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Abstract

Full Text
MECHANICS
Yu. V. OSETINSKII

ON THE STABILITY OF THE MOTION OF A
SHAFT

(Presented by Academician A. Yu. Ishlinskii, 16 III 1963)

Consider a vertical weightless shaft on which a pulley, having the form of a thin
disk, is mounted centrally (Fig. 1). Let the principal central moments of inertia
of the pulley with respect to axes lying in its plane be unequal. We shall show
that, at certain angular velocities of rotation, parametric resonance may arise
in the system under consideration.

Taking the unperturbed motion of the shaft to be its uniform rotation about
the axis, we shall write the differential equations of the perturbed motion, deter-
mined by the functions £(t), n(t), v(t), 8(t). Here £ and 7 are the displacements
of the center of mass of the pulley in the directions of the axes O¢ and On; the
angles v and [ are shown in Fig. 2.

We shall regard the deformations of the elastic shaft as small and neglect prod-
ucts of small quantities in comparison with the quantities themselves. The
displacement of the point O; in the direction of the ¢ axis will be taken to be
zZero.

We express the angular-velocity vector of the pulley’s rotation Q= iv+n, ﬂ +k'p
in terms of its projections on the moving axes:

Q =i (§sinwt — fcoswt) + j/ (4 coswt + fsinwt) + kK w, (1)
where w = ¢. The momentum of the system is
Q = imé + jmi, (2)

m being the mass of the pulley.

The moment of momentum of the pulley with respect to the origin of the fixed
coordinate system O&n( is determined by means of the known formula:

K:rOXQ_FstrsX(ers)’ (3)
1
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Fig. 1

Figure 1: Fig. 1

where r(, is the radius vector of the point O; with respect to the point O.

Assuming that the moments of inertia of the pulley with respect to the axes
Oz and Oy are related by the dependence I, = I,(1 + ¢), where ¢ is small
compared with unity, and substituting (1) and (2) into (3), as a result of simple
transformations we obtain:

K=il, [‘y +e (‘y cos? wt + Bsin’ wt/2) + Qwﬂ] +jl, [ﬂ +e (ﬁ sin® wt + 4 sin 2wt/2> — Qw’y] +kl w.

The components of the forces and moments applied to the pulley by the elastic
shaft are:

1203l + 1) BL |, | 6(3ly +21)) Bl

sz

(3ly + 4113 (3l + 4112
Fig. 1
12(3ly +1,)EI  6(3ly +21,)EI
Pn = - 3 n— 2 e
(3ly +404)5 (3ly + 41,12
_ GBIl +21),  12( +11)E16
T (Bly + 4013 (3ly + 41y,
6(3ly + 21, )ET  12(1, 4+ 1,)ET
M& = — _—

(31, + 412 " (3ly + 41y,

can readily be found by means of Mohr’ s method. Here EI is the flexural
rigidity of the shaft.

Substituting K, Q, P, P, M, M, into the equations expressing the theorems on
the change of momentum and angular momentum,

dQ/dt = P,  dK/dt= M,

we find

imé + jmij = iP; + jP,,
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Fig. 2

Figure 2: Fig. 2

il [5 4 e(5 cos? wt — Awsin 2wt /2 4 [ sin 2wt /2 + Bw cos 2wt)
+ 2wf] + 4L, B + e(fsin® wt + Bwsin 2wt /2 + 4 sin 2wt /2 (4)
+ Aw cos 2wt) — 2wy] = iM, + jM, .
Fig. 2

The two vector equations (4) are equivalent to the following system of four scalar
differential equations with variable coefficients:

£+ 60— 5,08 =0,

%(1 4 ecos® ) + efBsin 27/2 — ey sin 27 + (2 + € cos 27)
+ 05 A+ 9, Ay =0,

B(1+esin® 7) + e sin 27/2 + efsin 27 — 4(2 — & cos 27)
— 03X + 04 A5 =0,

where 7 = wt, A\ = 1/w? 4 =dy/dr, ...,

_12(3l, +1,)ET
U (Bly + 41y Bm

6(31y + 21,)EI 6(3ly + 21,)ET

27 (3ly + 4l 2m 37 (31, + 4131,

_12(4 +1,)EI
YT (Bly 4l

This system of equations is reversible (!). Indeed, one of the particular solutions
of the system corresponding to the characteristic number p,, has the form:

ﬁ:e%mpkwl(T% ’726%1’1’)’”#2(7')7---,
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where 1,15, ... are periodic functions of 7. When 7 is replaced by —, 8 by —p,
and & by —¢, the equations do not change; therefore 1/p,, is also a characteristic
number of the system.

It is clear that for any real p;, the motion will be unstable. In the case of complex
characteristic numbers, |p;| = -+ = |p4] = 1, and stable motion of the shaft is
possible (1).

It follows from this that, in the coordinate system &, A, the region of instability
is separated from the region in which stable motion is possible by the curves
A = A(e) corresponding to the 7- and 27-periodic solutions of equations (5).

To find these solutions, we shall use the method of a small para-

meter (1). Let us represent the functions &, 7, v, 5 and the parameter A in the
form

§:§0+5§1+52§2+-~-7 77:770+5771+52772+~~a
Y= Fen + e+, B=0y+eb+eBo+ .., (6)
A=Ay +eN +e2h + ...

Substituting (6) into (5) and comparing coefficients of like powers of &, we obtain
the following systems of linear differential equations with constant coefficients:

5:0 + 010080 — 922050 = 0, 770 + 01 A7 + 02007 = 0, ™)
Yo + 26y + d3Ag70 + 04Ag Y0 = 0, Bo — 230 — 030 + 94 X0 50 = 0;
§1 + 610081 — 522081 = =01 A& + 8uA By,
Ty + 01 Agm1 + 0071 = —01 A 79 — 2 A1,
14261 + 63 00m + 54 h0m
= —F cos® T — [ 5in 27/2 + 4 sin 27 — By o8 27 — S3M1 79 — 04 A1 Vo>

(®)

B1— 29 — 03Ae&1 + 040y
= fBysin’® 7 — A, sin 27/2 — By sin 27 — A cos 27 + 05\ € — 0,0 s

We note that the oscillations of a circular (¢ = 0) pulley mounted on a shaft,
determined by the differential equations (7), were investigated in works (*3).

To find the 2m-periodic solutions of system (7), let us represent the functions
&0 Mo> Yo, and By in the form:
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o0 oo
& =ay+ E a,, cosnT + a,, sinnt, Ny = by + E b, cosnTt + b), sinnt,
1 T

oo

(oo}
Yo = o + Z ¢, CosnT + ¢, sinnr, By =do+ Z d, cosnt +d; sinnt. (9)
1 T

Substituting these expansions into (7) and comparing coefficients of like func-
tions, we obtain, as a result of simple transformations, the following systems of
homogeneous algebraic equations with respect to the coefficients of the expan-

sions (9):

810000 — SaXody =0, SyAoby + 64A0co = 0,

10
_63A0a0 + 64)\0d0 - O, 61A0b0 + 52/\060 - O; ( )

(6100 — 1) (a,, +by,) + 037 (c;, — d,,)
8300 (a, + b)) + (0,09 —n? + 2n)(c), — d,,
(0,00 — n?)(a,, —b')—52)\0(c +d,)
=030 (a, = b,) + (6479 —n* —2n)(cy, + dn) =0,
(610 — 1) (ay, +b,) +d37¢(c,, —dy,) =0
d3Ao(ay, +b,,) + (347 — n* — 2n)(c, —dy,) = 0,
(6;0 —n?)(ay, = b,) = daXg(c,, + ) =0,
—8300(al, —b,,) + (.09 — 02+ 2n)(c,, +d,) = 0.

v

Since the determinant of system (10) is different from zero, it follows that ay =
by = ¢y =dy =0.

Observing that the determinants of systems (11) coincide pairwise, we find that
either

05N S0 —n? +2n =0

\ (8, +0,)n? —2nd; + \/[(51 +d,)n% — 2n51}2 — 4(n* — 2n3)
R 2(016,4 — 603) )

or
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‘ 810 —n? —dx)o 0

—d30g 60 —n%—2n

(8, + 6,)n% + 2nd; + \/[(51 +d,)n? + 2n51]2 —4(n*+2n3)
2(8,64 — 0503) ’

—_\
Ao = =

Here the negative roots A, have been discarded, since in the zero approximation
Ao is a quantity reciprocal to the square of the angular velocity.

From the expressions obtained for Aj and Aj it follows that periodic solutions

of system (7) occur only for integer n determined by the inequalities

(6, + 64202 & 2n5,]" = 4 (n* F 20%).

Thus we arrive at the following result: for the angular velocity of rotation of the
shaft w’ = {/1/X;, periodic motion of the circular pulley is possible, determined
by the equations

& = a, cosnt —b, sinnr, 7, =c,cosnt —d,sinnr, (12)
19 = b, cosnt + a, sinnt, [, =d, cosnt + ¢, sinnr;

for the angular velocity w” = /1/){ one may expect the emergence of periodic
motion whose equations have the form

& = a, cosnt +b,sinnt, 7, =c,cosnt+d,sinnr, (13)
Ny = b, cosnt —a, sinnr, [y =d,cosnt —c,sinnr.

The presence in each solution of 4 (and not 8) constants of integration indicates
that the periodic motions determined by the parameters X\ and Aj can be
realized not under arbitrary initial conditions. The possibility of such motions
for n =1 ( “direct” and “reverse” precession) has been pointed out repeatedly

in the literature (2,3).

To find 2w-periodic solutions corresponding to \j for n = 1, substitute (12) into

(8):

£+ 0NE — 0000 = =01\ (ay cosT — by sinT) 4 dy\, (dy cosT + ¢, sinT),
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iy + 1A, + 09Ny = —0; A1 (by cos T + @y sinT) — dyA; (¢ cosT — dy sinT),

Hy 4 2B, 4 03 Mmy 4 34Ny, = (¢ cosT — dy sinT) cos® 7+

sin 27

+(d; cosT 4 ¢; sinT) — (ey sinT + d; cos ) sin 27+

+(d; sinT — ¢ cos T) cos 27 — d3A; (b cos T + ay sinT) — 0, A (¢; cos T — dy sinT),

— 24, — G\ Ey + 0,0 By = (dy cosT + ¢ sinT) sin” 7+
e 24! 37061 401 1 1

sin 27

+(cy cosT —d; sinT) + (dysinT — ¢y cos T) sin 27+

+(cy sinT 4 dy cos ) cos 27 + d3A; (aq cos T — by sinT) — 0,4 A, (dy cosT + ¢ sinT).
Eliminating the secular terms, we find that a) for ¢; =0, d; # 0,

0y

A= —1—:
LT 6,0, — 0505

b) for d; =0, ¢; #0,

A, =0.

Thus, near the point A there exists a region of instability determined by the
inequalities

0.€
N <A< AN+ —————.
07T 610, — 0,0,

Putting n =1, w = y/1/A{, and carrying out analogous operations, we find that
the instability region degenerates in the first approximation into the straight line

0.€
A=+ .
0 2(5154 - 6253)

sovietrxiv.org/items/ru-196301.06422 Machine Translation


https://sovietrxiv.org/items/ru-196301.06422

Differential equations (7) and (8) make it possible to determine the boundaries
of other regions of instability.
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