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Abstract

Full Text
A. A. KARATSUBA, N. M. KOROBOV

ON A MEAN-VALUE THEOREM

(Presented by Academician A. N. Kolmogorov, 12 X 1962)

Let N, (P) = N£P>(O, ...,0) and N,EP)(/\l, ...y A, ) be the number of solutions of
the system of equations

e tay =y + oty + A, 0<zy<P-1 (v=12,...,n), (1)

where A, ..., A, are arbitrary fixed integers.

In the present note a new proof is given of Vinogradov’ s mean-value theorem
(see (1'29)), which makes it possible to improve the factor depending on n in
the estimate for the number of solutions of the system (1). This in turn makes
it possible to improve somewhat the estimates of Weyl sums obtained in (1'4).
In its main idea this work is close to (3).

Lemma. Suppose m > 1, uq, ..., i,, are integers, p > n is prime, and 7T is the
number of solutions of the system of congruences

Zq ++xn = My (mOd p)?
0<z,<mp"—1
a+ -+l =p, (mod pm),
(j=1,2,...,n),

where for i # j the condition x; # x; (mod p) is satisfied. Then the estimate

T < n! mnpn(nfl)/Q

is valid.

Proof. Write the quantities z; in the form

T =xp +pryy o+ g, P (7=1,2,...,mn),

where 0 < z;, <p—1(v=12,...,n) and 0 < z;,,.; < m—1. Note that,
according to the additional condition stated in the lemma, for ¢ # j we have
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T;1 #F ;1. It is easy to see that the quantities x5, ..., 7, satisfy the system of
congruences

n n J—
Ty e T Ty = My

Denote by T; the number of solutions of this system. Obviously, T} < n!. Fix
one such solution and pass from the original system of congruences to congru-
ences modulo p?. Then we obtain

(211 +pT19)° + -+ (T +DT,0)° = g
(mod p?).
(w17 +p212)" + o+ (Tpy +PT0)" = 1y,

Hence, after obvious transformations, we obtain a system of n — 1 linear con-
gruences in Tyg, ..., T,q:

/
T1T1g + 0+ Ty Tpg = o,
it (mod p). (2)
n—1 4o gl =y
T11 T12 Tn1 Tn2 = Hn
Since the quantities x4, ...,x,,; are distinct, at least n — 1 of them are nonzero.
For definiteness we shall assume that the quantities x4, ...,x,_; ; are nonzero.
Then, obviously,
L1 Tp-11
) ) =211 Tp-1,1 H (T — le) #0 (mod p),
n— n— . .
11 xn—l,l 1<i<j<n—1
and, consequently, for any fixed value of z,,5, the quantities x4, ...,2,_1 5 are

determined uniquely from the system (2). Thus, denoting by T;, the number of
solutions of this system, we obtain T} = p.

Next, considering congruences modulo p3, we obtain a system of n — 2 linear
congruences with respect to x5, ..., z,3; the number of solutions of such a sys-
tem is Ty = p?. Similarly we obtain T, = p?,...,T,, = p" ! and T, =m"

Hence, since T < T ---T}, 1, the assertion of the lemma follows:

T < n!p1+2+-~+n71mn =nl mnpn(nfl)/2.

Now let n > 2, P > (2n)2”(1+1/<"71>>7, 0 <6 <1, and By = P. Define, for
v=1,2,...,7, the integers P, and primes p, by means of the relations
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1 1/n 1/n _
mpl’il < by < Pvilﬁ Pl/ = [Puflpul] + 1L (3)

It is easy to show that under these conditions the estimates

n? <p,, P, <p,P, P, < (1+ 29)np(1_1/n)v_ (4)

14 v

also hold. We also note that the quantity 6 is chosen so that in each of the
intervals (3) there is a prime number.

Theorem 1. If 7 > 1, k > n? + n7, then the estimate

Nk(P) < (3k2n)7<1 + 20)2k(n+7’)P2k—n(n+1)/2+n(n+1)/2(1—1/n)".

holds.

Proof. By definition, P = P, < p; P, and, consequently, N, (P) < N (p,P;),
where Ny (p; P;) is the number of solutions of the system of equations (1) with
A==, =0

(w1+py29)" (2 +p125)" = (Y1 +p1te)Y (Y tpitr)” (r=1,2,..,n),
(5)

Oij,ngpl—l, ngj,tngl—l.

We shall assign the system x4,...,x; to the first class if in it one can find n
distinct quantities z;. All the remaining systems zy,...,z; will be assigned to
the second class. Obviously,

1 2
Ni(p,Py) = N;i )+ N;i )’

where N,il) is the number of solutions of the system (5) for which z, ..., z;, and

Y1, -, Yy belong to the first class, while N,iz) is the number of solutions of the
system (5) for which =, ..., z; or y;, ..., y; belong to the second class.

Introduce, for systems with distinct z,,...,z, and arbitrary =, ,,...,%;, the
notation (y,...,2,)%, 1,...,%,. We shall call permutations of these systems
such systems in which the distinct z; stand no longer in the first n places, but
in arbitrary places.

It is easy to see that every system of the first class occurs among the permuta-
tions of systems of the form (zy,...,2,)x, 1, ..., x;. Consequently, the quantity

N ]il) does not exceed the number of solutions of the system (5) with variables
of the form
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(xla [ In)anrlv vy Lhes (yl’ ’yn)ynJrlv sy Yo

multiplied by (C})?2.

But then, using the notation

p—1
S(z) = Z e2mif(@+p12) flz) = ayx + -+ a,a",

z=0

we obtain
2
1 1
Nél) < (05)2/ / Z S(xy) - S(zy)| day--da, <
0 0 |(zy,00z,)

T 19 Th

1 p1—1

2
Y Slay) S| Y IS@)P 2 day - da,.
=0

1
0 (T 5esyy)

< (Cg)Qp%k—Zn—l /
0

The integral appearing on the right-hand side of this inequality is, obviously,
equal to the number of solutions of the system

(1 +p121)" + = (Y, +01t,)" = (X +pr2,1)" + = (T +pity)”

(v=1,2,...,n),

or, equivalently, to the number of solutions of the system
() =2 +p12)" + = (Y, =T +pit,)" = plf(zZH + = ty) (6)

(v=1,2,...,n),
where 0 < z,z;,y; < p; —1,0 < z;,t; < P — 1, and for 4 %+ j the condition

x; # x; is satisfied. Under the same conditions for the range of variation of the
unknowns, let us also consider the system of equations

(I1*I+p121)u+*(yn*‘T‘Fpltn)V:)‘ypll/ (V: 1,27...771), (7)

where A, ..., A, are arbitrary fixed integers, and the system of congruences
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(xy—x4+piz)’ +— (Y, —z+pit,)" =0 (mod py) (vr=1,2,...,n). (8)

Denoting respectively by N;, N/ (Aipq, ..., A\,p7), and T” the numbers of solu-
tions of the systems (6), (7), and (8), we obtain

/ v P,
Ni= 3" Ny, M) N0 <
A,

< Ny (Py) Z Ny (Apys s Appt) = T'Ny,_,, (Py) *
A

n

Finally, choosing in the lemma m = [P;p;™"!] + 1, we obtain

T' < py(p, )"l ([Popy™ ] + 1) pl "D/ < plgn pany ninid)/2e2nl

)

N < (Cp)2p3E-2no LNy < 2k PRrptt T RN (). 9)

Let us now estimate the quantity XV, ]i2>. Obviously,

N’?):/o /0 l Z 5(331)"'5(%)] doy - da,,,

L1y Yk

* The sum Z is extended over the region |A\;| < kP, ..., |\, | < kP

Mo An
where the quantities z, ..., y;, vary in such a way that at least one of the systems
Xy, Ty Yy, -5 Y belongs to the second class. Noting that the number of

1

systems of the second class does not exceed nfpf*~1, we obtain

p1—1 p;—1

Y S(xy) - Slyy) < nFpfte! Z |S() [k < nk PRopft=t Ny " S ()[R,
=0

Lys--Yk

1p—1

N( ) <« nkP2n k-‘rn 1/ / Z |S |2k Qnda dOé 7nkP2n /€+’n]\],c n(Pl)
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/2 2k—n(n+1)/2

Since n < pi and k > n? + n, we have nkpl’”” < nZ"p1 , and

consequently

N < mrpp RN, (py).

Hence, by virtue of (9), it follows that

Ny (P) < NIV 4 N2 « gg2n panpbnmtU2 N, (p)),

Applying this inequality 7 times, we obtain

Nk:(P) < (3k2n)T(P1 PT)2n(p1 .._p7>2k7n(n+1)/2(p2p22} ...p:71)72nNk37’nT(PT)'
(10)

Using the estimates (4), it is not hard to verify that

Py P, K pop3-pl 'PI, ppeep, < (14 20)7 PO

Substituting these estimates into (10) and using the trivial estimate for
Ny_,..(P,), we obtain the assertion of the theorem:

N, (P) < (3k27)T P2k (p, . p, ) 2hn(nt1)/2

<« (3]{2”)7(1 + 29)2k(n+‘r)P2k7n(n+1)/2+n(n+1)/2(171/n)7'.

It follows from Bertrand’ s postulate that in Theorem 1 one may choose 6 =
1. Using deeper facts from elementary number theory, one can arrange that
the quantity 6 decreases as n increases. In particular, choosing, for n > 11,
0 = 1/31n2n and estimating N,_,,.(P,) more precisely, we obtain the following
assertion:

Theorem 2. There exist absolute constants a and C such that, for n > 11,
1<7<2nln(n+1)+1,k>2n?+nr, P> pon(+1/(n=1))7 “the estimate

N, (P) < ¢ P2—n(ntl)/24n(nt1)/2(1-1/n)7=

is valid.

Received
12 X 1962
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* It can be shown that for o = 86 one obtains C < 1.

Note: Figure translations are in progress. See original paper for figures.
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