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MATHEMATICS

A. L. TOOM

ON THE COMPLEXITY OF A CIRCUIT OF
FUNCTIONAL ELEMENTS IMPLEMENTING
MULTIPLICATION OF INTEGERS
(Presented by Academician P. S. Novikov on 30 I 1963)

1. Introduction. We consider the problem of constructing, in one sense
or another, as simple as possible a circuit 𝑅𝑛 of functional elements (for the
definition see, for example, in (1)), which, from the binary digits of two integer
𝑛-digit numbers 𝑀 and 𝑁 , 0 ⩽ 𝑀, 𝑁 < 2𝑛, computes all binary digits of their
product 𝑀𝑁 . The complexity of the circuit 𝑅𝑛 can be characterized by two
parameters: the number of elements 𝑓(𝑅𝑛) and the depth of the circuit 𝑡(𝑅𝑛),
i.e. the largest number of elements in a circuit 𝐴1, … , 𝐴𝑡(𝑅𝑛) such that the state
of each of them, except the first, directly depends on the state of the preceding
one. In content, the depth is the operating time of the circuit, if the operating
time of each element is 1. It is assumed that the Boolean functions assigned to
the elements of the circuit are taken from some finite basis. The choice of such
a basis is arbitrary, since all estimates given below are up to multiplication by
a constant.

Let 𝑙 and 𝑚 be two functions of the same variables. The fact that there exists
a constant 𝑐 such that 𝑙 ⩽ 𝑐𝑚 will be written as follows: 𝑙 ≺ 𝑚. Let 𝑆𝑛 be a
circuit which, from the 𝑛 digits of a number 𝑁 , 0 ⩽ 𝑁 < 2𝑛, gives the digits of
the number 𝑁2. Then the equality

𝑀𝑁 = 1
4 [(𝑀 + 𝑁)2 − (𝑀 − 𝑁)2]

indicates a method for constructing a circuit 𝑅𝑛 which gives, from the digits of
𝑀, 𝑁 , where 0 ⩽ 𝑀, 𝑁 < 2𝑛, the digits of their product 𝑀𝑁 , and such that

𝑓(𝑅𝑛) ≺ 𝑓(𝑆𝑛), 𝑡(𝑅𝑛) ≺ 𝑡(𝑆𝑛).

Therefore we shall construct a circuit 𝑆𝑛 giving 𝑁2 from 𝑁 . The words“a circuit
from the numbers 𝐴𝑖 computes (or gives) the numbers 𝐵𝑗”here and below mean

sovietrxiv.org/items/ru-196301.06429 Machine Translation

https://sovietrxiv.org/items/ru-196301.06429


that this circuit, from the binary digits of the numbers 𝐴𝑖, realizes the binary
digits of the numbers 𝐵𝑗.

In (2) two constructions of circuits 𝑆1
𝑛 and 𝑆2

𝑛 are given, which compute 𝑁2

from 𝑁 , and for which, respectively,

𝑓(𝑆1
𝑛) ≺ 𝑛2, 𝑡(𝑆1

𝑛) ≺ lg 𝑛,

𝑓(𝑆2
𝑛) ≺ 𝑛log2 3, 𝑡(𝑆2

𝑛) ≺ lg2 𝑛.

In the present work a circuit 𝑆𝑛 is constructed for which

𝑓(𝑆𝑛) ≺ 𝑛1+𝜀, 𝑡(𝑆𝑛) ≺ 𝑛𝜀, (1)

where 𝜀 is an arbitrary positive constant. More precisely, for sufficiently large 𝑐
(for example, 𝑐 = 25),

𝑓(𝑆𝑛) ≺ 𝑛𝑐√log2 𝑛, 𝑡(𝑆𝑛) ≺ 𝑐√log2 𝑛.

2. Description of the circuit. Let 𝑛 binary digits of the number 𝑁 be given:

𝜔0𝜔1 … 𝜔𝑛−1,
𝑛−2
∑
𝑖=0

𝜔𝑖2𝑖 = 𝑁,

where 𝜔𝑖 is equal to 0 or 1. Choose two natural numbers 𝑞 and 𝑟 so that

𝑞𝑟 < 𝑛 ≤ 𝑞(𝑟 + 1),

and in the case 𝑛 < 𝑞(𝑟 + 1) put 𝜔𝑛 = 𝜔𝑛+1 = ⋯ = 𝜔𝑞(𝑟+1)−1 = 0.

Represent 𝑁 in the form

𝑁 =
𝑟

∑
𝑖=0

𝑎𝑖2𝑖𝑞, where 𝑎𝑖 =
𝑞−1
∑
𝑗=0

𝜔𝑖𝑞+𝑗2𝑗.

Each 𝑎𝑖 is a natural number containing 𝑞 digits in binary notation. These digits
𝜔𝑖𝑞 … 𝜔(𝑖+1)𝑞−1 are digits of the number 𝑁 or identically zero. Thus, with each
number 𝑁 we have associated 𝑟 + 1 numbers: 𝑎0 … 𝑎𝑟. Now associate with each
number 𝑁 the polynomial of degree 𝑟:

𝑃(𝑥) =
𝑟

∑
𝑖=0

𝑎𝑖𝑥𝑖.
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Obviously, 𝑁 = 𝑃(2𝑞), 𝑁2 = 𝑃 2(2𝑞).
Our circuit consists of 4 parts 𝐼𝑛, 𝐼𝐼𝑛, 𝐼𝐼𝐼𝑛, 𝐼𝑉𝑛, whose order of connection is
as follows:

𝑁 → 𝐼𝑛 → 𝐼𝐼𝑛 → 𝐼𝐼𝐼𝑛 → 𝐼𝑉𝑛 → 𝑁2.

Part 𝐼𝑛, using the numbers 𝑎0, … , 𝑎𝑟, which may be regarded as given, computes
the values 𝑃(𝑥) for all integers 𝑥 in the interval −𝑟 ≤ 𝑥 ≤ 𝑟; denote these 2𝑟 +1
numbers by 𝑚−𝑟, … , 𝑚𝑟, i.e.

𝑚𝑖 = 𝑃(𝑖) for − 𝑟 ≤ 𝑖 ≤ 𝑟.

Part 𝐼𝐼𝑛 squares all 𝑚𝑖, thereby obtaining the values of the polynomial 𝑃 2(𝑥)
at the same points −𝑟, … , 𝑟:

𝑚2
𝑖 = 𝑃 2(𝑖) for − 𝑟 ≤ 𝑖 ≤ 𝑟.

Part 𝐼𝐼𝐼𝑛, knowing the values of the polynomial 𝑃 2(𝑥) of degree 2𝑟 at 2𝑟 + 1
points, computes its coefficients by known formulas.

Part 𝐼𝑉𝑛, knowing the coefficients of 𝑃 2(𝑥), computes its value at

𝑥 = 2𝑞.

Thus, the number 𝑁2 = 𝑃 2(2𝑞) has been obtained.

The method of constructing the circuit is inductive in the sense that parts 𝐼𝐼𝑛
and 𝐼𝐼𝐼𝑛 include circuits 𝑆𝑘 for certain 𝑘 < 𝑛 as their component parts.

3. Estimate of the complexity of the circuit. This estimate uses results
(for proofs see (3)), formulated here as Lemmas 1 and 2.

Lemma 1. There exists a circuit 𝑇𝑎,𝑏, over 𝑏 𝑎-digit numbers 𝐴1, … , 𝐴𝑏, com-
puting the sum

𝑏
∑
𝑖=1

𝐴𝑖2𝑘(𝑖),

where all 𝑘(𝑖) are integers, such that

𝑓(𝑇𝑎,𝑏) < 𝑎𝑏, 𝑡(𝑇𝑎,𝑏) < lg 𝑎 + lg 𝑏.

Lemma 2. There exists a circuit 𝑈𝑎,𝑏, over two numbers 𝐴 and 𝐵, having 𝑎
and 𝑏 digits respectively, producing their product 𝐴𝐵, such that
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𝑓(𝑈𝑎,𝑏) < 𝑎𝑏, 𝑡(𝑈𝑎,𝑏) < lg 𝑎 + lg 𝑏.

Let us describe in detail the computations performed by each part of the circuit,
and estimate the complexities of these parts. To simplify the estimates, we shall
assume in advance that for 𝑘 < 𝑛 estimate (1) is valid and that 𝑞1/5 > 𝑟 > lg lg 𝑞.

Part 𝐼𝑛: a) multiplies ≺ 𝑟2 numbers with ≺ 𝑞 digits by numbers with ≺ 𝑟 lg 𝑟
digits; b) computes ≺ 𝑟 sums of ≺ 𝑟 terms with ≺ 𝑞 digits in each; hence
𝑓(𝐼𝑛) ≺ 𝑞𝑟4, 𝑡(𝐼𝑛) ≺ lg 𝑞.

Part 𝐼𝐼𝑛 squares ≺ 𝑟 numbers with ≺ 𝑞 digits; hence 𝑓(𝐼𝐼𝑛) ≺ 𝑟⋅𝑓(𝑆𝑞), 𝑡(𝐼𝐼𝑛) ≺
𝑡(𝑆𝑞).
Part 𝐼𝐼𝐼𝑛 solves a system of linear equations with constant ≺ 𝑟 lg 𝑟-digit coeffi-
cients, where the free terms 𝑚2

𝑖 have ≺ 𝑞 digits and the solutions are integers.
In other words, it: a) computes ≺ 𝑟 linear combinations of ≺ 𝑞-digit numbers
𝑚2

𝑖 with ≺ 𝑟2 lg 𝑟-digit coefficients; b) divides (exactly) these linear combina-
tions by the determinant of the system; since it is constant, this division can
be reduced to multiplying these ≺ 𝑞-digit linear combinations by a number (ap-
proximately the reciprocal determinant) with the same number of digits ≺ 𝑞;
hence 𝑓(𝐼𝐼𝐼𝑛) ≺ 𝑞𝑟5 + 𝑟 ⋅ 𝑓(𝑆𝑞), 𝑡(𝐼𝐼𝐼𝑛) ≺ lg 𝑞 + 𝑡(𝑆𝑞).
Part 𝐼𝑉𝑛 substitutes 𝑥 = 2𝑞 into a polynomial in 𝑥 of degree 𝑟 with ≺ 𝑞-digit
coefficients; hence

𝑓(𝐼𝑉𝑛) ≺ 𝑞𝑟, 𝑡(𝐼𝑉𝑛) ≺ lg 𝑞.

Now let us estimate the complexity of the circuit 𝑆𝑛. Obviously,

𝑓(𝑆𝑛) = 𝑓(𝐼𝑛) + 𝑓(𝐼𝐼𝑛) + 𝑓(𝐼𝐼𝐼𝑛) + 𝑓(𝐼𝑉𝑛),

𝑡(𝑆𝑛) ⩽ 𝑡(𝐼𝑛) + 𝑡(𝐼𝐼𝑛) + 𝑡(𝐼𝐼𝐼𝑛) + 𝑡(𝐼𝑉𝑛).

Thus we arrive at the formulas

𝑓(𝑆𝑛) ≺ 𝑟 ⋅ 𝑓(𝑆𝑞) + 𝑞𝑟5,

𝑡(𝑆𝑛) ≺ 𝑡(𝑆𝑞) + lg 𝑞,

where 𝑞𝑟 ⩽ 𝑛.

Putting 𝑟 = 𝑐1
√

lg 𝑞, we obtain, for a sufficiently large constant 𝑐,

𝑓(𝑆𝑛) ≺ 𝑛𝑐
√

lg 𝑛,
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𝑡(𝑆𝑛) ≺ 𝑐
√

lg 𝑛.
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