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Abstract
Full Text
Aerodynamics

A. A. Nikolsky

THREE-DIMENSIONAL HOMOGENEOUS
EXPANSION—COMPRESSION OF A RAR-
EFIED GAS WITH POWER-LAW INTERAC-
TION FUNCTIONS
(Presented by Academician A. A. Dorodnitsyn, 23 X 1962)

All quantities in the paper are assumed to be dimensionless.

In paper (1) the motions of three-dimensional homogeneous expansion—compres-
sion in an unbounded space of a monatomic gas or of mixtures of monatomic
gases were considered, when the functions 𝑓𝑖 of the distribution of the peculiar
velocities of the molecules are the same for all points of space and depend only
on time. The Boltzmann equations for the functions 𝑓𝑖 = 𝑓𝑖(𝑡, 𝑐𝑖) of the dis-
tribution of the velocity vectors of molecules of the 𝑖-th species then have the
form

𝜕𝑓𝑖
𝜕𝑡 − 1

𝑡 (𝑢𝑖
𝜕𝑓𝑖
𝜕𝑢𝑖

+ 𝑣𝑖
𝜕𝑓𝑖
𝜕𝑣𝑖

+ 𝑤𝑖
𝜕𝑓𝑖
𝜕𝑤𝑖

) = 𝐼𝑖(𝑡, 𝑐𝑖), (1)

where 𝑢𝑖, 𝑣𝑖, 𝑤𝑖 are the components of the vectors 𝑐𝑖; 𝑡 is time. The collision
integrals 𝐼𝑖, as usual, have the form (2)

𝐼𝑖(𝑡, 𝑐𝑖) = ∑
𝑗

∭[𝑓𝑖(𝑡, 𝑐′
𝑖)𝑓𝑗(𝑡, 𝑐′

𝑗) − 𝑓𝑖(𝑡, 𝑐𝑖)𝑓𝑗(𝑡, 𝑐𝑗)]𝑞𝑖𝑗𝑏 𝑑𝑏 𝑑𝜀 𝑑𝑐𝑗. (2)

Here 𝑔𝑖𝑗 = |𝑐𝑖 − 𝑐𝑗|; 𝑏 is the dimensionless impact distance; 𝑑𝑐𝑗 = 𝑑𝑢𝑗𝑑𝑣𝑗𝑑𝑤
𝑗; 𝜀

is the angle of rotation in the planes normal to the vector 𝑐𝑖 − 𝑐𝑗; 𝑐′
𝑖, 𝑐′

𝑗 are the
velocity vectors after collision of particles that before the collision had velocity
vectors respectively 𝑐𝑖, 𝑐𝑗.

Let us consider a model of point centers of potential repulsion or attraction.
For it, on the basis, for example, of the book (2) (Chap. III, § 4), we have the
relations

𝑐′
𝑖 = 𝜑𝑖𝑗(𝑐𝑖, 𝑐𝑗, 𝜒𝑖𝑗, 𝑒) = 𝑚𝑖𝑐𝑖 + 𝑚𝑗𝑐𝑗

𝑚0
+ 𝑚𝑗

𝑚0
[(𝑐𝑖 − 𝑐𝑗) cos 𝜒𝑖𝑗 − 𝑒𝑔𝑖𝑗 sin 𝜒𝑖𝑗]; (3)
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𝑐′
𝑗 = 𝜓𝑖𝑗(𝑐𝑖, 𝑐𝑗, 𝜒𝑖𝑗, 𝑒) = 𝑚𝑖𝑐𝑖 + 𝑚𝑗𝑐𝑗

𝑚0
− 𝑚𝑖

𝑚0
[(𝑐𝑖 − 𝑐𝑗) cos 𝜒𝑖𝑗 − 𝑒𝑔𝑖𝑗 sin 𝜒𝑖𝑗]. (4)

Here 𝑚𝑖 and 𝑚𝑗 are the masses of the colliding particles; 𝑚0 = 𝑚𝑖 + 𝑚𝑗; 𝜒𝑖𝑗 =
𝜒𝑖𝑗(𝑏, 𝑔𝑖𝑗) is the angle of rotation of the vector 𝑐𝑖−𝑐𝑗 as a result of the collision; 𝑒
is a unit vector orthogonal to the vector 𝑐𝑖 −𝑐𝑗. The magnitude of the increment
of this vector is equal to the quantity 𝑑𝜀 in relation (2) and has the same
meaning.

Suppose now that between particles 𝑖 and particles 𝑗 there acts a force 𝑃𝑖𝑗 =
𝜘𝑖𝑗/𝑟𝜈, where 𝑟 is the distance between the particles, the quantity 𝜈 is constant
in all cases, and the constants 𝜘𝑖𝑗 either all have the same sign, or their sign
depends on the combination of indices 𝑖 and 𝑗. In the case under consideration
the angle 𝜒𝑖𝑗 is determined by the expression (see (2), Chap. X, § 3):

𝜒𝑖𝑗 = 𝜒𝑖𝑗(𝑏, 𝑔𝑖𝑗) = 𝜋 − 2 ∫
𝑣00

0
{1 − 𝑣2 − 2

𝜈 − 1 ( 𝑣
𝑣0

)
𝜈−1

sign 𝜘𝑖𝑗}
−1/2

𝑑𝑣, (5)

where 𝑣00 is the root of the equation

1 − 𝑣2 − 2
𝜈 − 1 ( 𝑣

𝑣0
)

𝜈−1
sign 𝜘𝑖𝑗 = 0,

and the quantity 𝑣0, on which alone 𝜒𝑖𝑗 depends, is determined by the relation

𝑣0 = 𝑏 (𝑚𝑖𝑚𝑗𝑔2
𝑖𝑗

𝑚0|𝜘𝑖𝑗|
)

1/(𝜈−1)

. (6)

By virtue of the linearity of relations (3), (4), we have the similarity property

𝜑𝑖𝑗(𝜆𝑐𝑖, 𝜆𝑐𝑗, 𝜒, 𝑒) = 𝜆𝜑𝑖𝑗(𝑐𝑖, 𝑐𝑗, 𝜒, 𝑒),
𝜓𝑖𝑗(𝜆𝑐𝑖, 𝜆𝑐𝑗, 𝜒, 𝑒) = 𝜆𝜓𝑖𝑗(𝑐𝑖, 𝑐𝑗, 𝜒, 𝑒), (7)

where 𝜆 is an arbitrary positive quantity. Relations (5), (6) give one more
similarity property

𝜒𝑖𝑗(𝑏, 𝑔𝑖𝑗/𝜆) = 𝜒𝑖𝑗(𝜆−2(𝜈−1)𝑏, 𝑔𝑖𝑗). (8)

Now, in the same way as we did for the case of hard elastic spheres in [1],
let us try to associate with each homogeneous state of a gas of the type under
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consideration (when the macroscopic velocities are equal to zero) some motion of
expansion–compression of the same gas. In any homogeneous state the functions
𝑓𝑖 = 𝑓0

𝑖 (𝑡, 𝑐𝑖) of the velocity distribution 𝑐𝑖 satisfy the Boltzmann equations

𝜕𝑓0
𝑖 (𝑡, 𝑐𝑖)
𝑑𝑡 = ∑

𝑗
∭ [𝑓0

𝑖 (𝑡, 𝑐′
𝑖)𝑓0

𝑗 (𝑡, 𝑐′
𝑗) − 𝑓0

𝑖 (𝑡, 𝑐𝑖)𝑓0
𝑗 (𝑡, 𝑐𝑗)] 𝑔𝑖𝑗𝑏 𝑑𝑏 𝑑𝜀 𝑑𝑐𝑗 = 𝐼0

𝑖 (𝑡, 𝑐𝑖).

(9)

We shall seek a solution of equations (1) in the form

𝑓𝑖 = 𝑓0
𝑖 (𝑧, 𝐴𝑖), 𝐴𝑖 = |𝑡|𝑐𝑖, 𝑧 = 𝑧(𝑡), (10)

where 𝑧(𝑡) is to be determined. Then equalities (2) take the form

𝐼𝑖(𝑡, 𝑐𝑖) = ∑
𝑗

∭{𝑓0
𝑖 (𝑧, |𝑡|𝑐′

𝑖)𝑓0
𝑖 (𝑧, |𝑡|𝑐′

𝑗)−

−𝑓0
𝑖 (𝑧, |𝑡|𝑐𝑖)𝑓0

𝑖 (𝑧, |𝑡|𝑐𝑗)} 𝑔𝑖𝑗 𝑑𝑏 𝑑𝜀 𝑑𝑐𝑗, (11)

where 𝑐′
𝑖, 𝑐′

𝑗 are determined by relations (3), (4), in which for 𝜒𝑖𝑗 relations (5),
(6) hold, and the similarity properties (7), (8) take place. Our considerations
are valid only for 𝜈 > 2, for at 𝜈 ⩽ 2 the integrals 𝐼𝑖 diverge (see [2], Ch. 10, §
3, item 3). Setting 𝜆 = |𝑡| in equalities (7), (8), we obtain:

|𝑡| 𝑐′
𝑖 = 𝜑𝑖𝑗[𝐴𝑖, 𝐴𝑗, 𝜒𝑖𝑗(𝑏1, 𝐺𝑖𝑗), 𝑒], (12)

|𝑡| 𝑐′
𝑗 = 𝜓𝑖𝑗[𝐴𝑖, 𝐴𝑗, 𝜒𝑖𝑗(𝑏1, 𝐺𝑖𝑗), 𝑒], (13)

where 𝐺𝑖𝑗 = |𝑡|𝑔𝑖𝑗 = |𝐴𝑖 − 𝐴𝑗|, 𝑏1 = |𝑡|−2/(𝜈−1)𝑏.

Introducing in the right-hand side of (11) new variables of integration according
to the formulas 𝑏1 = |𝑡|−2/(𝜈−1)𝑏, 𝑑𝐴𝑗 = |𝑡|3𝑑𝑐𝑗, we obtain

𝐼𝑖(𝑡, 𝑐𝑖) = |𝑡|4 2−𝜈
𝜈−1 𝐼0

𝑖 [𝑧(𝑡), 𝐴𝑖]. (14)

The left-hand side of equation (1) takes the form:

𝜕𝑓𝑖
𝜕𝑡 − 1

𝑡 (𝑢𝑖
𝜕𝑓𝑖
𝜕𝑢𝑖

+ 𝑣𝑖
𝜕𝑓𝑖
𝜕𝑣𝑖

+ 𝑤𝑖
𝜕𝑓𝑖
𝜕𝑤𝑖

) = 𝜕𝑓0
𝑖 (𝑧, 𝐴𝑖)

𝜕𝑧
𝑑𝑧(𝑡)

𝑑𝑡 . (15)

Taking relations (14) and (15) into account, we reduce equation (1) to the form
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𝑑𝑧(𝑡)
𝑑𝑡

𝜕𝑓0
𝑖 (𝑧, 𝐴𝑖)

𝜕𝑧 = |𝑡|4 2−𝜈
𝜈−1 𝐼0

𝑖 (𝑧, 𝐴𝑖). (16)

However, by virtue of equations (8), (3), (4), (5), (6), (9) we have 𝜕𝑓𝑖(𝑡, 𝑐𝑖)/𝜕𝑡 =
𝐼0

𝑖 (𝑡, 𝑐𝑖), where, obviously, an arbitrary positive scalar quantity may be substi-
tuted for 𝑡, and an arbitrary vector for 𝑐𝑖. Therefore we have 𝜕𝑓0

𝑖 (𝑧, 𝐴𝑖)/𝜕𝑧 =
𝐼0

𝑖 (𝑧, 𝐴𝑖), and equations (16) will be satisfied if we set

𝑑𝑧(𝑡)
𝑑𝑡 = |𝑡|4 2−𝜈

𝜈−1 . (17)

For the case of expansion 𝑡 > 0, we have:

𝑧(𝑡) = 𝛽 + 𝜈 − 1
7 − 3𝜈 𝑡 7−3𝜈

𝜈−1 , 𝛽 = const. (18)

Thus, in the case of spreading we have

𝑓𝑖(𝑡, 𝑐𝑖) = 𝑓0
𝑖 [(𝛽 + 𝜈 − 1

7 − 3𝜈 𝑡 7−3𝜈
𝜈−1 ) , 𝑡𝑐𝑖] . (19)

The solution in the case of expansion, when at 𝑡 = 1 (this is the general case, in
view of the arbitrariness of the time scale) 𝑓𝑖 = Φ𝑖(𝑐𝑖), is obtained in the form

𝑓𝑖 = 𝑓𝑖(𝑡, 𝑐𝑖) = 𝑓0
𝑖 [( 𝜈 − 1

3𝜈 − 7 + 𝜈 − 1
7 − 3𝜈 𝑡 7−3𝜈

𝜈−1 ) , 𝑡𝑐𝑖] , (20)

where 𝑓0
𝑖 (𝑡, 𝑐𝑖) is the solution for the homogeneous state with initial data

𝑓0
𝑖 (0, 𝑐𝑖) = Φ𝑖(𝑐𝑖). The expressions given are not suitable for 𝜈 = 7/3. Here we

have 𝑧(𝑡) = ln(𝑡/𝛽), where 𝛽 = const. The solution of the problem posed above
has the form

𝑓𝑖 = 𝑓𝑖(𝑡, 𝑐𝑖) = 𝑓0
𝑖 (ln 𝑡, 𝑡𝑐𝑖). (21)

The quantity 𝜈 − 1
3𝜈 − 7 (1 − 𝑡 7−3𝜈

𝜈−1 ) > 0 for 𝑡 > 1 and for any 𝜈 increases as 𝑡
increases. For 𝜈 > 7/3, as 𝑡 → ∞ it tends to a definite limit, namely the value
(𝜈 − 1)/(3𝜈 − 7). Equality (20) gives

𝑓𝑖(∞, 𝑐𝑖) = 𝑓0
𝑖 ( 𝜈 − 1

3𝜈 − 7 , 𝑡𝑐𝑖) . (22)

Thus, under expansion, in infinite time a distribution is attained that cor-
responds to the distribution attained for the homogeneous state already at
𝑡 = (𝜈 − 1)/(3𝜈 − 7). For 𝜈 ⩽ 7/3 we have
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𝑓𝑖(∞, 𝑐𝑖) = 𝑓0
𝑖 (∞, 𝑡𝑐𝑖). (23)

The distribution 𝑓0
𝑖 (𝑡, 𝑐𝑖) as 𝑡 → ∞ tends to the Maxwell distribution (2). There-

fore, for 𝜈 < 7/3, under expansion the velocity distribution also tends to the
Maxwellian.

For the case of compression 𝑡 < 0, 𝑑𝑧(𝑡)/𝑑𝑡 = −𝑑𝑧(𝑡)/𝑑|𝑡|, integration of equa-
tion (17) gives

𝑧(𝑡) = 𝛽 − 𝜈 − 1
7 − 3𝜈 |𝑡| 7−3𝜈

𝜈−1 . (24)

Analogously to the preceding, we obtain that the solution for the case of com-
pression, coinciding at 𝑡 = −1 with the homogeneous state, has the form

𝑓𝑖(𝑡, 𝑐𝑖) = 𝑓0
𝑖 [( 𝜈 − 1

7 − 3𝜈 − 𝜈 − 1
7 − 3𝜈 |𝑡| 7−3𝜈

𝜈−1 ) , |𝑡|𝑐𝑖] . (25)

For 𝜈 ⩾ 7/3, the velocity distribution tends to the Maxwellian as 𝑡 → −0. For
𝜈 < 7/3, as 𝑡 → −0 it tends to the distribution

𝑓𝑖 = 𝑓0
𝑖 ( 𝜈 − 1

7 − 3𝜈 , |𝑡|𝑐𝑖)

and thus does not attain the Maxwell distribution, despite the fact that the
particle density per unit volume increases as the quantity 1/|𝑡|3. Apparently
this is explained by the fact that the growth of density in the latter case does
not compensate for the boundedness of the time interval −1 < 𝑡 < 0. Formally
putting 𝜈 → ∞, we obtain the results of article (1), which pertain to spherical
elastic molecules.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.14353 Machine Translation

https://sovietrxiv.org/items/ru-196301.14353

	Abstract
	Full Text
	THREE-DIMENSIONAL HOMOGENEOUS EXPANSION—COMPRESSION OF A RAREFIED GAS WITH POWER-LAW INTERACTION FUNCTIONS
	References Cited


