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Abstract

Full Text
MATHEMATICS
F. P. VASIL EV

ON A FINITE-DIFFERENCE METHOD FOR
SOLVING THE ONE-PHASE STEFAN PROB-
LEM FOR A QUASILINEAR EQUATION

(Presented by Academician A. A. Dorodnitsyn on 9 IV 1963)

1°. Let a heat flux g, () be supplied to the right end z = [ of the rod 0 < z <,
with a thermally insulated lateral surface, and let a heat flux ¢, (¢) be removed
from the left end, where 0 < ¢, () < g5(t). Suppose that at ¢ = 0 the rod is
uniformly heated to a temperature below the melting temperature and suppose
that q,(t) — ¢;(t) > const > 0. Then, for some ¢ = t*, the right end of the
rod will begin to melt. Finding the temperature distribution in the rod for
0 <t < t* is the well-known classical heat-conduction problem, for whose
solution there exist many different methods. Therefore we shall assume the
temperature distribution in the rod at the instant ¢ = ¢* to be known. Shifting
the time origin to the point ¢ = t* and taking the melting temperature of the
rod to be zero, the problem of heating and melting the rod with removal of
the molten material can be formulated as follows: it is required to find the
temperature u(x,t) of the rod and the length x = y(t) of the rod from the
conditions:

a(uhu,, —u; =0 inD={0<z<yt), 0<t<T} (1)

u (0,t) = q(t), 0<t<T; u(yt),t)=0, 0<t<T; 2)
u(@,0)=p(x), 0<z<l, @) =0; (3)

(1) = u,(y(t),t) —qp(t), 0<t<T,  y(0)=I, (4)

where v = const > 0; a(u) are the physical characteristics of the rod; T is
the time of complete melting of the rod, i.e. y(T') = 0. An analogous problem
was considered in a quasistationary formulation in (). By reduction to integral
equations, in (?) the “local” problem with more general boundary conditions is
studied for a quasilinear equation with linear principal part a?u,, — u,, where
a = const.
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In the present note the existence and uniqueness of the solution of problem (1)
—(4) in the sense indicated below are proved under certain restrictions on the
parameters of the problem; for finding an approximate solution of the stated
problem a certain effective implicit difference scheme is proposed (Theorem 1),
and the convergence of the approximate solution obtained by this scheme to the
solution of problem (1)—(4) is justified (Theorem 2). In doing this we partly
used the methodology of paper (3).

Definition. The functions u(z,t),y(t) will be called a solution of problem
(1)—(4) if: 1) y(¢) is continuously differentiable for 0 < t < T; y(t) > 0 for
0<t<T,y(T)=0,y (t) <0;2) u(x,t) is defined and continuous in D = {0 <
z <y(t), 0 <t < T} together with the derivative u,(x,t), and, moreover, has
continuous in D and bounded in D derivatives u,, (z,t),u,(x,t); 3) all conditions

(1)—(4) are satisfied.

2°. Divide the interval 0 < x <1 by the points x; into N equal parts with step
h, where x; = ih, i =0,1,2,..., N, x5 = [. The time steps 7,, will be chosen
depending on n in such a way that for each t =¢, = ZZ:1 T

the broken line approximating the curve y(¢) should fall on the node with co-
ordinates (y,, = (N —n)h,t,), shifting at each time step by the amount h, i.e.,
Yy, — Yp_1 = —h, where y,, is the approximate value of the length of the rod
at the moment t = ¢,,. We replace problem (1)—(4) by the following difference
problem for determining 7,, and the approximate values w,,, of the temperature
u(z;,t,):

27 "'n

a(wi,n—l) 5acxwm - 5;w'm = 07 1<:i< Nn - 17 1<n<N-— 2; (5)

5zw0,n =d1,n—1> 1<n<N-1L WN, n =0, 1 <n<N; (6)
Wio = Pi» O<Z£N7 (7)
h
e 5mwNn71,n —q2n-1> 1<n<N-— 1; Yo = Z, (8)
where
1 1
5xwin = E(wiJﬁl,n - win)? 5Imwzn = ﬁ(wz#l,n - 2wzn + wifl,n%
-~ 1
5t Wiy = 7(win7wi,n71)v Yn :Nnha Nn :an,

sovietrxiv.org/items/ru-196301.06139 Machine Translation


https://sovietrxiv.org/items/ru-196301.06139

3

by = D) Ths QGn = (t,), o, = p(x;), TN = TN-_1-

The system (5)—(8) is nonlinear with respect to the unknowns w;,,, 7,,. Assuming

that w; ., 7y, 1 <k <n—1, satisfying (5)—(8), are known, to determine w, ,, 7,,
(n=1,2,...) we apply the iteration method according to the scheme:

a(w; 1) Spgiy — Sy =0, 1<i<N, -1 9)
(s 1 s
5t wi,n = (s) (wg'n) w; nfl)’
Tn
59””81 =i n-1s wg\sfl,n =0, wifg = Pis (10)
s+1 1 s s
- [fyh +7 (5$wgvi_17n — ‘h,n—l)] , (11)

92.n—1 — 91,n—1
where 7.0 > 0, s = 0,1,2, .... Knowing 79> 0, from (9), (10) for s = 0 we
find wE?T)l, and from (11) for s = 0 we then obtain 75V, and so on. In solving

system (9), (10), one may use, for example, the sweep method (4.

Theorem 1. Suppose ¢, (t") < ¢, (t") for any t” > t" > 0, g5(t) > ¢,(t) > 0;
w(l) =0, 0,0; > q,(0), 5,0, >0 for 0 <z, <I; alu) > ay >0 for ¢, <u <0.

Then, for any prescribed 7'7(10> > 0, the iterations will be uniquely determined for

every s > 0 and, as s — oo, wgfﬁb,ﬂ({s), varying monotonically, will converge to

the solution w; ,,, 7,, of system (5)—(8). Moreover, the following relations hold:

ql,n—l < 5a:win < q2,n—17 6x9cwi,n > 0’ 6;wi,n 2 0’ Yo < Wi, < Ov
(12)
0<i<N,, n=01,.;
Yn — Yn— 49—
0< = =— < = Ay; (13)
Tn tn - tn—l Y !
1 N—n—1 N—-2 N—-2 n
t, =l+— |h Z Fi,+h Z Fiyi1—h Z Fio— Z Tm(qQ,m—l - qu—l)] ;
v =1 i=N—n =1 m=1
(14)
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where

= Wik~ Wik
F._ =— —_ . =mingq,(t), . =maxgq,(t).
im k:zmﬂ a(wr 1) ¢ =ming(t),  Q;=maxg,(t)
For the proof we note that p,,, = 5tw§fl) satisfies the conditions
Pin = Tna(wi,n—l)dxwpi,n + a(wi,n—l)(sxa:wi,n—l’ 1<:i< Nn - 17

h
n — 7(sszn,n71'
Tn

0,Pon = 5tq1,n71 < 0; PN

no

Hence, by means of the maximum principle and induction with respect to n, we
obtain the inequalities:

6$w1(,fL> Z ql,nfl’ 6wzw£f3 Z O’ 5tw§f7,> Z 07 Yo S ’LUE;? S 07
s h
T,(L IS (L >0

42 n—1 —41,n-1

for any prescribed T»,(lo) > 0 for all s > 0. From these inequalities, and also from
the maximum principle for the system

s s s s s—1 s—1
Zin) - a<wi,n—1>7—7(l )63632’2571) + a(w@"—l)[TT(L ) - TT(” )]537331”2;" )’
N, -1 (s)
s s s s h - Zin
63025’21 =0, zg\,) n =0, T7<1 D T7<l) = : ,

no

don—1—~Nn-1 5= a<wi,n71)

where zi‘?t = wi‘?l - wES; Y there follows the monotone convergence of wisg, 75,
as s — oo, to the solution w,,, 7, of the system (5)—(8). In this case the

direction of monotonicity depends on 7'7(10) > 0; in particular, if

~h

o<y < ——
42 n—1 —d1n-1

then w!®) TT(LS> increase monotonically as s grows, while if 7'7(,0) > ( is a sufficiently

i,n’

large number, they decrease monotonically. The estimate 6,w;,, < g ,,_; follows
from (8).
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3°. We join the points (y,,,t,) by line segments and denote the polygonal line
obtained by y(t, h), setting y(t,h) = 0 for t > t5. We extend the mesh function
w,,, to the whole region D, = {0 < x < y(t,h), 0 < ¢ < ty} continuously, as
is done in (5), p. 359; the function obtained is denoted by w(z,t, h), setting
u(z,t,h) =0 for x > y(t,h), t > 0.

Theorem 2. Suppose the following conditions are satisfied:

1) @(x) on the interval 0 < x <1 has a 4-times continuous derivative, o(l) =
0,

¢'(0) = —q,(0), ©”(0) = " (0) =0, 0.0 > q1, 0 < a(e(x;))0,,0; < My;

2) q4(t) =g, = const >0, ¢y(t) is continuous and bounded for t > 0, and

1
ag(qe — q1) > IMy; ;(Qz—ql) < %(q2_q1); (15)

3) a(u) on the interval py—a < u < 0, where a > 0 is an arbitrarily small but
fized number, has 6 continuous derivatives, and o’ (u) <0, a(u) > ay > 0.

Then the problem (1)—(4) has a unique solution wu(x,t),y(t), which can be ob-
tained as the limit, as h — 0, of the functions u(x,t, h),y(t,h).

Proof. From (5)—(8), (12), (13), (15) it follows that

h
Spw; , < pp = max{ My, QyA; }, 0<Ay < — <Ay, (16)
, -
where
Ay = ag(ga — q1) — N217
Yag
whence

max 7, — 0

1<n<N
as h — 0. In view of the inequalities (16), 0 < y(¢,h) < [, and Arzeld’ s theorem,
there exists a subsequen-

there exists a sequence h, such that lim h

uniformly for ¢ > 0 to the curve y(t), and

vosoo ly, = 0, and y(t, h,) converges

y(t) >0 for0<t<T, y(T) =0, y(0) =1,

W) =yt ()

—A; < g S —A, <0, t”, ¢t €10,T].
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Lemma. If ¢(t), p(z),a(u) satisfy all the conditions of Theorem 2, then the
boundary-value problem (1)—(3) for a prescribed curve y(t) with properties (17)
has a unique solution u(z, t), continuous in D{0 < = < y(t), 0 < t < T} together
with the derivative u,(z,t), and possessing continuous derivatives u, Uy, i
D{0 <z <y(t),0<t<T}, where

q1 < Uy < Q27 0 < Uy < — in ba |umzmm| < M4<6)a |utt| < M2<5)
(18)

in subdomains of the form Ds{0 < = < y(¢t) — 6, 0 < t < T} for any § > 0;
y(Ts) =6 <.

The proof of this lemma can be obtained by the finite-difference method from
(5)—(7) with the aid of inequalities (18) and the estimates of S. N. Bernstein
(5,5). Put r(x,t) = u(z,t) —u(x,t, h,). By virtue of (12), (18) and the uniform
convergence of y(t, h,) to y(t), for all sufficiently large v outside Dy the estimate
[7(z,t)| < 2Q46 holds. Inside Dy, r; , = r(x;,t,) satisfies the conditions:

1’ ’n

1
a‘(wi,nfl) 5;mri,n - 5;T7L,n = Ri,n(h‘u)7 5ITO,TL = ihuuzz<f7 t>7

Tio =0, 7 nlr < 2Q59,

where, by (16) and (18), |R; ,(h,)| < M(6)h,, 0 <7T < h,; T is the polygonal
line consisting of segments joining the grid nodes and lying between y(t) — ¢
and y(t) — 36. Hence, using (12), (18), we obtain the uniform convergence of
u(w,t,h,) to u(x,t) in D as v — co. Passing to the limit in (14), we have

where

It follows from this that y(¢) has a continuous derivative and that condition (4)
is satisfied.

Since every solution of problem (1)—(4) satisfies identity (19), using the theorems
of P. Vyborny and L. Nirenberg (°®), it is not difficult to prove uniqueness of the
solution, following the scheme of (7). From the uniqueness of the solution of
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(1)—(4) it follows that u(x,t, h),y(t,h) tend to the solution of (1)—(4) for any
manner in which h tends to zero.

The author expresses his deep gratitude to B. M. Budak for posing the problem,
valuable advice, and constant attention to the work.

Moscow State University
named after M. V. Lomonosov
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CITED LITERATURE
1. G. A. Tirskii, DAN, 125, No. 2 (1959).

2. L. I. Rubinshtein, DAN, 142, No. 3 (1962).

3. J. Douglas, T. M. Gallie, Duke Math. J., 22, No. 4 (1955).

4. 1. S. Berezin, N. P. Zhidkov, Methods of Computations, 2, Moscow, 1962.
5. 1. G. Petrovskii, Lectures on Partial Differential Equations, Moscow, 1961.
6. A. M. I’ in, A. S. Kalashnikov, O. A. Oleinik, UMN, 17, issue 3 (1962).

7. J. Douglas, Proc. Am. Math. Soc., 8, No. 2 (1957).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.06139 Machine Translation


https://sovietrxiv.org/items/ru-196301.06139

	Abstract
	Full Text
	ON A FINITE-DIFFERENCE METHOD FOR SOLVING THE ONE-PHASE STEFAN PROBLEM FOR A QUASILINEAR EQUATION
	CITED LITERATURE


