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Corresponding Member of the USSR Academy of Sciences E. I. Grigolyuk, P. P.
Chulkov

SMALL DEFORMATIONS, STABILITY, AND
VIBRATIONS OF ASYMMETRIC THREE-
LAYER PLATES WITH A RIGID CORE

It is shown below that the calculation of a thin three-layer plate of asymmetric
structure with a rigid core for strength, vibrations, and stability reduces to a sin-
gle partial differential equation of the sixth order. It was assumed that the load-
bearing layers have constant but different thicknesses and are made of different
isotropic materials; the core material was regarded as transversely isotropic.
For the load-bearing layers the Kirchhoff-Love hypotheses were adopted. It
was assumed that the core is incompressible in the transverse direction and that
the displacements of its points in the tangential directions are approximated
with sufficient accuracy by linear functions of the transverse coordinate. The
deformations were assumed to be elastic. As an illustration, the stability of a
polygonal freely supported plate under uniform compression is investigated. It
is noted that, in the study of cylindrical longitudinal-transverse bending of a
plate, the method of initial parameters can readily be introduced. The results
developed in the paper can, in principle, be generalized without difficulty to the
case of orthotropic material of the load-bearing layers and the core.

1. We take as the initial plane the middle plane of the core and refer it to the
Cartesian coordinate system oxz,z,. We shall count the positive normal
coordinate z upward, i.e., in the direction of the first load-bearing layer.

Let hq, ho, and 2c¢ be, respectively, the thicknesses of the first and second load-
bearing layers and of the core; 2a, the absolute shift of the bonding planes; w
and wu, the normal and tangential displacements of points of the initial plane.
Then the tangential displacements of points of the package are written in the
following form:

u; +a; — (z —c¢)ow/0x;, c¢<z<c+hy,

uf = U»—l—fa» —c<z<c¢ (1,1)
i c v ) y

u;, —a; — (z+c¢)ow/0x;, —c—hy<z< —c.

79

The linear strains and shear angles are equal:

for the load-bearing layers
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1 (Ou; Ou; 1 (0a; Oa; 0*w
k _ — 1 — - 1 — 7)) s — .
‘T3 <8xj * 6@) £3 (axj + 8%) (2F¢) Ox,;0x; i,k =1,2);
(1,2)

for the core

3_1 aul_ﬁ_% +i aal+% .
‘T3 dx;  Ox; 2c \Ox;  Ox;)’
el =a;/c+ Ow/ox;.

According to Hooke’ s law, the stresses in the load-bearing layers and in the
core will be

v B
ol =

o L=wef +omet],  ef=elitel,  (13)
k

o =Gel,  0y=1 6,=0 (i,j=12 k=1,23).

Here E, and v, (k = 1,2, 3) are, respectively, the moduli of elasticity of the first

of the kind, and Poisson’ s ratios of the materials of the load-bearing layers and
the core; G is the shear modulus of the core material for the planes z,0z, z50z.
We introduce the stress resultants and moments as follows:

3 2

_ k _ k —

Ty=>_Th  Mj=> MS  Hy=M}+c(T;-T5),
k=1 k=1

cthy —c c c
1 _ 1 2 __ 2 3 3 3 _ 3
Tij—/ aijdz, Tij—/ aijdz, Tij—/ O'Z-de, Q; —/ 075 dz.
c —c—hy —c —c

cthy —c c
1_ 1 2 _ 2 3 _ 3
Mij—/ 0;i(z—c) dz, Mij—/ oi;(z+c) dz, Mij—/ 207, dz.
c —c—hy —c

Composing the variation of the total potential energy with allowance for trans-
verse shear of the core for a plate subjected to an external normal pressure ¢,
we obtain the equilibrium equations of a small element
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% + 8T2’i =0 aHli %
or,  Oxy 0z, 0zy

— Q¥ (i=1,2) (L5)

My My, My, QP 0Q}
022 20z,0m, T 022 ' Ox, 0w, T (16)

Equations (1.5) are satisfied by introducing the displacement function F' by the
formulas

0
w= (A —u)F, o = 830‘(77202A+M1)0Fa

3

0
Ui = 5o (1362 A — pig)cF + Cyg + Cyyy + Cioy. (1.7)

Equation (1.6) leads to a differential equation of sixth order with respect to the

displacement function

Be2(A\yns — 1gc?A)AAF = q. (1.8)

Here

A = 9% /0x] + 0% /Dx3, B =E h, /(1 =v}) + Eyhy /(1 —13),

M =3X3 +4(A3 + A Ay), g = Aq(1+3X3),

My = 3Ag(Arty + Agty) + 20 Aa(ty + 1), f = Ag(Ay = Ay + Aty — Agty),

N3 = A3(Arty — Agta) + 20 Mg (t; — 1), N5 =M + 21y + 1y, (1.9)
Ny = (1/3 4+ 4X3) (AT 4+ Xat3) + A A (t) + 15)?,

1430 A=A Ab— b
e =| A=A 1+ A Arty + Aoty
Aty — Aoty Arty + Aoty %(Alt% + Agt3)

bl

t, = hy/2c, ty = hy/2c, A\, = Eyh, /B(1—v}), Ay = Eyhy/B(1—13),
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3\ = 2E5¢/B(1—v3), Ay = 2Gc/B, Cios C;1, C;o are arbitrary constants.

In accordance with the adopted hypotheses, the tangential stresses ;5 in the
core do not depend on the transverse coordinate. A more realistic distribution of
these stresses, not contradicting the system of equations (1.5)—(1.6), is obtained
by expressing them in terms of afj with the aid of the equilibrium equations
of a three-dimensional body, using the conditions on the plate surfaces and the
coupling conditions of the load-bearing layers and the core. It then becomes clear
that equations (1.5) are necessary and sufficient for a continuous distribution of
these stresses over the height of the package. We note that these assertions are
also valid for a three-layer shell.

Equation (1.8) is suitable both for a rigid and for a soft filler; in the latter case
one must set A5 = 0.

If the height of the filler is much greater than the height of each of the load-
bearing layers, then the proper moments of the load-bearing layers may be
neglected, and equation (1.8) takes the form

Bc?(ny + n9) AAF = q. (1.10)

2. As an example, let us consider the stability of a polygonal plate, freely
supported along its contour, under uniform compression by a force V.
Using arbitrary constants C;;, C;,, we find that the neutral plane is located
at the distance

Y — ¢ (A + At (1 +vp) — (Mg + Agtn) (1 + 1) (2.1)
0 3A(L+v3) + A (1 + 1) + Ag(1 + 1p) .

from the initial plane. The stability equation is obtained by introducing into
equation (1.8), instead of ¢, the reduced transverse pressure

0%w 0w 0%w
N Loy N
1922 T 290 90, T 2023

where Ny, Ny, N;, are the normal and shear forces in the neutral plane of the
plate.

Then the stability equation is written in the form

B2 (A\yns — 12 A)AAF — N(n,c2A — p)AF =0 (2.2)

with boundary conditions F =0, AF =0, AAF = 0 on the contour.
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Using the invariant character of equation (2.2) and the boundary conditions, we
obtain

15 + k2

N.. = B2 ,
“ py + ke

where k2 is determined from the equation

AF +kF =0

with the boundary condition F' = 0 on the contour.

Thus, for example, for a rectangular plate with sides I; and l,, and for a plate
in the form of an equilateral triangle with side a, we have, respectively,

k* = m?2m? /12 + n?m?/13 (m,n=1,2,..),

k?* = 16n%n?/3a? (n=1,2,..).

The equation of the free vibrations of the plate has the form

O°F

Be?(\yn; — ngc®A)AAF = Q(n,c*A — Nl)ﬁ-

Here

Q= prhy + pahy + 2p3c;

p1, Po, and ps are the specific densities of the materials, respectively, of the first
and second load-bearing layers and of the filler.

The natural frequencies of polygonal plates with a freely supported contour are
expressed through k? in the following form:

o _ B A5 + ngc’k?
w'= — k.
Q piy + 1y %K
3. Let us note that, on the basis of equation (2.2), in the investigation of the

longitudinal-transverse cylindrical bending of plates the method of initial
parameters can easily be introduced.
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