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Abstract

Full Text
Corresponding Member of the Academy of Sciences of the USSR, Yu. V. LINNIK

ON A. WALD’ S TEST

In the well-known paper (), A. Wald considers the Behrens-Fisher problem
for two independent samples zyy,..., Ty, ;o1 ..., Ty, Of equal size ny; here
x1; € N(ay,04), To; € N(ay,05) are repeated normal samples. Introducing four
sufficient statistics:

_ 1
Ti = *Z%
ny =
1 &
(i=1,2); s7= . Z(gc” - 7,)?,
ny — 14

A. Wald then postulates four requirements for the critical region of the (nonran-
domized) test under consideration:

I. The critical region lies in the space of the sufficient statistics 7, Z,, 7, s3.

IT. If the sample (x4, ... s T, Tops oo ,x2n1) lies in the critical region, then
for any c the sample (21; + ¢, ..., @y, + ¢;To; + ¢, ..., Ty, + ) also lies
there.

L If the sample (Tq1,..., %1, ;Tays s Ta, ) lies in the critical region, then
for k # 0 the sample (kxyy, ..., kzy, ;kToq, ..., ks, ) also lies there.

IV. If the sample (211, ..., ¥y, i Ty, -, Loy, ) lies in the critical region and for
a second sample (2, ..., T, ;T5, ..., 5, ) we have

., _ 2 2
|2y — &1 > [Ty — 3], s’y =s], s’y =s3,

then the second sample also lies there.

From these conditions it is not difficult to derive that the critical region has the
form

|y — 7,4

V4 s% + 5%
where ¢(n) is a single-valued function of 7. The quantity 7 has the distribu-
tion A\F, where A\ = 02/0%, and F is a random variable having on the axis
(0, 00) Fisher’ s distribution F, n,- A. Wald replaces the distribution F" by the
distribution F™*, where, for a given Fj, > 0,

Lot
>0 =2, )
1

P(F* <u)=P(F <u) foru<F,

P(F*<u)=1 foru>F,
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( “atomization” of the point Fy). With this new distribution A\F* (instead of
AF) for the quantity 7, it is possible to construct analytically in a neighborhood
0 < |n < ny = ny(Fy) a function ¢(n) for which the critical region (1) will
be similar for 0 < A < Ay = Ag(F,). To this end, an algorithm is given for
constructing the series

o(n) =co+ e+ con® + -

and the convergence of the series for |n| < n, and the similarity of the region
(1) for 0 < A < A, are proved. This gives an approximate similar test for the
original situation.

A. Wald raises the question whether such a function exists also in the original
situation (without replacing F' by F*). In the present note a negative answer
to this question is given.

There does not exist a piecewise-analytic function ¢(n) for which the critical
region (1) would be similar.

We shall formulate a stronger theorem concerning this question. Put

BT g )T = o).

51

Then the critical region (1) takes the form

€] > @(n),

where ®(n) is a single-valued measurable function of 7. It is possible to consider

quadrant £ > 0, n > 0, and in it the critical region

§£>@(n) ()

with boundary I' : & = ®(n).

Suppose that this boundary is continuous in a neighborhood of 7 = 0. Then,
as it turns out, the boundary I' intersects the axis of abscissas at the point
(&9, 0), where &, < oo, and if the test is nontrivial, then &, > 0. Let €5 > 0 be
an arbitrarily small prescribed number. Consider the region in the form of a
“half-horseshoe” II between quadrants of confocal ellipses:

52 2
2 + 2 2
§Eteg &+ 1lxe

=1; £>0; n=0.

Theorem. Such a test of A. Wald (2) is impossible if its boundary inside the
half-horseshoe 11 consists of a finite number of pieces of curves differentiable
n; + 1 times.
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Let us note that the same result on the impossibility of the test is obtained if
similarity of the test is assumed not for all values A\ = £5 /0%, but only for some
countable set of different values of A lying in a bounded interval.

We shall briefly explain the method of proof of the theorem. It is based on
introducing an analytic continuation with respect to the parameter (see the
general considerations on this subject in ). Put: g(&,n7) = 1 for £ > ®(n);
9(&,m) = 0 otherwise. Then the following equation is obtained:

n,—2
// ) AL R——a— ) S
o, (0 A6 )9+ BEN)

¥ > 0 is a parameter; N = n; — %;

where 2, is the quadrant £ > 0, n > >
B(&,n) are the roots, taken with the

n
A, > 0is a constant, and A(§,7) an
opposite sign, of the equation

0;
d

P +I1+E+n%) +n*=0. (4)

The notation A(§,n) and B(§,n) may be chosen so that always: 0 < A({,n) <
1; B(&,m) > 1. The curves B(&,n) = D, for D, > 1 are confocal ellipses

2 2
S
Dy—1 D,

L
the curves A(&,n) = D, for Dy < 1 form a family of hyperbolas

U

- —1.
D, 1-D,

These curves will be the “critics” of the family of measures. If D, = & + 1
is chosen, then the arc of the ellipse B({,n) = D, will issue from the axis
of abscissas together with the test boundary I'. Relation (3) is analytically
continued in ¥ onto the plane of complex values of 1, cut along the negative
axis: Im9 = 0, —oo < Red < 0. If we put ¥ = 9y = —(£3+1) +i¢, where ¢ >0
is a small number, then relation (3) will be valid. If it is differentiated twice with
respect to 9 at the point ¥ = 9, and then { — 0 is considered, the right-hand
side of (3) will approach a finite limit, while the modulus of the left-hand side
will tend to oo (from (3) it is seen that in the denominator of the integrand
there appears a factor close to (i¢)"), which leads to a contradiction. These
arguments can be carried out rigorously using the conditions of the theorem.

The piecewise differentiability of the test boundary n; + 1 times inside the half-
horseshoe II is needed in order to study possible intersections and tangencies of
the boundary T' and the critic B(£,n) = €2 + 1.
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The conditions of the theorem can be weakened still further.
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