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UNIQUENESS OF THE SOLUTION OF A
BOUNDARY-VALUE PROBLEM FOR A CON-
VEX DOMAIN

(Presented by Academician I. N. Vekua on 15 VIII 1962)

The present article continues my preceding notes (*2). In (}) a regular domain
G C R,, was defined. For it (in particular for p = 2) stable (more precisely,
locally stable) boundary values were studied for a function ® with finite integral

N
D (®) = /@ SB[ G, 1)
1

where

k' kY (2)

are given nonnegative vectors. Let the smallest convex body of the (integer)
vectors spanned by the system (2), to which the vector 0 is adjoined, be &.
Together with k, let £ contain the projections of k onto coordinate subspaces
of arbitrary dimensions. To a function ® there is associated a definite set of
boundary functions. This made it possible to speak of classes 0 = M(G; P)
and M, = M,(G) of functions f with D (f) < oo, possessing respectively the
same sets as ® and 0.

In (2) the following differential equation was considered in Gt

Lu= Z (—1)HD® (ag(z)u) =0, (3)
k,le&

(a(Z) = an(Z), ouq(@)| < M, z € G),

for which, for example, it was assumed that
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N
3 (@) ed > 3 (gk)?, (4)
1

k,le&

g(k) — ]fl ...gﬁn’ k = (klv ~"7kn)7 |k| = ij7
1

where x > 0 does not depend on = and £. It was shown that for equation (3)
there exists a unique generalized solution, and conditions were studied under
which the existence of a classical solution of (3) is guaranteed. Equation (3)
covers a broad class of equations of hypoelliptic (in particular elliptic) type, but
in general goes beyond the limits of the hypoelliptic type.

The question arises of the uniqueness of a classical solution of (3). It is solved
here in the case of a bounded convex domain G.

Let oy, be continuously differentiable in the domain G (open) k times, k € &.

We shall say, for example, that u is a classical solution of (3) if w has in G
continuous partial derivatives of orders k +1 (k,1 € &) and satisfies (3).

Theorem 1. A bounded convex domain G is regular. Consequently (see (?)),
in 91 there exists, and moreover is unique, a generalized solution u of equation

(3).

Theorem 2. Let ® have a finite integral and, for every k € &£ for which
ap(z) £ 0, let @2 € Ly(G), where G is a bounded convex domain. Then in
the class Mt = M(G; @) there can exist one classical solution of equation (3).

In the proof of the theorems one introduces GI—the projection of G onto some

(with number s) coordinate plane RE:_)j of dimension n —j (j =0,1,...,n — 1);

GZ sistheset of 7 € Gl lying at a distance greater than § > 0 from the boundary
of C:‘z; Gi s is the cylindrical body constructed on CA}’Z 5 With generators belonging
to R§S>, where R, = R;S) X Riflj. Here C:*? =GY =G, @?15 = GY 5 = Gs—the set
of z € G lying at a distance greater than § from the boundary I' of the domain

G. The corresponding cylinder constructed on G coincides with G (here only
s =1 is possible).

Theorem 1 follows for n = 3 from the following facts. Let 'l and I'? (s = 1,2,3)
be the intersections of I, respectively, with the boundary of G}, G2. The points

S
r _U§:1 I'! and the interior (with respect to I't, T'?) points of I'}, T2 are regular.
For any s = 1,2,3 the edge (boundary of a two-dimensional surface) I'}, T2 has
projection onto any plane z; = 0 of two-dimensional measure zero.

Lines passing through the points Z € G intersect I in two points—the upper and
the lower (since G is open, so are G4, G%). The upper points form the set I'}, the
lower the set I'0. Assign positive numbers §, 0, ..., 0, and put w? = I'YG%

5,049
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wl = FiG;j‘US (207 = o,). The sets w?,w! are at a distance greater than
some positive number. Let Q, = (G — G37[5])G£765. For sufficiently small 4,
depending on o, €2, for 0 < § < §, decomposes into two nonintersecting sets
Q, = Q2 + QL adjacent respectively to w?,wl. Introduce the sets Wi, =

'7111,
Wit wi Q= Q- Q, where iy = 0,1. There are decompositions into
1t ¥ n
sums of pairwise nonintersecting sets

— / / —
W= FGl,Ul '"Gnﬁn - E Wilsoiy,
i.=0,1
and, for sufficiently small §,, depending on o4, ..., 0,

Q0 = (G° - GY) G, G = ZQil i (0<d<dp). (5)

l,o, “n,o, & £ "%,

G — G5 = GY — GY,.

For a function v € M,(G) and k <« 1 € &, the basic inequality is proved:

2

1/2 Y
(/ |U<1—k)|2 dG) < Z (/ |U(1—k)|2 dG) <
o Qi in

1/2
< colxl (/ [u)]2 dG) (0<6<dy), (6)
G

where ¢ does not depend on § and v.

Let us now take as the initial set, instead of G, a certain C?Z It belongs to some
Rifl ; (depending on s). We shall denote its projections onto the coordinate (n—

j—1)-dimensional subspaces Rfflj by C:‘ZJTH, -y C:‘/jjnl (with indices j+1,...,n).
Let
J _ (I J J+1 J+1
Qs - (Gs - Gs,?)é)G(s,j-‘rl),UjH G(s,n),gn7

_ R« g®
R, =R\ xR,

n

and let k <1 € &, and all projections k; of the vector k onto R;S) be equal to
zero. Then, if v € My(G), the following estimate, more general than (6), holds:

/_ \v‘l‘k>\2ngcé‘k‘/|v<1>\2dG (0<86<by; 7=0,1,...,n—1), (7)
Q G

J
s
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where ¢ does not depend on § or v.

Let now u € M be a classical solution of equation (3) in G. If it is proved that
u is a generalized solution of (3), i.e. that Ex(u,v) = 0 (see (2)) for all v € M,
then this will prove uniqueness, since the generalized solution is unique.

Restricting ourselves to the three-dimensional case, introduce the positive num-

2 2 2 . 0 ’ ’ 2 2 2
bers 0y, 0,,0,,05,07,05, 05 and the functions Qs Xy 0,5 O3 05 O 25 O 525 Oy 2
depending on z, equal respectively to 1 on GQUO, ’201, . Ggag and to 0 outside
. : = — 20 _ 2 . :
these sets. Let the functions of @ n = n, ,m = 15, .- 113,02 be respectively

their oy, ..., 03-Sobolev averages (see (3)). Let v € M, and

Uo = M TINSTN315 = 11Uy = N1y vy = -+
not only belong to My, but also be equal to zero along the strip in G adjacent to

L. Therefore E(u,v,) = 0, and, taking into account that n =17, = =n2 =1
on

— 2 — — —
QO - GBUOGI,SUI "'G3)3g§ - GSUOQI - G3UOG1,301 Q2 =

one may easily conclude that uniqueness will be proved if it is proved that

lim lim - lim Eg_ g (u,v,) = 0.
03%0 02~>0 oo—0

This method, in the simplest case, when v, = n;v, was applied by S. L. Sobolev
(3) to prove uniqueness of the solution of the polyharmonic problem. In the
present complicated case one has to pass to the limit successively n + 1 times.
Directly, by a single passage to the limit, the desired property cannot be de-
tected.

From the condition imposed in Theorem 2 on ® it follows that u also possesses
this property. This leads to the fact that, for uniqueness, it is sufficient to prove
that

3-0 o9—0

m - lim/ WM 2dG = A < .
G—Qo

We have

1/2 1/2
(/ vgl>|2dG> <ec (/ Iy (112 dG) "
G—-Qo k<1 (G=G300)G1,0,G2,0,G3,04
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1/2
+ (/ B dG) ,
(G_QO)G&VO

and since |n*| « caa‘k‘, it follows from (7), for j = 0, that the sum }_, _, is
bounded, whence

lim \vé1)|2 dG = / |v<11)\2 dG + By, B, < 0.
G—Qq G—-Q,

oy—0

Further,

1/2
|v§1>|2dG> .

1/2
mg%glwda) +( /
(G-Qy)
(8)

The function 7, does not depend on z; therefore, if k = (kq, ..., k,) and k; > 0,
then ngk) = 0; but if k; = 0, then, taking into account that

/ WV 2dG < ey (/
G-Q k<! (G=G135,)G1 5, G

1 1,00

2 2
2,02G3,a3 G130,

(G~ Gy 3,,)G3 G2

1,04

G%,JZG§,0'3 - (G/l - /1,30'1)G%,0'2 3,03

(G3, G3 are cylinders constructed on 5%, C?%, the projections of le onto the
axes Iy, Ty), then, by virtue of the inequality \n(lk>| 5S¢ ca‘lkl and (7) for j =1, we
conclude that the sum ), _, is bounded, while the second term on the right-hand

side of (8), as 7 — 0, tends to

1/2
/ w2dG | .
G—-Q,

We reason in the same spirit in the cases where 04, 03, ... tend to zero. Here one
must take into account that each of the functions n?, 13,13 does not depend on
two variables, and in the corresponding place (7) is applied with j = 2.
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