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Abstract

Full Text
S. V. IORDANSKII

ON THE HYDRODYNAMICS OF A ROTAT-
ING BOSE SYSTEM BELOW THE CONDEN-
SATION POINT

(Presented by Academician N. N. Bogolyubov, 24 V 1963)

As a number of experiments have shown, vortex filaments appear in rotating
helium II; their existence was first proposed by Onsager and Feynman (1:2).
The corresponding system of hydrodynamic equations was proposed by Hall
and Vinen (%) and, in a more general form, in (*), using a phenomenological
approach. In the present work the system of hydrodynamic equations is obtained
from microscopic theory, which makes it possible to obtain an expression for
the mutual-friction force of the normal and superfluid components in terms of
certain correlation functions.

In the work of N. N. Bogolyubov (°) it was shown that the equations of the two-
fluid hydrodynamics of L. D. Landau (!!) for an arbitrary Bose system follow
from the assumption of a macroscopically large number of particles in the con-
densate. Here an analogous approach is used, taking into account the changes
introduced by the presence of singularities associated with vortex filaments.

For a rotating Bose system in equilibrium it can be shown that the phase .S of the
condensate wave function op(z) = a(x)e**®) cannot be a single-valued function
of . Solutions for a model of a weakly nonideal Bose gas near singularities were
found in ("8). The corresponding singularity has the form of a vortex filament,
so that near the singularity S = md, where ¥ is the polar angle with respect to
the axis of the vortex filament and m is an integer.

In what follows we shall assume that the phase S has special lines—vortex fila-
ments parallel to the axis of rotation—whose circuit gives an increment 27 (the
choice m = 1 is thermodynamically the most favorable). We consider plane mo-
tion (in the plane perpendicular to the axis of rotation) such that an extremely
large number of such singularities is contained in an area with linear dimension
of the order of the characteristic size for the mean motion. We shall be inter-
ested in equations for mean quantities slowly varying in space and time. The
average over the positions of the special lines may be understood as an average
over their initial positions.

Let us introduce, following (°), the condensate function p(x), putting for the
second-quantization operators ¥(z) = p(x) + ¥, (z), v (z) = p*(z) + ¥ (v),
where 1,,1] are operators, and ¢, p* are c-numbers.
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The corresponding equations of motion for ¢, ¢* and 1, %] are obtained from
the equations of motion for 1, 1. Setting a* = ae’®, we obtain

2 2 Aa (2 V() b(2)) e—i5(®)
__25:3;5v5y_;n§;+A+/¢@quRewj<>wzg§>> -
(1)

Here ®(x — 2’) is the potential of pair interaction of Bose particles.

Analysis of the singularity near the L-th vortex filament shows that
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where a,, @ are functions only of time; VS is the part of VS that is regular near
the filament located at x; n, is the unit vector in the direction of rotation at
the point x.

In the absence of filaments, the superfluid velocity v, is defined as the vector
%VS . If the quantities S and a vary slowly in space and time, then the usual

hydrodynamic equation for v, is obtained directly by applying the operation v
to equation (1).

In the presence of filaments we shall call the averaged quantity %% the super-
fluid velocity, where the bar denotes averaging over different configurations of
the filaments.

When taking the configuration average of the gradient of equation (1), a certain
caution must be observed, since the integral of the right-hand side with respect
to d2z; does not exist because of the presence of singularities in V.S. Instead of
directly averaging this equation, it is convenient to integrate it over ¢ from ¢ to
t + ot and to consider the average of the circulation of the resulting expression
along some closed contour £. If the singularities are separated out, the regular
part gives zero. The integrals containing the singular part are evaluated directly.
The contour £ is assumed to be sufficiently large so that it contains a large
number of singularities, but the averaged quantities vary little along its extent.
Neglecting small terms of order ¢ (6t being much smaller than the characteristic
time of variation of the averaged quantities), we obtain
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2mh
—rotv, = rot[v,rotv,], [rotv,| = rh n(x), (4)
m

ot

where n(z) is the mean density of filaments per unit area.

Analogously, one may consider the mean flux of the gradient of equation (1)
through some fixed cylindrical surface 3. Separating out the singularities and
carrying out the calculation of the corresponding integrals, we find

0 h? == h? Aa
——di — di R P —
5 divv, dlvgrad{Qm (VS) oo S + A+ (5)

+Re / Oz — 2’ )e 5@ ﬁ(zﬁ(az’)w(:ﬂ’)w(m» dx’} — div[v rotv].
If v, varies slowly in space, then allowance for the presence of filaments for
the average in braces amounts to taking into account small higher derivatives.
In the lowest approximation this average may be calculated as the average in
the absence of filaments (with this approach the various small terms obtained
phenomenologically in (4) disappear). Finally, from (3) and (4) we obtain the
equation for the superfluid velocity

2
ov Vs

A ( : +u) - (6)

where p is the chemical potential for the local equilibrium state.

The remaining equations for the total density p, the momentum density pv, and
the energy F retain, in the approximation under consideration, the same form
as in the absence of filaments (see (116)). This is connected with the fact that
in them VS enters in the combination aV, which, according to (3), has no
singularities.

To close the hydrodynamic equations it is necessary to express v, in terms of the
remaining hydrodynamic quantities. In the lowest approximation the quantity
v can be calculated from the problem of a single filament, since taking into
account the influence of the other filaments leads to a dependence of v; on
rot v,. For the same reason v; can be determined from a stationary problem
with homogeneous conditions at infinity.

The equation for ¢ will in this case have the form

g At by, —v )V = Ap+ [ (o =) @) bla)) da’ =0, (7)

sovietrxiv.org/items/ru-196301.14694 Machine Translation


https://sovietrxiv.org/items/ru-196301.14694

where ¢ must have the prescribed singularity (3) at zero (x; = 0), and,
moreover, lim, , Ve = 0, lim,_, |¢| = ay, while all averages of the type
(Y] (x)(z")), etc., must tend as x — oo to their equilibrium values. The
brackets in the present case denote an average over the thermodynamically
equilibrium state at infinity. The quantity v plays in this problem the role of
an eigenvalue.

Integrating a certain identity that follows from (7) and expresses the conserva-
tion law of the superfluid momentum over a rectangle with its short side parallel
to v; —v,, and then passing to the limit in such a way that the ratio of the sides
tends to zero and the lengths of the sides to infinity, one obtains the equality

2mnhf(vy, —v,)7] = a%F (8)

Here v is the unit circulation vector. Equation (8) coincides with the corre-
sponding equation in the work (Y. The braking force F then has the form

F=2 Re/[X(sc) — X(00)] oV* dz, (9)

where

(o) = [ o —y) L2V - pw)Pe)

(@) v

This expression is exact in the sense that it does not depend on a special model
of the Bose system. However, finding the corresponding averages represents an
extremely complicated many-particle problem. In the case of the model of a
weakly interacting Bose gas (®), the expression for F is substantially simplified:

P ([ e )0l )0 ) Vo) do dy+ o)

+2Re / D(z —y) [¢" (1) (W (W)Y (2)) + o(y) (] (W)Y, ()] Vo' (2) dy dz,

where one may assume that ¢(z) does not depend on 9, and is determined
as the solution of (7) with ¢] =1, = v, = 0, since terms containing v, 9| in
powers higher than the second may be neglected. The corresponding solution
was studied in %9, To determine (] ()1 (y)) and (¥, (y)1;(z)) we obtain
linear equations.

Expression (10) can be transformed into another form. For this purpose it is
convenient to introduce the operators ] = e "), P = e’sz/Jl+ and combine
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them into one vector 1/71 = (¢},1]") so that the system of equations for them
takes the form

. 8wll [ T 77

zhﬁ =Ty + Vy, (11)
where H o is the homogeneous matrix operator corresponding to ¢ = a, and 1%
is the perturbation operator, taking into account the inhomogeneity of a and S,
which vanishes as  — oo. It is convenient to write the operators ¥, 1] with
the aid of a special system of eigenfunctions satisfying

to the equation

N 1 ~
Vg =g + ——— Vb g, 12
k,E,, k,E,, B, — Ho+ic k,E;, ( )

where fy p = (uy, v;,)e™** is the solution of (11) for V = 0, describing a freely
propagating excitation with wave vector k and Bogoliubov spectrum E) > 0;
Uy, V), are the known parameters of the corresponding canonical transformation.
Since sz) g, for x — oo coincide with fy p , the averages of the corresponding
Bose operators (¢ c,) = n(k) give the occupation numbers of the excitations
incident on the filament. The system of functions (12) must, generally speak-
ing, be supplemented by functions 1/70“ g, » describing internal oscillations of the
filament. Writing the operators 1, in terms of the operators ¢, and ¢ and
using equation (12), one can show that

Ao 2
F =2r / n(k)(k — %) [(£;. 56V 5,)| 6(E, — E,)

3 T 2 3
2 [ ) (o000~ pP)V] 5t — S [ (RO 5

where

I S AL 1
pj(k)zm(aqujkqjkax.)

; Wy = (¢k,Ek6iS7 ¢£Ek67is);

J =0

R(K) = V{Fip, ()T s, ()},

p? is calculated analogously to p, but with @Zk’ g, replaced by Ji, By
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The appearance of the second term in formula (13) is connected with the sin-

gularity of VS at zero. If F is calculated in first order of perturbation theory,
2

h
considering the term —Z—VS V as a small correction in the equation for wk By

and if the terms taking account of the variation of a are neglected, which is valid
for excitations with small k, then we obtain

Ko ki (k, —on,)(k,2, —n,k,) On(E)
F= uﬁﬁ/(kQ —u?) - |li _%‘4 s OF |, (U, — vp0,,)?
k
d3k
x0(E,—FE,)d(k,—n,) RE d3x,

where u is the mean velocity of the excitations far from the filament. Since
|k| for small k is a single-valued function of E,, in this approximation F = 0.
Thus, the result obtained differs substantially from the result of the calculation
of the braking force for phonons carried out in work '° on the basis of hydrody-
namic representations in the same approximation. We note that this calculation
corresponds only to the first term of formula (13).

In conclusion, I express my gratitude to N. N. Bogolyubov for valuable advice
in carrying out the present work, and also to S. V. Tyablikov, D. N. Zubarev,
and Yu. A. Tserkovnikov for useful discussion.
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