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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1963. Vol. 148, No. 1

PHYSICS
N. F. NELIPA

ON THE THEORY OF RADIATIVE PRODUC-
TION OF ELECTRON–POSITRON PAIRS ON
A NUCLEUS
(Presented by Academician Ya. B. Zel’dovich on 10 VII 1962)

A theoretical analysis of the process of radiative pair production on nuclei:
𝛾+nucleus → recoil nucleus+𝑒++𝑒−+𝛾′ was carried out in several papers (1−3).
Various special cases were considered in them. The purpose of the present article
is to find a general expression for the differential cross section of the indicated
process in the first nonvanishing approximation of perturbation theory (in order
of magnitude it is equal to ∼ 1/137 of the pair-production cross section).

Let 𝑘1(𝜔1, k1), 𝑘2(𝜔2, k2), 𝑝1(𝜀1, p1), 𝑝2(𝜀2, p2), 𝑞(0, p1+p2+k2−k1) denote the
energy–momentum vectors, respectively, of the incident and emitted photons,
the positron, the electron, and the recoil nucleus (we neglect the kinetic energy
of the recoil nucleus).

In the first nonvanishing approximation of perturbation theory, the contribution
to the matrix element will be given by six diagrams, which are obtained by
all possible permutations of the photon lines (with fixed electron and positron
lines).

After summation over the spins of the final particles and averaging over the
spins of the initial particles, the expression for the differential cross section of
the process is written as follows*:

𝑑𝜎 = −𝑟2
0

𝑍2𝛼2|p1| |p2| |k2| 𝑑Ω𝑝1
𝑑Ω𝑝2

𝑑Ω𝑘2
𝑑𝜀1 𝑑𝜀2

2(2𝜋)4𝜔1𝑞4
1
16 Sp𝐹. (1)

Here
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Sp𝐹 = Sp{𝛾𝜈( ̂𝑙1 + 1)𝛾0( ̂𝑓1 + 1)𝛾𝜇
−𝑝2𝑘2 ⋅ 𝑝1𝑘1

+ 𝛾𝜈( ̂𝑙1 + 1)𝛾𝜇( ̂𝑓2 + 1)𝛾0
−𝑝2𝑘2[𝑝1𝑞 − 𝑞2/2] + 𝛾0( ̂𝑙2 + 1)𝛾𝜈( ̂𝑓1 + 1)𝛾𝜇

𝑝1𝑘1[𝑝2𝑞 − 𝑞2/2]

+ 𝛾𝜇( ̂𝑙3 + 1)𝛾𝜈( ̂𝑓2 + 1)𝛾0
𝑝2𝑘1[𝑝1𝑞 − 𝑞2/2] + 𝛾𝜇( ̂𝑙3 + 1)𝛾0( ̂𝑓3 + 1)𝛾𝜈

−𝑝1𝑘2 ⋅ 𝑝2𝑘1
+ 𝛾0( ̂𝑙2 + 1)𝛾𝜇( ̂𝑓3 + 1)𝛾𝜈

−𝑝1𝑘2[𝑝2𝑞 − 𝑞2/2] }(1 − ̂𝑝1)

×{𝛾𝜇( ̂𝑓1 + 1)𝛾0( ̂𝑙1 + 1)𝛾𝜈
−𝑝2𝑘2 ⋅ 𝑝1𝑘1

+ 𝛾0( ̂𝑓2 + 1)𝛾𝜇( ̂𝑙1 + 1)𝛾𝜈
−𝑝2𝑘2[𝑝1𝑞 − 𝑞2/2] + 𝛾𝜇( ̂𝑓1 + 1)𝛾𝜈( ̂𝑙2 + 1)𝛾0

𝑝1𝑘1[𝑝2𝑞 − 𝑞2/2]

+ 𝛾0( ̂𝑓2 + 1)𝛾𝜈( ̂𝑙3 + 1)𝛾𝜇
𝑝2𝑘1[𝑝1𝑞 − 𝑞2/2] + 𝛾𝜈( ̂𝑓3 + 1)𝛾0( ̂𝑙3 + 1)𝛾𝜇

−𝑝1𝑘2 ⋅ 𝑝2𝑘1
+ 𝛾𝜈( ̂𝑓3 + 1)𝛾𝜇( ̂𝑙2 + 1)𝛾0

−𝑝1𝑘2[𝑝2𝑞 − 𝑞2/2] }( ̂𝑝2 + 1);

(2)

𝑙1 = 𝑝2+𝑘2, 𝑙2 = 𝑝2−𝑞, 𝑙3 = 𝑝2−𝑘1, 𝑓1 = −𝑝1+𝑘1, 𝑓2 = −𝑝1+𝑞,

𝑓3 = −𝑝1−𝑘2, 𝑞 = 𝑝1+𝑝2+𝑘2−𝑘1, the scalar product 𝑎𝑏 = 𝑎0𝑏0 [1 − |a| |b|
𝑎0𝑏0

cos(𝑎𝑏)] , 𝑟0 = 𝛼 = 𝑒2/4𝜋.

* In what follows, Feynman notation is used throughout (see, for example, (4));
energies and momenta are expressed in units of the electron rest mass.

Generally speaking, after multiplication in (2) it is necessary to calculate 21
traces*:

Sp𝐹 = Sp 11
𝛾11

+Sp 22
𝛾22

+⋯+Sp 66
𝛾66

+2 [Sp 12
𝛾12

+ ⋯ + Sp 23
𝛾23

+ ⋯ + Sp 34
𝛾34

+ ⋯ + Sp 45
𝛾45

+ ⋯ + Sp 57
𝛾56

] .
(3)

However, in fact one may restrict oneself to finding expressions only for 7
traces: 11, 12, 14, 15, 22, 23, 24, since from them the expressions for the
remaining traces are obtained by simple substitutions (see Table 1). The ex-
plicit form of the denominators 𝛾𝑖𝑘 is easily obtained from (2), for example
𝛾13 = −𝑝2𝑘2(𝑝1𝑘1)2[𝑝2𝑞 − 𝑞2/2], etc.
Table 1
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Connection of
traces

Form of
substitution

Connection of
traces

Form of
substitution

11 → 55 𝑙1 → 𝑙3, 𝑓1 → 𝑓3 15 → 26 𝑙1 → 𝑓2, 𝑓1 →
−𝑝1, −𝑝1 →
𝑓3𝑓3 → 𝑙2, 𝑙3 →
𝑝2, 𝑝2 → 𝑙1

12 → 13 𝑙1 ← 𝑓1, −𝑝1 ←
𝑝2, 𝑓2 → 𝑙2

15 → 34 𝑙1 → 𝑝2, 𝑓1 →
𝑙2, −𝑝1 →
𝑓1𝑓3 →
−𝑝1, 𝑙3 →
𝑓2, 𝑝2 → 𝑙3

12 → 45 𝑙1 → 𝑙3, 𝑓1 → 𝑓3 22 → 33 𝑙1 → 𝑓1, 𝑓2 →
𝑙2, −𝑝1 ⇄ 𝑝2

12 → 56 𝑓1 → 𝑙3, 𝑙1 →
𝑓3, −𝑝1 ←
𝑝2, 𝑓2 → 𝑙2

22 → 44 𝑙1 → 𝑙3

14 → 16 𝑙1 ⇄ 𝑓1, −𝑝1 ⇄
𝑝2, 𝑓2 →
𝑙2, 𝑙3 → 𝑓3

22 → 66 𝑙1 → 𝑓3, 𝑓2 →
𝑙2, −𝑝1 → 𝑝2

14 → 35 𝑙1 → 𝑓3, 𝑓1 ⇄
𝑙3, −𝑝1 ←
𝑝2, 𝑓2 → 𝑙2

23 → 46 𝑙1 → 𝑙3, 𝑓1 → 𝑓3

14 → 25 𝑙1 ← 𝑙3, 𝑓1 → 𝑓3
24 → 36 𝑙1 → 𝑓3, 𝑓2 →

𝑙2, 𝑙3 →
𝑓1, −𝑝1 ⇄ 𝑝2

Calculations of the basic traces lead to the following result:

1
16 Sp 11 = 2𝑝2𝑙1{𝑝1𝑙1(𝑓2

1 − 1) − 2𝑙1𝑓1(𝑝1𝑓1 + 2) − 2(𝑝1𝑓1 + 1)}
+ 𝑙21{2𝑝1𝑓1(𝑝2𝑓1 + 2) + 𝑝1𝑝2(1 − 𝑓2

1 ) + 4(𝑝2𝑓1 + 𝑓2
1 + 1)}

− 4𝑓2
1 (𝑝2𝑙1 + 𝑝1𝑙1 − 1

4 𝑝1𝑝2 − 1) − 2𝑝1𝑙1(𝑝2𝑙1 − 4𝑙1𝑓1 − 2)
+ 4(4𝑙1𝑓1 − 𝑝2𝑓1 + 𝑝1𝑙1 − 1

4 𝑝1𝑝2 + 1);

1
16 Sp 12 = 𝑙21{𝑓1𝑓2 ⋅ 𝑝1𝑝2 + 𝑓2𝑝1(𝑓1𝑝2 + 2) − 𝑓1𝑝1 ⋅ 𝑓2𝑝2 − 𝑓1𝑝2 + 2𝑡1(𝑝20 + 2𝑓10) − 2}

+ 2𝑙1𝑝2{𝑓1𝑙1(1 − 𝑓2𝑝1) − 𝑓1𝑓2 ⋅ 𝑝1𝑙1 + 𝑓1𝑝1 ⋅ 𝑓2𝑙1 − 𝑝1𝑓2 − 2𝑡1𝑡2 + 1}
+ 𝑝1𝑓1(𝑓2𝑝2 − 4𝑓2𝑙1) + 𝑝1𝑓2(4𝑓1𝑙1 − 𝑓1𝑝2 + 2) + 𝑓1𝑓2(4𝑝1𝑙1 − 𝑝1𝑝2)
+ 2 { 1

2 𝑓1𝑝2 − 2𝑙1𝑓1 + 𝑡1(2𝑡2 + 2𝑙10 − 𝑝20) − 1} ;
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1
16 Sp 14 = 𝛼14 + 𝛽14 + 𝑝2𝑓2(𝑙3𝑙1 + 𝑓1𝑙3 + 2𝑙10𝑝10) + 𝑝2𝑙3(𝑙1𝑝1 + 𝑓1𝑝1 − 𝑓2𝑓1 − 𝑓2𝑙1)

+ 𝑓2𝑙3(𝑝2𝑙1 + 𝑓1𝑝2) − 𝑝1𝑝2(𝑙1𝑙3 + 𝑓1𝑙3) − 𝑝1𝑙3(𝑓1𝑝2 + 𝑙1𝑝2) − 𝑙1𝑓1(𝑓2𝑝1 − 1)
− 𝑙1𝑝1 ⋅ 𝑓1𝑓2 + 𝑙1𝑓2 ⋅ 𝑓1𝑝1 + 2𝑙30(𝑝1𝑝2𝑓20 − 𝑝1𝑓2𝑝20)
+ 2𝑝20(𝑙1𝑓1𝑙30 − 𝑙1𝑙3𝑓10 − 𝑓1𝑙3𝑙10 − 𝑙30)
+ (𝑓2𝑙1 − 𝑝1𝑓2 − 𝑝1𝑙1 + 1)(𝑝2𝑓1 + 𝑙3𝑓1)
+ (𝑓1𝑙1 + 𝑝1𝑙1 + 𝑓1𝑝1 + 1)(𝑓2𝑝2 + 𝑙3𝑓2)
+ (𝑓1𝑝1 − 𝑙1𝑓2 − 𝑝1𝑓2 + 1)(𝑝2𝑙1 + 𝑙3𝑙1)
− (𝑓2𝑙1 + 𝑓1𝑓2 + 𝑓1𝑙1 + 1)(𝑝1𝑝2 + 𝑙3𝑝1) − 𝑓2𝑝1 − 2𝑡1𝑡2 + 1;

* In the notation 𝑖𝑘, the first number corresponds to the ordinal number of the
factor in the first curly bracket of expression (2), and the second number to that
in the second curly bracket.

1
16 Sp 15 = 2𝑝1𝑝2(𝑙1𝑓1 ⋅ 𝑓3𝑙3 + 𝑙1𝑓3 ⋅ 𝑓1𝑙3 − 𝑙1𝑙3 ⋅ 𝑓1𝑓3) + 𝑝1𝑝2(2𝑙1𝑓1 − 𝑙1𝑓3 + 2)−

− 𝑓1𝑝1(𝑙1𝑓3 + 𝑙1𝑙3) + 𝑓1𝑙3(𝑙1𝑝1 + 𝑙1𝑓3 + 𝑙1𝑝2 − 𝑝1𝑓3 − 𝑓3𝑝2 − 2)+
+ 𝑓3𝑝2(𝑙1𝑓1 − 𝑙1𝑝1 − 𝑓1𝑝1 + 1) + 𝑓1𝑓3 (𝑝1𝑝2 + 𝑙1𝑙3)+
+ 𝑓1𝑓3 (𝑙1𝑝1 + 𝑙1𝑝2 + 𝑙3𝑝1 + 𝑙3𝑝2 − 2) − 𝑙1𝑓1(𝑝1𝑙3 + 𝑝1𝑓3 + 𝑓3𝑙3 + 𝑙3𝑝2 − 1)+
+ 𝑓1𝑝2(𝑙1𝑙3 − 𝑝1𝑙3 + 𝑙3𝑓3 − 𝑝1𝑓3 + 1)+
+ 𝑙1𝑓3(𝑙3𝑝1 − 𝑓1𝑝2 + 𝑙3𝑝2 + 2𝑙30𝑓10 − 2𝑝10𝑝20 − 2) − 2𝑙1𝑓1(𝑓30 + 𝑝20)𝑙30−
− 𝑙1𝑙3 (𝑝1𝑓3 + 𝑓3𝑝2 + 2) + 𝑙1𝑝2 (𝑓3𝑝1 + 𝑓3𝑙3 − 𝑝1𝑙3 + 1) + 𝑙1𝑙3(𝑝2𝑝1 + 2𝑝20𝑓10)+
+ 𝑙3𝑓3 (2𝑝1𝑝2 − 𝑓1𝑝1 − 𝑙1𝑝1 + 1) + 𝑓1𝑙3 ⋅ 𝑝1𝑝2 − (𝑓1𝑝1 − 1)𝑝2𝑙3+
+ 2𝑓30𝑝10𝑙1𝑝2 − 𝑙1𝑝1 ⋅ 𝑝2𝑙3 − 𝑓3𝑝1 − 𝑙3𝑝1 − 𝑙1𝑝1 − 𝑓1𝑝1 + 1;

1
16 Sp 22 = 𝑙21 [2𝑓2𝑝2(𝑝1𝑓2 − 1) + 𝑓2

2 (4 − 𝑝1𝑝2) − 4(2𝑓2𝑝1 − 1) + 𝑝1𝑝2] +
+ 2𝑙1𝑝2 [𝑝1𝑙1(𝑓2

2 − 1) + 2𝑝1𝑓2(2 − 𝑙1𝑓2) − 2(𝑓2
2 + 1 − 𝑙1𝑓2)] −

− 𝑓2
2 [4(𝑙1𝑝1 − 1) − 𝑝1𝑝2] − 2𝑓2𝑝1 [𝑓2𝑝2 + 4(1 − 𝑙1𝑓2)] − 𝑝1𝑝2+

+ 2𝑓2𝑝2 + 4(𝑙1𝑝1 − 2𝑙1𝑓2 + 1);

1
16 Sp 23 = − 𝛼23 + 2𝑡1 [𝑝2𝑙2𝑡2 − (𝑓1𝑙2 + 𝑙1𝑙2)𝑝20 − (𝑙1𝑝2 + 𝑓1𝑝2)𝑡20 + 2𝑡3 − 𝑡2] +

+ 4𝑡1𝑡3𝑙1𝑓1 + 2𝑡3 [(𝑓2𝑓1 + 𝑙1𝑓2)𝑝10 + (𝑝1𝑓1 + 𝑙1𝑝1)𝑓20 − 𝑝1𝑓2𝑡2 − 𝑡2] +
+ 𝑝1𝑝2 ⋅ 𝑓2𝑙2 − 𝑝1𝑙2 ⋅ 𝑓2𝑝2 − 𝑝1𝑡2 (𝑝2𝑙2 + 1) − 𝑙1𝑝1 ⋅ 𝑓2𝑓1 − 𝑙1𝑡1 (𝑝1𝑓2 − 1)+
+ 𝑙1𝑓2 ⋅ 𝑝1𝑓1 + 𝑝2𝑙2(1 + 𝑙1𝑓1) + 𝑙1𝑙2 ⋅ 𝑓1𝑝2 − 𝑙1𝑝2 ⋅ 𝑓1𝑙2 + 1;
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1
16 Sp 24 = 2𝑙1𝑙3 [2𝑝2𝑓2(𝑝1𝑓2 − 1) − 𝑝1𝑝2(𝑓2

2 − 1) + 1
2] +

+ 𝑓2
2 (𝑙1𝑝2 + 𝑙1𝑙3 + 𝑙3𝑝2 + 𝑝1𝑝2 + 𝑙1𝑝1 + 𝑙3𝑝1 − 2) −

− 2𝑓2𝑝1 (𝑓2𝑙3 + 𝑓2𝑝2 + 𝑓2𝑙1 + 𝑙3𝑝2 + 𝑙1𝑙3 + 𝑙1𝑝2 − 2) +
+ 2(𝑙3𝑓2 + 𝑓2𝑝2 + 𝑙1𝑓2 − 1) − 𝑙3𝑝1 + 𝑙1𝑝2 − 𝑝1𝑝2 − 𝑙1𝑝1 + 𝑙3𝑝2,

where

𝑡1 = 𝑓20 − 𝑝10, 𝑡2 = 𝑙10 + 𝑓10, 𝑡3 = 𝑙20 + 𝑝20;
𝛼14 = 𝑙1 ̃𝑓1 [ ̃𝑝1𝑝2 ⋅ 𝑓2𝑙3 + ̃𝑝2𝑙3 ⋅ ̃𝑝1𝑓2 − ̃𝑝2𝑓2 ⋅ ̃𝑝1𝑙3]+

+𝑙1 ̃𝑝2 [ ̃𝑓1𝑓2 ⋅ ̃𝑝1𝑙3 − ̃𝑓1𝑝1 ⋅ 𝑓2𝑙3 − ̃𝑓1𝑙3 ⋅ ̃𝑝1𝑓2]+
+𝑙1𝑝1[ ̃𝑓1 ̃𝑝2 ⋅ 𝑓2𝑙3 + ̃𝑓1𝑙3 ⋅ ̃𝑝2𝑓2 − ̃𝑓1𝑓2 ⋅ ̃𝑝2𝑙3] + 𝑙1𝑓2[ ̃𝑓1𝑝1 ⋅ ̃𝑝2𝑙3 − ̃𝑓1𝑝2 ⋅ ̃𝑝1𝑙3 − ̃𝑓1𝑙3 ⋅ ̃𝑝2𝑝1]+

+𝑙1𝑙3[ ̃𝑓1𝑝2 ⋅ 𝑝1𝑓2 + ̃𝑓1𝑓2 ⋅ ̃𝑝1𝑝2 − ̃𝑓1𝑝1 ⋅ ̃𝑝2𝑓2],

𝛽14 is obtained from 𝛼14 by the substitutions ̃𝑝2 → ̃𝑓2, ̃𝑝1 → 𝑝1, 𝑓2 → 𝑝2, and
𝛼23 by the substitutions ̃𝑓1 → 𝑝1, ̃𝑝2 → ̃𝑓2, ̃𝑝1 → ̃𝑓1, 𝑓2 → 𝑝2, 𝑙3 → 𝑙2, with
𝑎𝑏 = ̃𝑎𝑏 = 𝑎𝑏, ̃̃𝑎𝑏 = 𝑎𝑏.
Let us emphasize that, when obtaining the expressions for the other traces from
the basic ones, the corresponding substitutions indicated in Table 1 must also be
extended to the quantities 𝑓10, 𝑓20, 𝑓30, 𝑙10, 𝑙20, 𝑙30, 𝑝10, 𝑝20; for example, in order
to obtain 46 from 23, along with the substitution 𝑙1 → 𝑙3, 𝑓1 → 𝑓3, one must
make the substitution 𝑙10 → 𝑙30 and 𝑓10 → 𝑓30 (in this case 𝑓10 = −𝑝10 + 𝑘10,
etc.).

To compute the value of the differential cross section, one must find the trace
quantities using the last expressions and Table 1, substitute the results obtained
into (3), and the latter into (1).

In conclusion, I express my gratitude to M. A. Markov for his interest in this
work.

Lebedev Physical Institute
Academy of Sciences of the USSR

Received
15 VI 1962
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