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MATHEMATICS
V. N. GORCHAKOV

ON THE ASYMPTOTICS OF THE SPECTRAL
FUNCTION OF A CLASS OF HYPOELLIPTIC
OPERATORS
(Presented by Academician S. L. Sobolev on 10 IV 1963)

1°. In the present note, using Carleman’s method (1), we study the asymptotics
of the spectral function of a certain class of hypoelliptic operators (2), p. 88,
inside a domain.

For general elliptic operators such asymptotics were obtained by Gårding (3)
and Browder (4), and an estimate of the remainder term by Gårding (5); for
the development of these methods see Bergendal (6). More refined results for
the Laplace operator with the Dirichlet boundary condition were obtained by
another method by B. M. Levitan (7). As far as we know, the study of the
asymptotics of the spectral function of hypoelliptic operators has not previously
been carried out.

2°. Let 𝐷 denote a bounded domain of the Euclidean plane 𝑅2; let 𝑥 =
(𝑥1, … , 𝑥𝑛) be a point of the 𝑛-dimensional Euclidean space 𝑅𝑛 with scalar
product ⟨𝑥, 𝑦⟩ = 𝑥1𝑦1 +⋯+𝑥𝑛𝑦𝑛; let 𝐶∞

0 (𝐷) be the set of finite infinitely differ-
entiable functions in 𝐷; and let 𝐶𝑘

0 (𝐷) be the set of finite functions in 𝐷 having
𝑘 continuous derivatives.

On functions 𝑢 ∈ 𝐶∞
0 (𝐷) consider a hypoelliptic differential operator in two

variables of the form

𝑃 (1
𝑖

𝜕
𝜕𝑥) = (−1)𝑟𝑎 𝜕2𝑟𝑢

𝜕𝑥2𝑝1
1 𝜕𝑥2𝑝2

2
+ (−1)𝑚1𝑏𝜕2𝑚1𝑢

𝜕𝑥2𝑚1
1

+ (−1)𝑚2𝑐 𝜕2𝑚2𝑢
𝜕𝑥2𝑚2

2
(1)

with constant real coefficients 𝑎, 𝑏, 𝑐 > 0; 𝑃(𝑠) = 𝑃(𝑠1, 𝑠2) is the characteristic
polynomial of the operator, 𝑝1 < 𝑚1, 𝑝2 < 𝑚∗

2. The closure of the operator 𝑃 in
the space 𝐿2(𝐷)—the so-called minimal operator (2)—is a symmetric nonnegative
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operator. The spectral family of any self-adjoint nonnegative extension 𝑃 of it
is an integral operator

𝐸𝜆𝑓(𝑦) = ∫
𝐷

𝜃(𝑥, 𝑦, 𝜆)𝑓(𝑥) 𝑑𝑥

with Carleman kernel (see (2), theorem (3,9)). We shall be interested in the
asymptotics of the kernel 𝜃(𝑥, 𝑦, 𝜆)—the spectral function of the operator 𝑃—as
𝜆 → +∞. If 𝐷 = 𝑅𝑛, then the minimal operator 𝑃0 is self-adjoint. Its spectral
function depends on the difference and is expressed by the formula

𝜃0(𝑥 − 𝑦, 𝜆) = 1
(2𝜋)𝑛 ∫

𝑃(𝑠)≤𝜆
𝑒−𝑖⟨𝑥−𝑦,𝑠⟩ 𝑑𝑠. (2)

* The last condition follows from the definition of hypoellipticity of the operator.

We now formulate the main results in the form of the following theorems:

Theorem 1. For hypoelliptic operators of the form (1), the asymptotics of the
function 𝜃0(𝑥 − 𝑦, 𝜆) for 𝑥 = 𝑦∗ (𝜆 → +∞) is expressed by the formulas

𝜃0(0, 𝜆) ∼

⎧{{
⎨{{⎩

𝐴𝜆
𝑚1+𝑝2−𝑝1

2𝑚1𝑝2 , 𝑝1 < 𝑝2,

𝐵𝜆 1
2𝑝 ln𝜆, 𝑝1 = 𝑝2 = 𝑝,

𝐶𝜆
𝑚2+𝑝1−𝑝2

2𝑚2𝑝1 , 𝑝1 > 𝑝1

(3)

when

𝑝1
𝑚1

+ 𝑝2
𝑚2

> 1;

𝜃0(0, 𝜆) ∼ 𝐾𝜆 1
2𝑚1 + 1

2𝑚2 (4)

when

𝑝1
𝑚1

+ 𝑝2
𝑚2

⩽ 1.

𝐴, 𝐵, 𝐶, 𝐾 are certain constants depending on 𝑚1, 𝑚2, 𝑝1, 𝑝2.

Theorem 2. Let 𝜃(𝑥, 𝑦, 𝜆) be the spectral function of any self-adjoint nonnega-
tive extension ̂𝑃 of a hypoelliptic operator of the form (1). Then the following
asymptotic estimates hold as 𝜆 → +∞:
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𝜃(𝑥, 𝑦, 𝜆) = 𝜃0(𝑥 − 𝑦, 𝜆) +

⎧{{
⎨{{⎩

𝑜(𝜆
𝑚1+𝑝2−𝑝1

2𝑚1𝑝2 ) , 𝑝1 < 𝑝2,

𝑜(𝜆 1
2𝑝 ln𝜆) , 𝑝1 = 𝑝2 = 𝑝,

𝑜(𝜆
𝑚2+𝑝1−𝑝2

2𝑚2𝑝1 ) , 𝑝1 > 𝑝2

(5)

when

𝑝1
𝑚1

+ 𝑝2
𝑚2

> 1;

𝜃(𝑥, 𝑦, 𝜆) = 𝜃0(𝑥 − 𝑦, 𝜆) + 𝑜(𝜆 1
2𝑚1 + 1

2𝑚2 ) (6)

when

𝑝1
𝑚1

+ 𝑝2
𝑚2

⩽ 1.

The estimate 𝑜 is uniform with respect to (𝑥, 𝑦) ∈ 𝑊 × 𝑊 , where 𝑊 is any
compact subset of the domain 𝐷.

3°. We outline the proof of the first assertion. Instead of the function 𝜃0(𝑥, 𝜆)
itself, consider its Laplace–Stieltjes transform with respect to 𝜆 (which, as is
known, is at the same time the fundamental solution of the Cauchy problem for
the generalized parabolic∗∗ equation 𝜕𝑢

𝜕𝑡 = 𝑃(1
𝑖

𝜕
𝜕𝑥) 𝑢), i.e.

𝐺0(𝑡, 𝑥) = ∫
∞

0
𝑒−𝑡𝜆 𝑑𝜃0(𝑥, 𝜆) = 1

(2𝜋)2 ∫
𝑅2

𝑒−𝑡𝑃(𝑠)−𝑖⟨𝑥,𝑠⟩ 𝑑𝑠 (7)

and find its asymptotics as 𝑡 ↓ 0, 𝑥 = 0.
Thus, the matter reduces to studying the behavior of the double integral (7) as
𝑡 ↓ 0, 𝑥 = 0.

∗ From formula (2) it is clear that 𝜃0(0, 𝜆) is proportional to the area bounded
by the level lines of the polynomial 𝑃(𝑠).
∗∗ In the sense of G. E. Shilov (8).

∗∗∗) The multiple integral over 𝑅2 converges absolutely by virtue of the estimate
𝑃(𝑠) > 𝑐|𝑠|𝑚, 𝑚 = min(𝑚1, 𝑚2).
It can be shown that for operators of the form (1)

sovietrxiv.org/items/ru-196301.11024 Machine Translation

https://sovietrxiv.org/items/ru-196301.11024


𝐺0(𝑡, 0) ∼
⎧{{
⎨{{⎩

𝐴1𝑡− 𝑚1+𝑝2−𝑝1
2𝑚1𝑝2 , 𝑝1 < 𝑝2,

𝐵1𝑡− 1
2𝑝 ln 𝑡−1, 𝑝1 = 𝑝2 = 𝑝,

𝐶1𝑡− 𝑚2+𝑝1−𝑝2
2𝑚2𝑝1 , 𝑝1 > 𝑝2,

(8)

when

𝑝1
𝑚1

+ 𝑝2
𝑚2

> 1;

𝐺0(𝑡, 0) ∼ 𝐾1𝑡−( 1
2𝑚1 + 1

2𝑚2 ), (9)

when

𝑝1
𝑚1

+ 𝑝2
𝑚2

≤ 1.

Taking into account the last relations and the fact that 𝜃0(0, 𝜆) is a nonde-
creasing function, and applying Karamata’s Tauberian theorem for the Laplace
transform ((9), Theorem I—II), we obtain the required assertion.

4°. To prove Theorem 2, consider in 𝐿2(𝐷) the Hermitian bilinear form

𝑉 (𝑡, 𝑓, 𝑔) = ((exp(−𝑡 ̂𝑃 ) − exp(−𝑡𝑃0))𝑓, 𝑔).

Its kernel is the difference

𝑣(𝑡, 𝑥, 𝑦) = 𝐺(𝑡, 𝑥, 𝑦) − 𝐺0(𝑡, 𝑥 − 𝑦),

where 𝐺(𝑡, 𝑥, 𝑦) denotes the Laplace–Stieltjes transform of the spectral func-
tion 𝜃(𝑥, 𝑦, 𝜆) of the extension ̂𝑃 (the existence of 𝐺(𝑡, 𝑥, 𝑦) also follows from
Hörmander’s results ((2), Theorem 3.9)).

Since 𝑉 (𝑡, 𝑓, 𝑔) → 0 as 𝑡 ↓ 0, it is not difficult to show that, for 𝑡 < 1,

|𝑉 (𝑡, 𝑓, 𝑔)| = ∣∫
𝐷×𝐷

𝑣(𝑡, 𝑥, 𝑦)𝑓(𝑥)𝑔(𝑦) 𝑑𝑥 𝑑𝑦∣ ≤

≤ 𝐶𝐹 sup
𝑥∈𝐹

|𝑓(𝑥)| sup
𝑦∈𝐹

|𝑔(𝑦)| (10)

for any 𝑓, 𝑔 ∈ 𝐶0(𝐹), where 𝐹 is an arbitrary compact subset of the domain
𝐷, and the constant 𝐶𝐹 does not depend on 𝑡. We apply Gårding’s integral
identity (5), which, as is easy to see, is also valid in the case of hypoelliptic
operators:
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𝐺(𝑡, 𝑥, 𝑦) − 𝐺0(𝑡, 𝑥 − 𝑦) =

= ∫
𝑡

0
𝑑𝑡′ ∫

𝑡′

0
𝑑𝑡″ ∫

𝐷×𝐷
[𝐺(𝑡″, 𝜉, 𝜂) − 𝐺0(𝑡″, 𝜉 − 𝜂)]×

× [𝑃 (1
𝑖

𝜕
𝜕𝜉 ) + 𝜕

𝜕𝑡] [𝐺0(𝑡 − 𝑡′, 𝑥 − 𝜉)(1 − ℎ(𝜉))]×

× [𝑃 (1
𝑖

𝜕
𝜕𝜂 ) + 𝜕

𝜕𝑡′ ] [𝐺0(𝑡′ − 𝑡″, 𝑦 − 𝜂)(1 − ℎ(𝜂))] 𝑑𝜉 𝑑𝜂, (11)

where (𝑥, 𝑦) ∈ 𝑈 × 𝑈 ; ℎ(𝑥) ∈ 𝐶∞
0 (𝐷); 𝐹 is the support of ℎ; ℎ(𝑥) = 1 for 𝑥 ∈ 𝑈 ;

𝑈 is any compact subset of 𝐷 containing 𝑊 .

In view of inequality (10) and the last identity, the estimate of the difference

𝐺(𝑡, 𝑥, 𝑦) − 𝐺0(𝑡, 𝑥 − 𝑦)

reduces to estimating the derivatives with respect to 𝑥 and 𝑡 of the function
𝐺0(𝑡, 𝑥) for |𝑥| > 𝜀. This estimate can be obtained by applying repeated in-
tegration by parts to the integral (7), and the estimate improves with each
integration.*

* We note that for the fundamental solution 𝐺0(𝑡, 𝑥) even of such a simple hypoelliptic operator as 𝑃𝑢 = 𝜕4𝑢
𝜕𝑥2

1𝜕𝑥2
2

−𝜕2𝑢
𝜕𝑥2

1
−𝜕2𝑢

𝜕𝑥2
2

, integration by parts does not improve the estimate.

In conjunction with identity (11), this gives the following estimate, valid for any
integer 𝑘 > 0:

|𝐺(𝑡, 𝑥, 𝑦) − 𝐺0(𝑡, 𝑥 − 𝑦)| ≪
⎧{
⎨{⎩

𝐶𝑘𝑡𝛼𝑘+𝛽, 𝑝1
𝑚1

+ 𝑝2
𝑚2

> 1,

𝐵𝑘𝑡 𝑘
𝜈 +𝛾, 𝑝1

𝑚1
+ 𝑝2

𝑚2
≪ 1,

(12)

where

𝛼 = min [ 1
2𝑝1

(1 − 𝑝2
𝑚2

) , 1
2𝑝2

(1 − 𝑝1
𝑚1

)] > 0, 𝜈 = max(𝑚1, 𝑚2);

𝛽 and 𝛾 are certain negative rational numbers. The constants 𝐶𝑘 and 𝐵𝑘 depend
on the set 𝐹 . The estimate is uniform with respect to (𝑥, 𝑦) ∈ 𝑊 × 𝑊 . It is
clear that, for sufficiently large 𝑘, the exponents 𝛼𝑘+𝛽 and 𝑘/𝜈 +𝛾 are positive.
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Now we apply the Tauberian theorem of Ganelius with remainder estimate (10)
(see also Bergendal (6)) to the function 𝜎(𝜆) = 𝜃(𝑥, 𝑦, 𝜆) − 𝜃0(𝑥 − 𝑦, 𝜆). To
obtain the Tauberian condition, one must first apply the same theorem to the
function 𝜃0(0, 𝜆) − 𝜃(𝑥, 𝑥, 𝜆), using formulas (3), (4) of Theorem 1. Then, with
the aid of the inequality

Var 𝜃(𝑥, 𝑦, 𝜆) ≪ {Var 𝜃(𝑥, 𝑥, 𝜆)Var 𝜃(𝑦, 𝑦, 𝜆)}1/2,

one can obtain the condition itself. As a result we arrive at the asymptotic
estimates (5), (6).

5°. Let us note that the asymptotics of the spectral function of a hypoelliptic
operator of the form

𝑃𝑢 = (−1)𝑚1𝑎 𝜕2𝑚1𝑢
𝜕𝑥2𝑚1

1
+ (−1)𝑚2𝑏 𝜕2𝑚2𝑢

𝜕𝑥2𝑚2
2

is obtained trivially, by separation of variables.

It can be shown that for operators of the form (1) an exponential estimate is
in fact valid. In the presence of such an estimate, the Ganelius theorem gives
a more precise result, namely: the Riesz means of sufficiently high order of the
function 𝜃(𝑥, 𝑦, 𝜆), as 𝜆 → +∞, will tend to the corresponding Riesz means of
the function 𝜃0(𝑥 − 𝑦, 𝜆).
In conclusion, the author expresses deep gratitude to B. I. Korenblyum and Yu.
M. Berezanskii for their help and valuable comments.

Kyiv Civil Engineering Institute

Received
6 IV 1963
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