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1. Introduction.

In recent years a number of works have been published concerning optimal
formulas. We mention papers (}1~2), where the problem of optimizing quadrature
formulas in various classes of functions was considered.

The present paper is devoted to the optimization of one-dimensional quadrature
formulas for an equidistant partition in the classes W2<p >(T), i.e., the Sobolev
spaces WQ@ ) on the interval (0,T). The method and the general conclusions can
without difficulty be transferred to the general case in W2<p ) for n-dimensional

quadratures.

Let g + 1 rows of numbers {;a,} be given, k =0,1,...,n; 1 =0,1,...,¢ <p—1.
Let {;a,} € 1KE(T) if

Yy (Z)mlakfm (5) = /OT f(z) da

for every polynomial of degree not exceeding (p — 1).

Let {,a,} € 2KP(T). Then

n q

Q(Tg)({lak}) = sup

=1
1101z

()" ()= [ 101

k=0 I=

and Q(QSO < 0.
{;¢;.} will be (p, ¢, n, T)-optimal if:
1) {iep} € IKR(T);

2) if {ja,} € 1KE(T), {0} # {1¢4}, then
QF (L)) > QF (ier).
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In paper (1) Sard showed that for ¢ = 0, T = n the optimal coefficients {,c;}
are determined uniquely, and in paper (?) these coefficients were computed for
certain values of p,n. In paper (3) S. L. Sobolev gives the differential equa-
tion which must be satisfied by the function giving the maximum error of the
quadrature for the given coefficients.

2. On optimal coefficients.

Lemma 1. Let {;a,} € 2K2(T). Then, up to a polynomial of degree not
exceeding (p — 1), there exists one and only one function u(x) € WZ(p ) such that

for every ¢ € Wz(p) (T'), and

- 1/2
Qég)({lak}) = </o (u[p](x))2 daz) .

KT (k+1)T
Remark 1. On the intervals (n’ (+n)> the function u(z) is a solution

of the differential equation d?’u/dz?" = 1; at the points kT /n, k= 1,...,n —1,
the derivatives up to order 2p — g — 2 inclusive are continuous, and at the points
0,7 one has d"v/dax" =0 for p <r <2p—qg—2and 0 <r < q (cf. also (3)).

Lemma 2. Let (n+1)(¢+ 1) > p. We have f € W2<p>(n,q,T), if:
1) feW(T);

kT
2) fi <7> =0fork=0,...,n;1=0,1,...,q; 0<qg<p—1.

Then there exists a unique function v,(z) € W2<p >(n, q,T) such that

T T
fugp]m Pl(z) dx = (—1)P x)dx
/0 (2)97) () <1>/0w<>

for every 1 € W2<p>(n,q, 7).

Lemma 3. The function v (z) is piecewise smooth. If we denote

A==y, kT A1y kT
l _ q q _
(—1)'b, = T (— + )77dm2p—l—1 (— — 0) (v,=0forz <0, z>T),

n n
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then {b,} € ?KE. Moreover, the function v,(x) is equal to the function u(z)
from Lemma 1 for the coefficients {b;}.

Theorem 1. Let {b,} be the coefficients from Lemma 3. Then {b,} = {c;},
i.e. {b,} are (p,q,n,T)-optimal coefficients.

Proof. Let {a,} € 9KP, and let g(x) be the function from Lemma 1 corre-
sponding to the coefficients {a;}. According to Lemmas 1 and 3, it is necessary
to prove that

T T
/ (g7 (2))2 da > / (Wl (2))2 de, i {ag} 4 {by)-
0 0

However

T
| @ @)~ o) ds =

0

since the functions v,(z) and g(x) have the properties indicated in Remark 1
(cf. Lemma 3). Thus,

T T
vgp]x 2dx = vgp]x Pl(2) d.
/0< (@) / (2)g7)(z) (1)

But, according to Schwarz’ s inequality,

1/2

T T 1/2 T
vgp]x Pl () dx vgp]x 2dx Pl(z))? da ,
/O <>g<>ds</0<<>>d) (/O<g<>>d> @)

with equality only in the case when vgp](a:) = gPP!(z). From (1) and (2) it follows
that

with equality only for vgp](a:) = glPl(x).

Our assertion follows directly from Lemma 1.
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3. On the asymptotic behavior of the (p,q,n,T)-optimal
coefficients.

Lemma 4. Denote by "v,(z) the function from Lemma 2 for n = T = r. Then

there exists a function “v, () such that "v,(x) — %v,(z) as 7 — oo in WQ[p] (1)
for any T’ < oo, and, consequently, "v,(x) — v (z) for every z, with all its
derivatives up to order 2p — 1 (at the points = 0, 1, ..., r this refers to left and

right derivatives).
The proof is based on ideas similar to those used in (4).

Lemma 5. There exist constants ¢ T,, s =0, ..., q, such that

d2p—1—s O’U d2p—1—s OU

q Ts: TILI& dl’prlfsq (7“ + O) -

L(r—0).

dx2r—1-s

Theorem 2. Let {!c, } be the (p, q,n,T)-optimal coefficients; then

lim ‘e =g, 0<a<l

n—oo

([na] is the integer part of na).

The theorem follows easily from Lemma 5 and Theorem 1 by transforming the
interval (0,T) into the interval (0, 1).

Strictly speaking, Theorem 2 is a statement about the boundary effect for the
(p,q,n, T)-optimal coefficients. The boundary effect can be determined by com-
puting qu(a:). In the one-dimensional case the coefficients are solutions of cer-
tain finite-difference equations.

Table 1

p=1 p=2 p=3

0 0,50000 0,39433757 0,35603685
1 1,00000 1,13397460 1,23176522
2 1,00000 0,96410162 0,87327997
3 1,00000 1,00961894 1,05572300
4 1,00000 0,99742261 0,97595703
5 1,00000 1,00069061 1,01033569
6 1,00000 0,99981495 0,99554153
7 1,00000 1,00004958 1,00191971
8 1,00000 0,99998671 0,99917341
9 1,00000 1,00000356 1,00035590
10 1,00000 0,99999905 0,99984675

In the case ¢ =0, p =1,2,3, we obtain for
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Pg, = Tli)rgo Ock(r),

where {%c,(r)} is the (p, 0,7, T)-optimal coefficient, the numerical values given
in Table 1.

As p increases, the length of the boundary effect increases. Using the usual
methods of the calculus of variations (direct methods) to estimate errors, one

can obtain an error estimate (i.e. the increase of the quantity Q[{Z]) in passing
from the infinite boundary effect to a boundary effect of finite length.
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