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MATHEMATICS
L. D. KUDRYAVTSEV

EMBEDDING THEOREMS FOR FUNCTIONS
DEFINED ON UNBOUNDED DOMAINS

(Presented by Academician I. M. Vinogradov on 24 VI 1963)

We shall consider functions defined, together with their derivatives up to order
r, on an unbounded domain of Fuclidean space. We shall assume that the
derivatives of order r of these functions are not summable to the power p (1 <
p < 00) on the indicated domain, but are summable to the power p with a certain
weight having a power rate of tending to zero at infinity. For the indicated
class of functions we shall obtain a number of embedding theorems, both direct
and inverse. For the usual function spaces (i.e., spaces of functions all of whose
derivatives of order r are summable to the power p on the domain), as corollaries
of these theorems one obtains new embedding theorems reflecting the specific
nature of unbounded domains, connected with the fact that in this case the
summability of derivatives to the power p on the domain does not imply the
summability of the function itself (as is the case for bounded domains).

Let us introduce notation. Let B be a Banach space, u € B; by |u, B| we shall
denote the norm of the element w in the space B. Let E™ be the n-dimensional
Euclidean space of points z = (z4,...,z,,); G a domain in E™; I" its boundary;
u = u(x) a function defined on G; by u|r we shall denote the trace of the
function v on I'. For convenience we shall also call the function itself its trace.
Let B; be some Banach space of functions defined on G, and B, a Banach space
of functions defined on I" (or also on G). If for every function u € B, there exists
its trace, if this trace belongs to the space By, and if the operator assigning to a
function v € B its trace is bounded, then it is called an embedding operator,
is written B; — B,, and one says that the space B, is embedded in the space
B,. If, however, there exists a bounded operator assigning to each function
¢ € B, such a function v € B, that ¢ is the trace of u, then this operator is
called an inverse embedding operator and is written B, — B;.

For simplicity we shall formulate our theorems only for the case of the space
and the half-space; in an analogous way they are formulated also for unbounded
domains with sufficiently smooth (n — 1)-dimensional boundary.

Let

.
E"={z:z,>0}  E"'={z:z, =0} p=\/m;
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|x—y| be the distance between points x € E™ and y € E™; Q™ the n-dimensional
+ +
ball of unit radius with center at the origin; @™ = E"NQ™; 1 <p < oo, a > 0;
+
7 a nonnegative integer; u = u(x) a function defined on E™ together with its
generalized derivatives up to order r, inclusive.

+
Denote by LXL (E™) the linear normed space with norm

>

Tyt =T

1 o"u +

+
7L(T2)é E™)| = G )
U, Lip, ( ) (1+p)°‘ axll Qe

and by WISTC)Y(E”) the linear normed space of functions with norm
]quaE"|f| paE”|+|uL Q)|
for r > 1, and with norm
|, W (E™)| = |u, Ly b (E™)|
P U, Lip,a

for r = 0. The space LXL (E7) is defined analogously for the “strip” E7{x : 0 <
x, <1}

For a = 0 the space LX?X becomes the well-known space L;,ﬁ of S. L. Sobolev
().

Let now 0 < < 1. Put

1/p
n —_ p n
()= / dE; / lu(z) —u(y)|” dE;
0 e AT Sy gl

and denote by Ly TJrB )(E") the linear normed space of functions with norm

r - o"
’u,L( +B)(E )’: Z I‘%B (M)7 'I":(),:l7...7

T+t =7

and by Wprw >(E”) the linear normed space of functions with norm
|u, Wy (E™)| = |u, Ly d” (E™)| + [u, L,(QM)]-

We note that for any v > 0, obviously, the embedding W;ﬂo)é — Lg’% holds; on
the other hand, if u € L<T) (E™), then u € W;(, &, although the norm of the
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function u in the space W,Yol is not estimated by its norm in the space ngx for

r> 0.

Theorem 1. The following embeddings hold: for a >n/p—1,r>k>0 (r,k
integers)

) /T r—k) /
Wi (E™) — W8 (Em); (1)

T n r—1 n—
WL (B —» Wb (B, (2)
and for any a > 0
Lyn(E™) = Ly P(E"); (3)

)/ o r—1 n—
Wi (Em) — LUYP (B,

Corollary. For any e > 0 the embeddings hold:

1 n —k n
W2(r)<E ) — WQ(Tn/;JrkaE(E )i

)/ T r—1 n—
WQ( )<E ) - W2(7(7L—>1+8)/2(E 1)'

For e = 0 the indicated embeddings cease to be valid.

Theorem 2. Let functions ¢, be specified on E™1 such that
op € LYV (ERY, k=01, r—1.
Then there exists a function u € L;%(Eln) such that

o
oxk

= P> kanL"w
Fn—1

w LEME)| < 5 o L1 (5.
k=0

Corollary. For a = 0 the embedding
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r—1 _ ) /T
Ly (B = Ly (E™) (4)

holds.

We note that the embeddings (3) and (4), as well as Theorem 2 for o = 0, were
proved earlier by V. A. Solonnikov and V. P. II' in (*>%). Embedding theorems
for weighted spaces of functions growing at infinity were considered earlier in
the works of A. S. Dzhafarov (3); however, in the theorems obtained by him
the weight did not change when the parameters r and n were changed. In
our theorems it is precisely the relation between r, n, and « that is essential;
clarifying it made it possible to obtain sufficiently sharp direct and inverse em-
bedding theorems for the class of functions under consideration. Applications of
the theorems obtained to the variational method for solving partial differential
equations in unbounded domains are given in the author’ s paper (4).
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