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1. This work is devoted to the generalization of one of the effective techniques for
solving linear programming problems—the method of successive improvement of
a feasible vector (1, pp. 315-326)—to the case of convex programming problems
with linear constraints (?).

The basic problem. Given vectors

Al = (a1, A9y Qi) iel={12,..,m}, B =(by,bg,...,0,)
and a concave function f(z), twice continuously differentiable on the vectors

$:($1,$2,...7$m), 1‘120 (261)7 (1)

i.e., such that for any vectors (1) and I = ({1, 1y, ...,1,,)

Z fij(x) lilj <0, (2)

i,jel

where f;;(x) = 8°f(x)/0z;0x;. It is required to find a vector (1) from the
conditions:

1°. Zmioﬂ = 0.

i€l

2°. The function f(x) attains a maximum.
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A vector (1) satisfying 1° is called feasible, and the sought vector is called
optimal.

2. As is known (?), for the optimality of a feasible vector (1) it is necessary and
sufficient that there exist a vector

Y= (Y1, Y2+ Yn) (3)
such that
(aiay)zzaijyjzfi(m)v i€, (4)
=1

where f;(x) = 0f(z)/0x;, and moreover

(o, y) = f;(z) fori e I(x) ={i: x; > 0}. (5)

For simplicity in presenting the method, we shall assume the following to hold:

1) For any feasible vector (1), among the vectors a'(i € I(z)) there are n
linearly independent ones.

If this condition is violated in the course of solving the problem, then, as in the
case of linear programming, so-called degeneracy situations may arise; they are
overcome here in exactly the same way as in linear programming.

The justification of the algorithm essentially rests on the following proposition
concerning the function f(z):

2) If, for a given vector [, equality is attained in relation (2) for some feasible
vector (1), then for any other feasible vector (1) the equality sign also
holds in inequality (2).

Remark. In addition to linear and quadratic functions, condition 2) is satisfied,
for example, by the concave function

flz) = ZQXP lz Criy + dk] ;
k=1

icl
where c;,;, d;, are arbitrary real numbers.

If condition 2) is fulfilled, then for the existence of an optimal vector it is
necessary and sufficient that there exist a feasible vector and that there be no
feasible ray (consisting of feasible elements)

{z+1tl; t €0,+00)}, (6)
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on which the function f(z) strictly increases.
3. The process of constructing an optimal vector consists of several parts.

I. By means of techniques developed in linear programming, we either verify that
in the problem under consideration there is no feasible vector, and consequently
no optimum exists (the process terminates), or else find a feasible vector (1)
containing exactly n components different from zero.

IT. Suppose there is a feasible vector (1) satisfying the conditions*:
A. The corresponding system (5) is consistent.

B. For every nontrivial solution

l= (l1’l27"'7l7n) (7)
of the homogeneous system » . _; liat =0, [, =0 (i ¢ I(x)), strict inequality
holds in relation (2).

By virtue of 1), system (5) has the unique solution (3). We find this solution. If
inequalities (4) hold for it, then vector (1) is optimal (the process terminates).
Otherwise we pass to the next (principal) stage.

ITI. Suppose there is a feasible vector (1) such that:

a) {iy,0, st} C I(x) C {31,499, sty ipyps1}, Where 7 > 0, and the
vectors

a,a2, ... an (8)

are linearly independent;

b) the system (a’*,y) = fi(®), k=1,2,...,n +r, is consistent and for its
solution (3) (unique by virtue of a)) the inequality

(alnera,y) < f; o (x);

n+r+1

holds;

¢) for every nontrivial solution (7) of the system
S hat =0, L=0 (i¢{iig . ip,})
icl
strict inequality holds in relation (2).

* The feasible vector (1), constructed in I, obviously satisfies these conditions.
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For fixed linearly independent elements (8), to each a’r+s(s =1,2,...,7 + 1) we
associate the vector

S

T = (ziamga“-axfn)a (9)

where o7 = 0 for i € {iy,iy,..., 0,0, ,}, 27 =1, and the remaining compo-
nents are determined by the relation:

n
% s ot —
a"+s—|—E xikak—().
k=1

Then conditions ) and ) can be rewritten in the form:

7) Zfz(x)xfzo (821’27"'7T)7 Zfl(.’t)l':+l > 0;

el el

’ ) for any linear combination of the vectors (9)

l= icsxs +0 (10)

a strict inequality holds in relation (2), i.e., the homogeneous system
T
> (Z filw)zag | e, =0 (s=1,2,..,7)
o=1 \i,jel

has only the trivial solution.

For fixed e there exists at most one vector

T
r=z+ex"! —I—chxs, (11)
s=1

satisfying the conditions:

Z, >0 (k=1,2,...,n+r); (12)
> fi@aitt > o; (13)

S L@z =0 (s=1,2,...,7). (14)

el
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Indeed, if for some ¢ there were two vectors z and T satisfying (12)—(14), then
for their difference | = & — z, of the form (10), by virtue of (14) we would have

el el

However, these relations contradict the fact that for some 0 < 6 < 1

Zfz@)lz = Z fi(@)l; + Z fij (@ + 00

i€l iel ijel

and, in view of * ) and assumption 2),

D fiy(@+ 001 < 0.

igel

Consider the set E of nonnegative ¢ for which there does not exist a vector (11)
such that conditions (12)—(14) are satisfied for it, with strict inequalities in (12)
and (13). This set is, obviously, closed and, in view of 6, does not contain
e=0.

If E is the empty set, then, as can be shown, there exists an admissible ray (6) on
which f(x) strictly increases, and therefore in the problem under consideration
there is no optimal vector (the process is finished).

If, however, E # A, then for the minimal ¢ € E there exists a vector (11)
satisfying (12)—(14), and equality is attained in at least one of the inequalities
(12) or (13). In this case two possibilities may occur:

1) In (13) a strict inequality holds, and among the vectors a;, to which the
strict inequalities (12) correspond there are n linearly independent ones.

2) At least one of the conditions of the preceding item is violated.

In the first case, part III can again be applied to the obtained vector (11); in
the second, vector (11) satisfies conditions A and B, and therefore part II is
applicable to it.

The monotone process described cannot continue indefinitely, since at each sub-
sequent application of part IT a new set I(x) C I appears, while between two
successive applications of II, part III of the algorithm can occur no more than
7+ 1 times.

4. Taking into account 6’, the system of equations (14) with respect to the

vector ¢ = (¢, ¢y, ..., ¢,) can be replaced by the following:
1 = s
Zg[fi(fﬂ)*fi(iﬂ)] =0 (s=12..,r), (15)
il

sovietrxiv.org/items/ru-196301.09030 Machine Translation


https://sovietrxiv.org/items/ru-196301.09030

or, approximately (for small ¢):

Z fij(x) (x;tﬂ + chsc?> =0 (s=1,2,...,7),
o=1

ijel

i.e., the linear system

> (Z fij(x)mfx?) o == fylwziai™  (s=12...1). (16)
o=1 \ijel

igel
This makes it possible, at stage III, to find vector (11) approximately, by giving

small increments to the quantity .

In the case of convex quadratic programming, systems (15) and (16), obviously,
coincide. Therefore, for this case an exact finite algorithm is obtained, in which
at each step only linear systems have to be solved.
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