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Abstract

Full Text
L. A. ATZENBERG

INTEGRAL REPRESENTATION OF FUNC-
TIONS HOLOMORPHIC IN CONVEX DO-
MAINS OF THE SPACE C"

(Presented by Academician V. I. Smirnov, 4 III 1963)

1. Cauchy’ s integral formula

_ [ f©
S0 =g | R (1)

(where the function f(z) is holomorphic in the domain D and continuous in the
closed domain D; 0D consists of a finite number of closed rectifiable Jordan
curves) plays a very important role in the study of holomorphic functions of one
complex variable, which, in our opinion, is explained mainly by two properties
of this formula: 1) formula (1) is universal, i.e. it is valid and has one and the

same form for any D; 2) the Cauchy kernel is holomorphic in z (this

ensures the holomorphy of the Cauchy-type integral, etc.).

For holomorphic functions of several complex variables it is not possible to
obtain an integral formula possessing the two indicated properties of Cauchy’
s formula: a) the Martinelli-Bochner integral representation (see (1), § 21) is
universal, but has a nonholomorphic kernel; b) the integral representations of
Weil (see (1), § 22), Bergman (?), Hua Loo-Keng (*), Temlyakov (*), and others
(see (>%); (1), § 23) are not universal, but do possess holomorphic kernels.

In the present paper an integral formula (2) with a holomorphic kernel is ob-
tained for convex domains of the space C™ of n complex variables z;, zq, ..., 2,.
We know two proofs of this formula: A) formula (2) can be derived from the
Cauchy—Fantappi¢ integral representation indicated by Leray (7); B) formula
(2) can be obtained elementarily, without relying on the Cauchy—Fantappie for-
mula. We shall give the second proof. We note that, as Norguet () showed,
the Martinelli-Bochner and Weil integral representations can also be obtained

from the Cauchy—Fantappie formula.

2.

Let the domain
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D ={(z1,29,.,2,) : P21, 21, 29, Zgy e s 2y 2n) < 0}

be convex and bounded, and let the function ® be twice continuously differen-
tiable and all first-order derivatives of ® not vanish simultaneously at points of
the boundary 9D of the domain D.

Theorem. If the function f(zq, Zgy ey 2 ) is holomorphic in the domain D and

rn

continuous in the closed domain D, then for points (z, 29, ..., 2,,) € D

flzgy ey 2py) =

b
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2)

where A is the sign of exterior multiplication,
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Proof will be carried out, for simplicity, in the case of two complex variables;
then formula (2) takes the form

o, b | - | DL P
FGLQ | ot o |40t o o
1 3 3 Co 2Go

d@) AdCy A dy

f( ) ) = -
SR (2mi)2 Jyp [@21 (G —21) + P (G — Zz)]2

3)

Let us first note that, by virtue of the conditions imposed by us on the function
. at every point ({;,(,) € OD there exists a tangent analytic plane

{(21,20) : ¢ (G — 21) + ¢ (G — 25) = 0}

Since the domain D is convex, it follows that
e (G —21) + P (G —2) #0

for (z,,2,) € D.
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L. First suppose that the function f(zy,2,) is holomorphic in the closed domain
D. Represent the boundary 0D of the domain D in the form 0D = T'; UT,,
where

Iy ={(¢1,6) : (¢1,¢) €0D, [¢ — 21 — G + 29| > 0},
Ly ={(¢1,G) : (€1,G) €0D, [¢ —2; — G+ 29| <o}, 0>0.

Denote the right-hand side of formula (3) by I. Then I = I, + I,, where the
integrals I; and I, are obtained from I by replacing the set of integration 0D
respectively by I'y and I'y. Obviously, for sufficiently small o the inequality
|I,] < €/2 holds, where ¢ is any fixed positive number.

Since the integrand in formula (3) is the differential of the exterior differential
form

F(C1 (@, + D7) dy A dGy
(G =21 =G+ 2) [‘I’/gl (G —21) + P (G — 22)] ,

then, with the aid of Stokes’ formula (see (9), § 6), we obtain

7 _/ = 1 /%dt/ f(<1a§1_z1+22_06it)(q)/<1+‘I>/¢2)dC1
! or, am?i c L (G —21) + P (G — 22) 7

where '
Cio =1{(1,6) : (€1, G) € 0D, ¢ — 2y — Gy + 29 = o€},
or, = |J ¢,

0<t<2m

Hence we find

2 _
4m2i Jy e, ¢—#2

+

2 G — 2y + 29 — e DL et d
o / dt/ f(C G 17T 22 ) & G — I, + oI,
0 c

i o (G =2 [0 (G = 2) 4 0, (G = =)

The point (zq, z5) is a fixed point of the domain D; therefore there exists an
h; > 0 such that

e (€1 —21) + ¢, (G — 22)[ > Iy
for (¢, (,) € OI'y C OD. We further note that

ory = {(Cla<2> :(C1,G) €0D, () — 2 — G+ 25| = 0},

sovietrxiv.org/items/ru-196301.09592 Machine Translation


https://sovietrxiv.org/items/ru-196301.09592

for sufficiently small o, does not intersect the plane
{(¢1:¢) : G — 2 =0}
Indeed, otherwise the intersection
ODN{(C1 )+ G —2 — G+ 2 =01N{((, %) G —2 =0}

would not be empty, and we arrive at a contradiction, since the only common
point of the two analytic planes

{1(61:G) GG =21 =G +2,=0} and {((5,¢0) ¢ — 2 =0}

is the point (z1,2,) ¢ OD. From the compactness of the set OI'; it follows that
there exists an hy > 0 such that

|C1 — 21| > hy

for (¢, (,) € OT';. Therefore the quantity I, is bounded in modulus. But then,
for sufficiently small o,

o|l] < e/2.

Further,

I —1/2ﬂdt/ f(<1’41721+2270—6it)d<1 =

37 4n2 b o G — 7

1 [ ,
= 271_/0 f(z1,29 — ae”) dt = f(zq, 29).

Thus,

I = Il +12 = I3 +O'I4 +12 = f(zl’z2) + (O'I4 +12)’
where

oL, + Ll S olly| + )] <e/2+¢/2=c¢.
Hence, by the arbitrariness of ¢, it follows that I = f(z, z5).

II. Now suppose that the function f(z;,2,) is holomorphic in the domain D
and continuous in the closed domain D. Then f(z1,25) can be represented
as the limit of the sequence

{fm('zleQ) = f(zl(l - l/m)7 22(1 - l/m))v m = 2,3, }7

consisting of functions holomorphic in the closed domain D and converging
uniformly in this closed domain (we assume that the point (0,0) € D;
otherwise one can make a parallel translation). Writing formula (3) for
each of the functions f,, (2, z5) and passing to the limit as m — oo in both
parts of the equality obtained, we arrive at formula (3) for the function

f(z1, 29)-
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3. We note some consequences of the theorem proved.
A. In the case n = 1, formula (2) yields the Cauchy formula (1).
B. Let the bicircular domain
D ={(z1,2) : |22] < @(|z1]), 0< |2 <1}

be convex and bounded, and let the function ® be twice continuously differen-
tiable. Then for (zq, z,) € D the formula

- £(Gur ) dn(fcr ) A S 22
o) = / SHC R
2mi)2 Jop — o (16D — ollG))

{1_“1 GlE 22 TG

is valid, where

p1(1G]) =

TG Saay # = 0D =1l
ek

(4) is Temlyakov’ s integral representation, written in another form (see (%,

(%), § 23). Formula (4) can also be obtained under more general assumptions

regarding the smoothness of the function ® (see (6,10)).

C. For the hyperellipsoid

D = {(21,2) : 21 = oy +iyy, 29 = Ty + iy,

Y1 Ya
+bQ++d2<1}

the integral representation ( ) has the form

F(2129) = 1 / F(CL G (=by B, + byard(,) Adéy AdG,
b (2mi)2 Jyp [(C — 21) + B(Gy — 29)]? ,
where
= = 1/1 1 1/1 1
a=a1C1+b1C1, BZQQCQ—FbQCQ, alzi(aﬁ—b—z>7 bl:g(ﬁ_kb?)’

1/1 1 b 1 /1 1

w=3(a-7) n3lEra)
4. One may consider an “integral of type (2),” i.e., the integral from the
right-hand side of formula (2) of an arbitrary function f({;, (,), summable
on the boundary 0D of the domain D. This integral defines a function
holomorphic in the domain D. In particular, integrals of Temlyakov type
were studied in detail by us earlier (1*,'2). It follows from these studies
that the integral (2) for n > 1, generally speaking, is not equal to zero
outside the domain D, while an integral of type (2) for n > 1, generally
speaking, defines a function that is not holomorphic outside the domain
D.
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