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MATHEMATICS
V. A. YANKOV

ON THE CONNECTION BETWEEN DERIV-
ABILITY IN THE INTUITIONISTIC PROPO-
SITIONAL CALCULUS AND FINITE IM-
PLICATIVE STRUCTURES

(Presented by Academician P. S. Novikov on 20 III 1963)

On the intuitionistic propositional calculus used, on the use of the symbols &,
V in many-place operations, and on the meaning of the derivability symbol ,
see (1).

By a matrix we shall mean a finite set of constructive objects (elements) with
a nonempty subset of distinguished elements and with three binary operations
N, U, — and one unary operation ~ defined on it.

Let F' be a formula of the propositional calculus in the variables aq,...,a;. A
correspondence between the variables a, ..., a; and the elements z,,...,x; of a
matrix M,

aq < Ly eeey A < T

will be called a refutation of F' on M, if, upon substituting in F, for the vari-
ables ay, ..., a, respectively the elements x,, ..., x;, and replacing the symbols
&, V, D, — respectively by the operations N, U, —, ~, after computing the value
of the expression obtained according to the definition of the operations N, U,
—, ~, the resulting value y does not belong to the set of distinguished elements
of M; y is then called the value of this refutation. If the formula F' has no
refutation on M, then F is called valid on M.

A matrix M is called a finite implicative structure if: 1) all axioms of
the intuitionistic propositional calculus (?) are valid on M; 2) whenever the
elements x and x — y are distinguished, then y also is a distinguished element;
3) whenever the elements x — y and y — « are distinguished, then the elements
x and y coincide.

A finite implicative structure is called Gédelian if, whenever a U b is a distin-
guished element, then either a is a distinguished element or b is a distinguished
element.
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It can be proved that in finite implicative structures there exists only one distin-
guished element. If one sets aside the trivial one-element implicative structure,
then the Godelian structures are precisely those implicative structures in which
there exists an element w with the following property: w is distinct from the
distinguished element and, for every nondistinguished element z, the element
2z — w is distinguished.

We shall call such an element of a Godelian implicative structure its w-element.
It can be shown that it is unique.

We shall call formulas F' and G distinguishable on a finite implicative
structure « if F' is valid on «, while G is refutable on « (i.e., has a refutation
on a). If F and G are distinguishable, then it is not the case that F' - G.

Theorem 1. If propositional-calculus formulas F and G are distinguishable
on some finite implicative structure, then they are also distinguishable on some
Gadelian finite implicative structure.

To each Godel implicative structure o we shall assign the formula X, of the
propositional calculus defined below, which we shall call the characteristic
formula of a.

X, is

/\ ((ta&ety) =t,m) & /\ ((ta V) =tp) & /\ (ta Dty) =tey) &

a,bea a,bea a,bea

N((t,=t,)) Dty

aco

Here a = b is used as an abbreviation for (a D b)&(b D a); w is the w-element
of o, and z, (a € @) is a set of pairwise distinct variables corresponding to the
elements of a.

Theorem 2. For any Godel finite implicative structure o and any formula F'
of the propositional calculus, the following conditions are equivalent:
1) F+ X_; 2) F has a refutation on o.

We shall call a property S of formulas of the propositional calculus intuition-
istic if it holds for the axioms of the intuitionistic propositional calculus and is
preserved under substitution and modus ponens.

Theorem 3. For every Godel finite implicative structure a and every intuition-
istic property S, the following conditions are equivalent:

1) every formula possessing the property S is generally valid on «; 2) the formula
X, does not possess the property S.

In a finite implicative structure c, the elements x,, ..., x; form a basis if every
element of « is expressed through them by means of the operations N, U, —, ~.
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Theorem 4. If a Godel finite implicative structure « has a basis consisting
of k elements, then one can construct a formula ®, on the basis of k distinct
propositional variables such that X+ ®_  and &, - X,.

Theorem 5. For any two Godel finite implicative structures «, 3, the following
conditions are equivalent:

1) X, F Xg; 2) X, is refuted on ; 3) every formula refutable on « is also
refutable on .

If o and 5 are Godel implicative structures and X, is refuted on 8 (one can
always effectively determine whether this is the case), then we shall say that «
precedes (8 and denote this by a < 5.

Theorem 6. The relation < between Gdodel implicative structures is a quasi-
ordering relation (*). If a < 8 and 3 < «, then o and 3 are isomorphic.

We shall say that « strictly precedes g if a < 8 and a and 3 are nonisomor-
phic.

Theorem 7. If the formulas F' and G of the propositional calculus are dis-
tinguishable on a Godel finite implicative structure «, and the value of some
refutation of G on « is not the w-element of «, then F' and G are distinguishable
on some Godel finite implicative structure 8 such that [ strictly precedes a.
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