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Abstract
Full Text

R. G. MAMEDOV
ON SOME CLASSES OF FUNCTIONS
(Presented by Academician V. I. Smirnov, 27 VII 1962)

I. It is known that the Fourier transform of a function 𝑓 ∈ 𝐿1(−∞, ∞) is defined
as follows

𝐹(𝑓) = ̂𝑓(𝑣) = 1√
2𝜋 ∫

∞

−∞
𝑓(𝑥)𝑒−𝑖𝑣𝑥 𝑑𝑥.

If 𝑓 ∈ 𝐿𝑝(−∞, ∞) (1 < 𝑝 ≤ 2), then the function

𝐹𝑅(𝑣) = 1√
2𝜋 ∫

𝑅

−𝑅
𝑓(𝑥)𝑒−𝑖𝑣𝑥 𝑑𝑥

as 𝑅 → ∞ converges in the metric of the space 𝐿𝑞(−∞, ∞) to a certain function
̂𝑓(𝑣), called the Fourier transform of the function 𝑓(𝑥), where 𝑝 + 𝑞 = 𝑝𝑞 (see

(1)).
The Fourier–Stieltjes transform of a function 𝑓(𝑥) of bounded variation on
(−∞, ∞), i.e., of a function 𝑓(𝑥) ∈ 𝐵𝑉 (−∞, ∞), will be denoted by

𝐹𝑆(𝑓) = ̌𝑓(𝑢) = 1√
2𝜋 ∫

∞

−∞
𝑒−𝑖𝑢𝑥 𝑑𝑓(𝑥).

Let

Δ𝑚
𝑡 𝑓(𝑥) =

𝑚
∑
𝑘=0

(−1)𝑚−𝑘(𝑚
𝑘 )𝑓(𝑥 + 𝑘𝑡)

be the finite difference of the function 𝑓(𝑥) of order 𝑚 with step 𝑡. Put

𝜑𝑚(𝑓, 𝑥, 𝑡) = [Δ𝑚
𝑡 + Δ𝑚

−𝑡]𝑓(𝑥).

Theorem 1. Let 𝑓 ∈ 𝐿𝑝(−∞, ∞) (1 ≤ 𝑝 ≤ 2). If

lim
𝑡→0

1
𝑡2𝑘 (∫

∞

−∞
|𝜑2𝑘(𝑓, 𝑥, 𝑡)|𝑝 𝑑𝑥)

1/𝑝
= 0, (1)
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lim
𝑡→∞

1
𝑡2𝑘+2 (∫

∞

−∞
|𝜑2𝑘+1(𝑓, 𝑥, 𝑡)|𝑝 𝑑𝑥)

1/𝑝
= 0, (2)

then 𝑓(𝑥) = 0 almost everywhere on (−∞, ∞).
Theorem 2. Let 𝑓 ∈ 𝐿1(−∞, ∞). Then:

1∘. In order that the relation

∫
∞

−∞
|𝜑2𝑘(𝑓, 𝑥, 𝑡)| 𝑑𝑥 = 𝑂(𝑡2𝑘), (3)

hold, it is necessary and sufficient that the expression (−1)𝑘𝑣2𝑘 ̂𝑓(𝑣) be a
transfor-

the Fourier–Stieltjes transform of some function 𝑔(𝑥) ∈ 𝐵𝑉 (−∞, ∞), i.e.

(−1)𝑘𝑣2𝑘 ̂𝑓(𝑣) = ̌𝑔(𝑣). (4)

2∘. In order that the relation

∫
∞

−∞
|𝜑2𝑘+1(𝑓, 𝑥, 𝑡)| 𝑑𝑥 = 𝑂(𝑡2𝑘+2), (5)

hold, it is necessary and sufficient that

(−1)𝑘+1𝑣2𝑘+2 ̂𝑓(𝑣) = ̌𝑔(𝑣), (6)

where 𝑔(𝑥) ∈ 𝐵𝑉 (−∞, ∞).
Theorem 3. Let 𝑓 ∈ 𝐿𝑝(−∞, ∞) (1 < 𝑝 ≤ 2). Then

1∘. In order that the relation

(∫
∞

−∞
|𝜑2𝑘(𝑓, 𝑥, 𝑡)|𝑝 𝑑𝑥)

1/𝑝
= 𝑂(𝑡2𝑘), (7)

hold, it is necessary and sufficient that the expression (−1)𝑘𝑣2𝑘 ̂𝑓(𝑣) be the
Fourier transform of some function 𝑔(𝑥) ∈ 𝐿𝑝(−∞, ∞), i.e.

(−1)𝑘𝑣2𝑘 ̂𝑓(𝑣) = ̂𝑔(𝑣). (8)

2∘. In order that the relation
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(∫
∞

−∞
|𝜑2𝑘+1(𝑓, 𝑥, 𝑡)|𝑝 𝑑𝑥)

1/𝑝
= 𝑂(𝑡2𝑘+2), (9)

hold, it is necessary and sufficient that

(−1)𝑘+1𝑣2𝑘+2 ̂𝑓(𝑣) = ̂𝑔(𝑣), (10)

where 𝑔(𝑥) ∈ 𝐿𝑝(−∞, ∞).
Theorems 1–3 are proved by the Fourier transform method set forth in Butzer’
s papers (3,4). These theorems are generalizations of the corresponding results
of Butzer (3).
It is known that if 𝑓, 𝑔 ∈ 𝐿𝑝(−∞, ∞) and (−𝑖)𝑛𝑣𝑛 ̂𝑓(𝑣) = ̂𝑔(𝑣), then the function
𝑓(𝑥) has derivatives 𝑓 ′(𝑥), 𝑓″(𝑥), … , 𝑓 (𝑛)(𝑥), and 𝑓 (𝑛)(𝑥) ∈ 𝐿𝑝(−∞, ∞) (see
(1,2)); and the relations

(−1)𝑘𝑣2𝑘 ̂𝑓(𝑣) = (−𝑖)2𝑘𝑣2𝑘 ̂𝑓(𝑣),

(−1)𝑘+1𝑣2𝑘+2 ̂𝑓(𝑣) = (−𝑖)2𝑘+2𝑣2𝑘+2 ̂𝑓(𝑣)

make it possible to characterize the class of functions 𝑓(𝑥) for which (4), (6), (8),
and (10) hold, by the existence of their derivatives of the corresponding orders
belonging to certain classes of functions.

II. Let us note that there are theorems analogous to Theorems 1–3 in the space
𝐿𝑝(−𝜋, 𝜋) (𝑝 ≥ 1) of 2𝜋-periodic functions (the analogue of Theorem 3 is
valid for all 𝑝 > 1).

In this case, instead of the Fourier transform of functions, one must use the
Fourier coefficients of functions, and the integrals in relations (1), (2), (3), (5),
(7), and (9) are replaced by the corresponding integrals taken over the interval
(−𝜋, 𝜋).

III. In papers (5) we investigated the orders of convergence of singular integrals
at those points 𝑥 where the equalities

∫
ℎ

0
𝜑𝑚(𝑓, 𝑥, 𝑡) 𝑑𝑡 = 𝑜(ℎ𝛼+1), ∫

ℎ

0
|𝜑𝑚(𝑓, 𝑥, 𝑡)|𝑝 𝑑𝑡 = 𝑜(ℎ𝛼+1)

hold as ℎ → 0; 𝛼 ≥ 0 is some nonnegative number. In addition, a number
of theorems on the order of convergence of 𝑚-singular integrals in the spaces
𝐿𝑝(−∞, ∞) and 𝐿𝑝(−𝜋, 𝜋) are given there under the condition that

sovietrxiv.org/items/ru-196301.09088 Machine Translation

https://sovietrxiv.org/items/ru-196301.09088


∫
ℎ

0
𝑤(𝑡) 𝑑𝑡 = 𝑜(ℎ𝛼+1),

where 𝛼 ≥ 0 and

𝑤(𝑡) = (∫
∞

−∞
|𝜑𝑚(𝑓, 𝑥, 𝑡)|𝑝 𝑑𝑥)

1/𝑝
,

𝑤 = (𝑡) (∫
𝜋

−𝜋
|𝜑𝑚(𝑓, 𝑥, 𝑡)|𝑝 𝑑𝑥)

1/𝑝

respectively.

The results obtained show that the study of the order of convergence of 𝑚-
singular integrals in the space 𝐿𝑝 (𝑝 ≥ 1) for 𝛼 > 𝑚 + 1 is meaningless.

Institute of Mathematics and Mechanics
Academy of Sciences of the Azerbaijan SSR

Received
16 VII 1962

REFERENCES
1 E. Titchmarsh, Introduction to the Theory of Fourier Integrals, M.–L., 1948
2 S. Bochner, K. Chandrasekharan, Fourier Transforms, Princeton, 1949.
3 P. L. Butzer, Arch. Rat. Mech. Analysis, 5, No. 5 (1960).
4 P. L. Butzer, Proc. Koninkl. Nederl. Akad. Wet., A 63 (1960).
5 R. G. Mamedov, Dokl. AN AzerbSSR, No. 7 (1961); No. 11 (1961); No. 12
(1961); Izv. AN AzerbSSR, ser. phys., math., techn., No. 2 (1962).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.09088 Machine Translation

https://sovietrxiv.org/items/ru-196301.09088

	Abstract
	Full Text
	R. G. MAMEDOV
	ON SOME CLASSES OF FUNCTIONS
	REFERENCES


