∣ ̃𝑓(𝑥) + 1√

2𝜋 ∫
∞

0
𝑘(𝑥 − 𝑡) ̃𝑓(𝑡) 𝑑𝑡 − 𝑔(𝑥)∣

2
𝑑𝑥)

1/2

.

As 𝑘̃ and ̃𝑔 one may take, for example, linear combinations of functions of the
form |𝑥|𝑘 exp(−𝛼|𝑥| + 𝛽𝑥) and 𝑥𝑘 exp(−𝛼|𝑥| + 𝛽𝑥), whose Fourier integrals are
rational functions. The solution ̃𝑓 will also have the form of such a combination.
In choosing 𝑘̃ and ̃𝑔, one should seek to reduce to a minimum 𝛿 and

∫
∞

0
|𝑔 − ̃𝑔|2 𝑑𝑥.

In (3), for the approximate solution of equation (4) (and of a somewhat more
general equation), the method of B. G. Galerkin was used.

§ 3. Consider the equation of the first kind

1√
2𝜋 ∫

∞

0
𝑘(𝑥 − 𝑡)𝑓(𝑡) 𝑑𝑡 = 𝑔(𝑥), 𝑥 > 0, (5)

where 𝑔 ∈ 𝐿2(0, ∞) and 𝑘(𝑥) ∈ 𝐿2(−∞, ∞), while the function 𝐾(𝑥)
√

𝑥2 + 1
satisfies the Hölder condition with exponent not less than 1/2, and does not
vanish on the completed axis: [arg𝐾(𝑥)

√
𝑥2 + 1]∞−∞ = 0. The solution is sought

in the class of generalized functions 𝑓 , whose Fourier integrals 𝐹(𝑥) are ordinary
functions analytically continuable into the upper half-plane, and moreover for
all 𝑦 ≥ 0

∫
∞

−∞
∣𝐹 (𝑥 + 𝑖𝑦)
𝑥 + 𝑖𝑦 + 𝑖 ∣

2
𝑑𝑥 < const.

Let us note that functions 𝑓 representable, for small positive values of 𝑥, in the
form

𝑓 = 𝑎√𝑥 + 𝑓0(𝑥), 𝑎 = const, 𝑓0 ∈ 𝐿2(0, 𝜀), 𝜀 > 0 (6)

may belong to this class (the notation of equalities (5) and (6) is, of course,
conditional, since they contain the generalized function 𝑓 . This remark also
applies to some subsequent formulas).
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Using Theorem 2, we arrive at the following result: suppose that equation (5)
has a solution 𝑓 , representable in the form (6), with the number 𝑎 known. In
order to obtain an approximate solution ̃𝑓 and an estimate of the mean-square
error, it is sufficient to solve, in the indicated class of generalized functions, the
equation

1√
2𝜋 ∫

∞

0
𝑘̃(𝑥 − 𝑡) ̃𝑓(𝑡) 𝑑𝑡 = ̃𝑔(𝑥) + 𝐶𝑒−𝑞𝑥, 𝑥 > 0, 𝑞 > 0;

the functions 𝑘̃(𝑥) and ̃𝑔(𝑥) and the constants 𝐶 and 𝑞 are such that: a)
𝑘̃(𝑥) ∈ 𝐿2(−∞, ∞), the function 𝐾(𝑥)√𝑥2 + 𝑞2 satisfies a Hölder condition with
exponent not less than 1/2, 𝐾(𝑥)√𝑥2 + 𝑞2 ≠ 0, [arg𝐾(𝑥)√𝑥2 + 𝑞2]∞−∞ = 0; b)
max |[𝐾(𝑥) − 𝐾(𝑥)](𝑥2 + 𝑞2)3/2| < ∞; c)

max |[𝐾(𝑥)−𝐾(𝑥)](𝑥2+𝑞2)|×max |𝑋+(𝑥2+𝑞2)−1/4|⋅max |𝑋−(𝑥2+𝑞2)1/4|−1 = 𝛿 < 1;

here 𝑋+, 𝑋− are the canonical solution of the problem

𝑋+(𝑥) 𝐾(𝑥)√𝑥2 + 𝑞2 = 𝑋−(𝑥), −∞ < 𝑥 < ∞;
d) ̃𝑔(𝑥) ∈ 𝐿2(0, ∞),

𝑑2

𝑑𝑥2 { 𝑔(𝑥) − ̃𝑔(𝑥), 𝑥 > 0,
0, 𝑥 < 0 } ∈ 𝐿2(−∞, ∞);

e) the solution ̃𝑓 has, for small positive 𝑥, the form (6) with the same constant
𝑎. If conditions a)—e) are fulfilled, then 𝑓 − ̃𝑓 ∈ 𝐿2(0, ∞) and

(∫
∞

0
|𝑓 − ̃𝑓|2 𝑑𝑥)

1/2
≤

≤ max |𝑋+(𝑥2 + 𝑞2)−1/4|
(1 − 𝛿)min |𝑋−(𝑥2 + 𝑞2)1/4|

(∫
∞

0
∣( 𝑑2

𝑑𝑥2 − 𝑞2) [ 1√
2𝜋 ∫

∞

0
𝑘(𝑥 − 𝑡) ̃𝑓 𝑑𝑡 − 𝑔(𝑥)]∣

2
𝑑𝑥)

1/2

.

Remark 1. If 𝑔(𝑥) = 𝑒−𝛼𝑥, 𝛼 > 0, then

𝑎 = √𝛼 + 𝑞
𝜋 exp( 1

2𝜋𝑖 ∫
∞

−∞
[ln𝐾(𝑡)√𝑡2 + 𝑞2] 𝑑𝑡

𝑡 + 𝑖𝛼) .

Here, without loss of generality, it is assumed that
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lim
𝑥→∞

𝐾(𝑥)√𝑥2 + 𝑞2 = 1,

and ln(𝐾(𝑥)√𝑥2 + 𝑞2) is a continuous function vanishing at infinity.

Remark 2. If, as ̃𝑔, one takes the function recommended at the end of § 2, and
sets

𝐾(𝑥) = 𝑅(𝑥)(𝑥2 + 𝑝2)−1/2, 𝑝 = const > 0,

where 𝑅 is a rational function, then the solution ̃𝑓 will have the form of a finite
combination of elementary functions and probability integrals.

§ 4. Consider the integro-differential equation

1√
2𝜋 ( 𝑑

𝑑𝑥2 − 𝑞2) ∫
∞

0
𝑘(𝑥 − 𝑡)𝑓(𝑡) 𝑑𝑡 = 𝑔(𝑥), 𝑥 > 0, 𝑞 > 0, (7)

where 𝑘 has the properties of the kernel of equation (5), but now 𝑓(𝑥) ∈ 𝐿2(0, ∞),
and 𝑔 is a given generalized function from the class indicated in § 3. The
exact meaning of equality (7) is simpler to formulate for the Fourier-transformed
functions:

−(𝑥2 + 𝑞2)𝐾(𝑥)𝐹 +(𝑥) = 𝐺(𝑥) + 𝐹 −(𝑥), −∞ < 𝑥 < ∞.

Here 𝐺 is the Fourier integral of the function 𝑔, equal to zero for 𝑥 < 0; 𝐹 −(𝑥)
is an unknown function, analytic in the lower half-plane, and

∫
∞

−∞
∣𝐹

−(𝑥 + 𝑖𝑦)
𝑥 + 𝑖𝑦 − 𝑖 ∣

2
𝑑𝑥 < const, 𝑦 ⩽ 0;

𝐹 +(𝑥) is the Fourier integral of the function 𝑓(𝑥), extended by zero for 𝑥 < 0.
Applying Theorem 1, we obtain that, if equation (7) is solvable (we do not write
out the solvability condition here), then, in order to construct an approximate
solution, it is sufficient to find, in the class 𝐿2(0, ∞), a solution of an equation
of the form (7), where in place of 𝑓 , 𝑘, and 𝑔 there stand the functions ̃𝑓 , 𝑘̃,
and ̃𝑔. Moreover:
a) 𝑘̃(𝑥) ∈ 𝐿2(−∞, ∞), the function 𝐾̃(𝑥)√𝑥2 + 𝑞2 satisfies a Hölder con-
dition with exponent not less than 1/2, 𝐾̃(𝑥)√𝑥2 + 𝑞2 ≠ 0; [arg 𝐾̃(𝑥) ×
√𝑥2 + 𝑞2]∞−∞ = 0;
b) max |[𝐾(𝑥) − 𝐾̃(𝑥)](𝑥2 + 𝑦2)| < ∞;
c) the quantity 𝛿, defined in § 3, is less than 1;
d) 𝐺(𝑥) − ̃𝐺(𝑥) ∈ 𝐿2(−∞, ∞). If conditions c)—d) are fulfilled, then
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(∫
∞

0
|𝑓(𝑥) − ̃𝑓(𝑥)|2 𝑑𝑥)

1/2
⩽

⩽ max |𝑋̃+(𝑥2 + 𝑞2)−1/4|
(1 − 𝛿)min |𝑋̃−(𝑥2 + 𝑞2)1/4|

(∫
∞

0
∣ 1√

2𝜋 ( 𝑑2

𝑑𝑥2 − 𝑞2) ∫
∞

0
𝑘(𝑥 − 𝑡) ̃𝑓(𝑡) 𝑑𝑡 − 𝑔∣

2
𝑑𝑥)

1/2

§ 5. Analogous results have been obtained for equation (4) in the case when
the function 1 + 𝐾(𝑥) has zeros of integer orders at a finite number of points,
and also in the case when this function, in a neighborhood of the point 𝑥 = 0,
has the form |𝑥|𝜔(𝑥), where 𝜔(𝑥) is continuous and nonzero. Some cases of a
system of Wiener—Hopf equations have also been investigated.

§ 6. All the cases indicated in §§ 2—5 occur in the solution of problems of
mathematical physics belonging to the class described in (4). We give a simple
example. Let the equation 𝑢𝑥𝑥 = 𝑢𝑡 be given, where −∞ < 𝑥 < ∞, 0 < 𝑡 < ∞.
Conditions: 𝑢(𝑥, 0) = 0 for 𝑥 < 0, and 𝑢(𝑥, 0)−𝜆𝑢(𝑥, 1) = 𝑔(𝑥) for 𝑥 > 0. Using
the well-known formula

𝑢(𝑥, 𝑡) = 1
2
√

𝜋𝑡 ∫
∞

−∞
𝑢(𝜉, 0) exp (𝑥 − 𝜉)2

4𝑡 𝑑𝜉,

we arrive at the equation

𝑢(𝑥, 0) − 𝜆
2√𝜋 ∫

∞

0
𝑢(𝜉, 0) exp (𝑥 − 𝜉)2

4 𝑑𝜉 = 𝑔(𝑥), 𝑥 > 0.

For 𝜆 ∈ [1, ∞) we have the case of § 2; if 𝜆 ∈ [1, ∞), the first case of § 5. Along
with the given problem, approximate solutions have been obtained for a number
of other problems.

The range of applications of Theorems 1 and 2 is not limited to Wiener—Hopf
equations. These and similar theorems can be applied in those cases when the
operator 𝐾 or the solution 𝑓 has“singularities”of one sort or another that are
annihilated if the differences 𝐾 − 𝐾̃ or 𝑓 − ̃𝑓 are taken. For example, if 𝐾 is
an integro-differential operator, then the differential part may turn out to be its
“singularity.”The“singularities”of the function 𝑓 may turn out to be points at
which smoothness is violated. This will be the case, for example, when 𝑓 ∈ 𝐿2,
and an approximate solution ̃𝑓 is sought such that the function ̃𝑓 − 𝑓 turns out
to be differentiable.
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