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Several assertions are known which are valid separately both for closed and for
open mappings. For example, the theorem on the connectedness of the complete
inverse image of a connected set and on the zero-dimensionality of the image of
a zero-dimensional set under monotone mappings. It is therefore very tempting
to find a class of mappings, including both closed and open ones, for which these
assertions would remain true.

One attempt of this kind was made long ago by G. T. Whyburn (), who in-
troduced the concept of a quasi-compact mapping. However, the propositions
proved by him are true under certain restrictions, which it would be desirable
to dispense with. Here another attempt is made. Yu. M. Smirnov pointed out
to me the possibility of another definition of the desired class of mappings—we
call them preclosed* (see Definition 1). For them not only the propositions
indicated above* (see Theorem 2) turn out to be true, but also the remarkable
theorem of A. D. Taimanov*** on the extension of monotone mappings to mono-
tone mappings on the Cech extension; moreover, instead of Cech extensions
we consider any perfect extensions (in the sense of E. G. Sklyarenko (®)) and
even not necessarily bicompact ones (Theorem 5). In a certain sense a converse
Theorem 6 is also proved. In connection with this we obtain here some charac-
teristics of the “perfection” of an extension, different from those proposed by E.
G. Sklyarenko (Theorem 7).

Of course, at the beginning we find conditions under which the properties of
quasi-compactness and preclosedness coincide—in any case, this is so for spaces
with the first axiom of countability (Theorem 1). In addition, several topological
properties are given which are preserved under bicompact preclosed mappings
(Theorems 3 and 4).

Sk kok ok

Lemma 1. Let f be a mapping of a space X onto a space Y; let O be
a neighborhood of the complete inverse image f~'y of a point y, y¥ € Y. The
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following two properties a) and b) are equivalent: a) there exists a set H such
that f~'y C H C O and its image fH is open; b) there exists a neighborhood
V,, of the point y such that

0N W)=V,
Definition 1. A mapping f of a space X onto a space Y will be called pre-

closed if, for every point y of Y and for every neighborhood O of its complete
inverse image, condition a) or b) is fulfilled.

Remark 1. Every open and every closed mapping is preclosed.

* The name is conditional: they are as preclosed as they are preopen.

** As A. V. Arkhangel’ skii informed me, one of his theorems, earlier proved
by him separately for open and separately for closed mappings (see Theorem 12
(1)), turned out to be true also for preclosed mappings.

** See (1); G. T. Whyburn did not consider this theorem, since it was obtained
by A. D. Taimanov considerably later.

*** By a mapping we agree to understand here only a single-valued mapping,
and by a space—a topological space.

Lemma 2. If a mapping f of a space X onto a space Y is preclosed, then it is
preclosed on every inverse* subset of the space X.

Lemma 3. A mapping f of a space X onto a space Y is preclosed if it is
preclosed on at least one such set A, A C X, that fA=Y.

Lemma 4. Every preclosed mapping is quasicompact.**

Theorem 1. A continuous mapping of a space X onto a Hausdorff space Y,
satisfying the following condition b) (weaker than the first axiom of countability),
is preclosed if and only if it is quasicompact: b) for every point y of the space
Y there is such a countable sequence of neighborhoods {O,y} that, if y, € Oy,
then the sequence {y,} converges to the point y.

Example 1. A continuous monotone™* quasicompact, but not preclosed, map-
ping g. Let X’ be the number line, and let g’z = x if  is not a positive integer,
and ¢’z = —z~! otherwise. In the space Y = ¢’X’, a set M is regarded as
open if and only if the set g’ilM is open. The space Y turns out to be normal,
hereditarily finally compact, and does not satisfy condition b)***. Adding in the
space E3, to each pair of points {k, —k~1}, the arc C}, = [k, —k~!], and putting
gr =gz ifz € X', and gz = —k~! if z € O}, with a proper arrangement of
these arcs, we obtain the required space X and the mapping g.

Theorem 2. Let a mapping f of a space X onto a space Y be monotone and
preclosed; then the complete preimage of every connected set is connected, and
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1*****

the image of every null-dimensiona inverse set is null-dimensional, if one
additionally assumes that f is continuous.

Remark 2. The assertions of Theorem 2 for quasicompact mappings are, gen-
erally speaking, not true*****. The first is true for the entire space Y, and the
second for X,

t********

Theorem 3. Under a continuous, preclosed, and bicompac
the weight of a space (if it is infinite) cannot increase.

mapping,

Theorem 4. Under continuous, preclosed, and [a, co]-compact mappings (if the
cardinality « is infinite!) the property of local [a, b]-compactness is preserved.

Definition 2. Following E. G. Sklyarenko (%), we shall call an extension™*****
cY of a space Y perfect if, for any two closed sets A and B of the space Y such

that AU B =Y, the equality

AN B¢ = Acn Be. (1)

holds.

* A subset A of the space X is called inverse if A = f~1fA.

** Following G. T. Whyburn (?), we call a mapping quasicompact if the image
of every inverse open set is open.

** A mapping f is called monotone if every complete preimage f~'y is con-
nected.

% 1t is very similar to a “hedgehog.”

o Null-dimensionality here may be understood in any sense: ind, Ind, or dim.
#oeet This can be shown by slightly modifying Example 1.

e This follows from Lemmas 2 and 4 of Theorem 2.

sk We shall call a mapping [a, b]-compact if every complete preimage is
[a, b]-compact (i.e., from each of its open covers of cardinality < b one can choose
a subcover of cardinality < a). [a, co]-compactness is [a, b]-compactness for b
equal to the cardinality of the space under consideration.

weesees B. G. Sklyarenko considered only bicompact extensions of completely
regular spaces. In the course of the proof we shall need Hausdorff extensions
and spaces.

Theorem 5. Let aX be an extension® of the space X, and let f be a preclosed
mapping of the space X onto the space Y, extendable to a perfect** mapping
fae of the extension aX onto some perfect extension cY of the space Y; if f is
monotone, then f,. is monotone***.
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Proof. Suppose that the hypotheses of the theorem are satisfied, but f,,. is not
monotone. Then there exists a point y € cY with disconnected inverse image
foly. Hence f,ly = AU B, where A and B are nonempty disjoint bicompacts.
Therefore there are open sets U and V of the extension aX such that A C U,
BCV,and UNV =. Since f(X\U)U f(X\V) = Y*** we have

C

FXND) NfXNV) = f(X\NU)NF(X\V)
Since A C U =Unxe C X\ Va, it follows that

P —)

y € f(X\V)

- ¢

Similarly, y € f(X \U) . Thus,

ye f(XNU) NFX\V) .

But f,. is closed and f,ly C U UV. Hence there exists a neighborhood H of
the point y satisfying the inclusion f,1H C U UV. The set

H =HNfX\U) NnfX\V)"

is nonempty. Let ¢ € H’. Then f~'y’ C UUV, and therefore either f~1y’ C U,
or f~1y’ C V. Suppose, for example, that f~'y’ C U. By preclosedness there
exists a set W whose image fW is open in Y, such that f~'4’ C W C U N X.
In view of the special choice of the point y’, the set

H' =HNfWNfX\0)

is nonempty. Let y” € H”. Again we have f~1y” C U UV. Moreover, f~'y” N
W # 0, and hence f~ly” NU # §. On the other hand, f~1y” N (X \U) # 0.
This contradicts the connectedness of the inverse image f~'y”. The theorem is
proved.

Theorem 6. Let aX be a perfect extension of the space X, and let f be a
mapping of the space X onto the space Y, extendable to a closed mapping f,.
of the extension aX onto some extension cY of the space Y; if the mapping f,.
is monotone, then the extension cY is perfect™****,

Lemma 5. A mapping g of the space X onto the space Y is continuous and
closed if and only if it commutes with the operation of closure: gA = gA for all
Ain X.

Proof of the theorem. Suppose that cY is not perfect, i.e., there exist closed
sets A and B in Y such that AUB=Y,but A NB" #+ AN B . It is clear that
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FIANfIB =F1Anf 1B .

Let
ye A NB\NAnB"
Since
fuof TAT =4,
we have
Llyn A" #0.
Similarly,

faeyNfB #0.
Since y ¢ AN BC, for the same reason we have

flynFHANB)" =4,

ac

and therefore
fodyn A N FIB" =0,

This contradicts the connectedness of the inverse image f,ly. The theorem is
proved.

* Beginning from this point, we shall consider only Hausdorff extensions (and
spaces!) and only continuous mappings.

** A mapping is called perfect if it is closed and if the full inverse images of all
points of the space Y are bicompact.

*** This is the generalized A. D. Taimanov theorem. The extensions aX and
cY in his formulation were bicompact; moreover, ¢Y was the Cech extension
(the spaces X and Y, consequently, completely regular). Here the extensions
and spaces are only Hausdorff.

*kkk VT is the closure of the set M, M C Y, in the space Y, and M is the
closure of the set M in the extension cY.
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**#%% In this theorem, as also in Lemma 5, the spaces X and Y, as well as their
extensions, may be considered without any restrictions.

Lemma 6. The Cech extension SY of every completely regular space Y is
perfect. Every subset bY of the perfect extension cY, containing Y, is also
perfect.

For brevity, in what follows we shall call extensions bY such that 3Y D bY DO Y
Cech extensions*.

Corollary 1. An extension cY of a space Y is perfect if and only if it is the
image of some perfect extension aX of some X under a monotone and perfect**
mapping f,. such that f,.X =Y, and such that it is monotone and preclosed
on X.

Corollary 2. A completely regular extension cY of a space Y is perfect if and
only if it is a monotone and perfect image of some Cech extension™**.

Remark. It is not hard to see that in Theorem 5 the condition of perfection of
the extension ¢Y in the case when the extension aX is strongly Hausdorff****
can be replaced, with the same result, by either of the following two conditions:

A. For any two such closed sets A and B that (f'1A) U (f'B) = X, equality
(1) of Definition 2 is always true.

B. For any two such closed sets A” and B’ of the space X such that AnB =0
for the sets A = fA’ and B = fB’, equality (1) of Definition 2 holds.

Theorem 7. If the extension cY is completely regular, then each of the follow-
ing conditions (separately) is necessary and sufficient in order that the extension
cY be perfect: 1) there exist a space X and a mapping f : X — Y such that
condition A is fulfilled (see above); 2) there exist a space X and a mapping
f+ X — Y such that, for any two such closed sets A and B of the space Y for
which f71AU f7'B = X, equality (1) of Definition 2 is true; 3) for any two
such closed sets A and B of the space Y for which (A) U (B) =Y, equality (1)
of Definition 2***** is true.

Proof. Indeed, perfection implies condition 2), from it condition 1), and from
1) condition 3). It is not hard to see that the extension ¢Y is a perfect image of
some Cech extension bY. In this case condition 3) is identical with condition 1),
whence, by virtue only of the remark just made, and also by Corollary 3, the
perfection of the extension cY follows.

This work was carried out under the supervision of Prof. Yu. M. Smirnov, to
whom I express my heartfelt gratitude.
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28 V 1963
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* The “true” Cech extension BY is distinguished among them by the fact that
it alone is bicompact.

** In the case of bicompactness of the extension cY’, the condition of perfection
of the mapping is equivalent to the condition of bicompactness of the extension
aX.

*** In the case of bicompactness of the extension cY’, this corollary is one of the
theorems of E. G. Sklyarenko.

*rHk A space (respectively, an extension) is called strongly Hausdorff if any
two of its points have disjoint closed neighborhoods.

#idet Condition 3) is perhaps the most curious one. It is easy to see that
complete regularity of the extension cY (and, consequently, of the space Y') is
not essential here: it is enough to require that there exist a strongly Hausdorff
perfect extension bY of the space Y such that the identity mapping e could be
extended to a perfect mapping of the extension bY onto cY.

Note: Figure translations are in progress. See original paper for figures.
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