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G. D. SUVOROV

UNIVALENT MAPPINGS OF PLANE DO-
MAINS AND SETS OF PRIME ENDS OF
A DOMAIN OF GENERALIZED MEASURE
ZERO

(Presented by Academician M. A. Lavrent ev on 25 III 1963)

The boundary properties of analytic functions defined in arbitrary simply con-
nected domains remain unstudied. It is natural to begin this study by finding
necessary and sufficient conditions for the set of prime ends of an arbitrary sim-
ply connected domain, under its conformal mapping onto a disk, to pass into a
set of points of the boundary circle of Lebesgue measure zero; moreover, these
conditions must be expressed in metric terms referring to the domain itself (and
not to the mapping functions).

The results of the present note do not contain a complete solution of the problem
posed, but they pertain to the same question. In addition, we consider mappings
more general than conformal ones. For univalent ()-quasiconformal mappings of
domains with rectifiable boundaries onto one another, a set of boundary points
of linear (Lebesgue) measure zero may, as is known, pass into a set of positive
measure. However, our result (Theorem 4) shows that it is possible to single out
a broad class of perfect sets of measure zero which always pass into such sets
also under @-quasiconformal mappings and even under more general mappings.

1°. Consider an arbitrary simply connected domain A in the plane of the complex
variable z, containing a fixed point O. In this plane we consider the spherical
metric (R), obtained by stereographic projection onto this plane of the Riemann
sphere of radius R, tangent to the plane at the point O. We shall consider the
topological space

A=AUT,,

where I'y =T 4(e,) is the set of prime ends e, (in the sense of C. Carathéodory)
with the natural topology (see, for example, (1), p. 76). The set I' 4, considered
as a subspace of Z, is a bicompact space. This set, as is known, is cyclically
ordered; therefore one may speak of intervals and segments of this set. One may
also consider perfect sets of prime ends defined in the usual way—subsets of I 4.

Definition 1. Let e = e(e,) be some set of prime ends e, of the domain A.
If for every e > 0 there exists a finite or countable set of cross-cuts {a,,} of
the domain A, separating the set e from the point O, and with the sum of the
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spherical lengths (in the spherical metric (R))
Z LR(an) <g,

then the set e will be called a set of prime ends of generalized measure
zero, or, briefly, an Np-set.

Definition 2. Let e be an arbitrary set of prime ends of the domain A. The
outer measure mpe of the set e is the number

mhye = inf{z LR(an)} )

where the lower bound is taken over all systems {a,,} separating e from the
point O in A.

The Np-sets of prime ends defined above possess the usual properties of sets of
measure zero, while the concept of outer measure has the usual properties of an
outer measure defined abstractly. It is also obvious that every set of prime ends
has finite outer measure (in the spherical metric), and that a set e is an Np-set
if and only if mpe = 0.

Theorem 1. If the domain A has a rectifiable (in the metric (R)) boundary
I' 4, then the set of prime ends e of the domain A is an Ng-set if and only if the
corresponding point set on the curve ' 4 has ordinary (Lebesgue in the spherical
metric) linear measure zero.

2°. Let A and B be domains having the properties described in 1°, situated re-
spectively in the z- and w-planes. In the w-plane we shall consider the spherical
metric (r) (r # R is not excluded). Let w = T'(z) be an arbitrary homeomor-

phism between the topological spaces A and §, T(0) = 0*.

Definition 3. We shall say that the homeomorphism 7" has the N-property on
I, if the set T'(e) is an N,-set for every Np-set e of prime ends of the domain

Theorem 2 (an analogue of N. N. Luzin’s theorem (*)). *If the homeomorphism

~

w=T(z), T(A) = B, does not have the N-property on I',, then there always
exists a perfect Np-set m = m(e,) of prime ends of the domain A such that
miT (m) > 0**.*

3°. We now give a theorem providing a sufficient condition for, under the home-
omorphism 7', a perfect Np-set of prime ends of the domain A to pass into an
N, -set of prime ends of the domain A. In doing so, one has to impose restrictions
both on the class of mappings and on the Np-sets.

Theorem 3. Let w = T(z) = fi(x,y) + ifs(x,y), 2 =z + iy, T(0) =0, be
a topological mapping of the domain A onto the domain B, where fi, f, have
continuous first partial derivatives with respect to x and y, and

sovietrxiv.org/items/ru-196301.10536 Machine Translation


https://sovietrxiv.org/items/ru-196301.10536

= boo

2 2
i1 grad” f; dz dy
5 <
) ,
{1+Zj L

L (#)]

(integration is understood in the sense of Lebesgue). Denote by m = w(e,) a
perfect set of prime ends of the domain with the following property: there exists
a number k < 400 such that, for every € > 0, the set m can be separated in the
domain A from the point O by means of a system of cuts with total spherical (in
the metric (R)) length Ly(e) < € in such a way that the number of cuts in the
system satisfies the inequality

n(e) < kln EE

Under these conditions the set T'(w) of prime ends of the domain B will be an
N,-set.
4°. We formulate an example of a concretization of Theorem 3.

Theorem 4. Let the conditions of Theorem 3 be fulfilled, as well as the addi-
tional condition that the boundary T 4 is rectifiable (in the spherical metric (R)).
Let m be a perfect point set of linear (Lebesgue in the spherical met-

* T may be conformal, quasiconformal, or even a more general topological map-
ping, provided that T" induces a boundary correspondence by prime ends as in

the conformal case (see (2,%)).

** Moreover, as in the classical case, the values T'(z) on any portion of the set
7 also form a set of prime ends of positive outer measure.

of measure zero on the curve I' 4, satisfying the condition: there exists a number
k, 0 < k < oo, such that for all n

where ~ is the smallest segment (in length in the spherical metric) on the curve
I, containing the set 7, and ~; are intervals on I', adjacent to m; moreover,
for each ; in the sequence {7;} there are no more than n intervals equal in
length to the interval 7; (nq does not depend on i)

Under these conditions the set T'(w) will be an N, -set of prime ends of the
domain B.
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Remark 1. Under a conformal mapping of the disk onto a domain with non-
rectifiable boundary, a perfect set of points of measure zero on the boundary
of the disk may pass into a set of prime ends of the domain of positive outer
measure. Here the example of N. N. Luzin and I. I. Privalov is suitable ((°,
pp- 305, 308). The circumstance noted suggests the necessity of extending the
concept of a set of prime ends of generalized measure zero so that all conformal
mappings possess the N-property in arbitrary simply connected domains.

Remark 2. We used different spherical metrics in different planes for economy
in writing the results. If a domain bounded in the ordinary sense is considered,
then in the corresponding plane one may put R (or ) equal to co and consider all
lengths in the ordinary sense. If, however, an unbounded domain is considered,
then one may put R (or r) equal to 1/2 and consider lengths in the spherical
sense.
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