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MATHEMATICS
M. 1. VISHIK

ON THE SOLVABILITY OF THE FIRST BOUNDARY-
VALUE PROBLEM FOR QUASILINEAR EQUATIONS
WITH RAPIDLY GROWING COEFFICIENTS IN OR-
LICZ CLASSES

(Presented by Academician I. G. Petrovskii, February 26, 1963)

In (1,?) we considered the first boundary-value problem for quasilinear equations
and systems of order 2m with “coefficients” having only a power order of growth
with respect to the derivatives D®u, |a| = m. Here we shall consider the case
when the “coeflicients” may have an arbitrary order of growth with respect to
D%y. If this order of growth is greater than any power, then the solution of the
first boundary-value problem is found in a certain Orlicz class (), related to
the principal part of the equation in the same way as the Dirichlet integral is
related to the principal part of linear elliptic equations.

Let in a bounded domain G C R™ with boundary I' there be given an elliptic
equation (respectively, a system of equations) of order 2m:

L(u) = Lo(u) + V(u) = Y (=1)"D*A,(x, D*u, D7u) + V(u) =0, (1)
|a|=m
where |w| < m; |y| =m; D? =081 /0% x, ... 0% x,; |B] =B, + ... + B;
Ly(u) is the principal part of the operator L(u);
V(u = > (~1)PIDOVy(z, D*u, DVu) + Y (=1)"DFVy(x, D¥u)  (2)
1B|<m |B]=m

is an operator of order not exceeding 2m — 1, which, under the conditions for-
mulated below, we shall call subordinate. On T', for simplicity, homogeneous
boundary conditions are prescribed:

u|1" =0, Dwu|1" =0, |UJ| <m—1. (3)
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(For nonhomogeneous boundary conditions see (?).)

We formulate four conditions under which the solvability of problem (1), (3) is
proved.

Condition 1. For any K and [{ | < K, |w] < m — 1, there exist constants

1/2
C, ¢, € and a convex N-function p(¢), ¢ = (Z‘a‘:m CC%) , depending on K,
such that for large ¢

cp(Q) < D Ag(,6,,(,)¢, < Cp(C). (4)

la=m

In addition, it is assumed that:

a) for any p > 0

p(C) > Cp|<|p - Cp

(the case of power growth of p(¢) was considered in (},2)); p/(0) =
d p(C))

, —|—=]>0for (>0;
i (% ‘

b)

A (@60, ) <cp(§>+cl (e < K, € Q) (5)

c) the functions A, (z,§,,(,) are continuous in all arguments and continu-
ously differentiable with respect to (,; with respect to the arguments z, §,,
they are continuous.

in the following sense:

r(¢)

|Aa(xa§w7<.fy)7Aa(z/7£:.n<fy>| S€(|$*$/|+|§f§/|) C ) (6)

where €(t) — 0 as ¢t — 0.

Condition 2. For |§, | < K, |w| < m — 1, there exists a constant C = C(K)
such that

> Aubntn ¢ (S ) Ya

o), |Bl=m la|=m

where A, 5 = 0A,/9¢z. (This condition means that the variation of the opera-
tor L, with respect to D7u is a positive definite operator under the boundary
conditions (3).)
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Condition 3 (it ensures the subordination of the operator V(u)). For || <
|K|, |w] <m — 1, there exist functions fz(x) and gs(z), depending on K, such
that

for |Bl=m  |Va(z,&,)| < fsl), (8)

where [N(f5(z))] < 400, N(n) is the complementary convex N-function to p(()
(recall that &n < p(§) + N(n); [¢] is the integral of ¢ over G);

for |5l <m  |[Vj(z,60, ¢l < q5(2)p1(€) + gp(2) fg (), (9)

where p;(¢) > 0 for ¢ > 0 and lim p; (¢)/p(¢) = 0 as ¢ — o0; gg(w) > 0 and may
have singularities on I' at a finite number of points or manifolds. For example,
in the case of a singularity at one point z, € I,

C

:m, where k < m — |f]. (10)
0

Qﬁ(x)

Condition 4. For any &, ¢, the estimate holds

> Va6, 008+ > Va@,8,)¢, <
[Bl<m |Bl=m

la|=m

where f(z) € £,, 0 > 0; moreover, it is assumed that

Z Aa('rafwﬂcfy)gx > 02 Z |C’y|n+E - Cl’ e>0. (12)

laj=m lvl=m

We note that from (11) and (12) there follows the uniform boundedness of
possible solutions of (1), (3):

Y D" < Cy

[vl=m
and, consequently,
|D¥u| < K for |w] <m —1. (13)

To verify this, it suffices to multiply (1) scalarly by u, and to use first (11) and
then (12).
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Here is the simplest example of an equation for which all the conditions listed
above are satisfied:
ou )
Jr
T

Zaaxi (exp {Z (%) 9

S () |2

where g,e; > 0, h,;(x) € Liieys €2>0, vi(z,u), Y, (z,u) >0, i=1,...,n.

(14 ¢;(z,u))

2—e,

du
8l‘k

Oh;(z)
oz, =0,

By the Orlicz class Oi;m) we shall understand the set of functions u(x) satisfying
the conditions (3), for which the integral

1/2
[p(D™u)] < +00, D™y = (Z Dau|> . (14)

|a]=m

Let p(¢) correspond to the constant K in (13) and to Conditions 1, 2. A function
u(z) is called a solution of problem (1), (3) in the class OE,m) ifu e Oﬁ,m),
|D¥u| < K for |w] < m — 1, and for every function v € OEJm) (and their linear
hull, forming the Orlicz space H, ,()m)) ful-

the relation

> [Ag(@, D¥u, D7), D0l + ) [Vy(...), DPv] = 0. (15)
|a|l=m |Bl<m
From conditions 1-4 there follows the convergence of all integrals in (15).

Theorem. If the functions A, and Vs in equation (1) satisfy conditions 1-4,
then problem (1), (3) is solvable in the class Oi,m).

We give the idea of the proof.
1. First one proves the solvability of an equation of the form

L) = Y (-1)"D*A,(z, D) + h(z) =0 (16)

la|=m
under the boundary conditions (3); here the A, satisfy conditions 1, 2 and the

A, are continuously differentiable with respect to x, and moreover

94, (0,€,)/02,] < c’)f) 0. h(z) € £5(C).
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The proof of the existence of a solution of this problem is carried out with the
aid of an analogue of the Galerkin method described in (}?). Let {z;(z)} be a
system of smooth functions such that the functions

v;(x) = Bz, = —(x)Az; + Mz,

2

(M >0, ¥(x) >0, z € G, Yp = D"Ylp =0, || <2m—1)

form a complete system in C™ (G). The approximate solution u;, = > Cy;2;
(i = 1,...,k) of problem (1), (3) is determined from the system of nonlinear
equations:

[L(uy), Bz;] =0 (j=1,...,k). (17)

From the analogue of Lemma 2 (?) there follows the solvability of system (17)
with respect to C;. From the relation [L(u,), Bu,] = 0, which follows from
(17), with the aid of conditions 1, 2 we derive the estimate

[p(D™uy)] + [(x) (p(D™uy,) /(|D™uy|* + 1) + 1) [D™ Ty 2] < €, (18)

where C' does not depend on k. Hence it follows that there exists a subsequence
{u,} such that {u,} and {D7u,}, |y| = m, converge almost everywhere in G
to u and, respectively, to DYu. From (18), (5), and the Vallée-Poussin theorem
it follows that A (x, D7u,) are equi-absolutely continuous (with respect to r)
functions of x. Substituting & = r in (17) and passing to the limit as r — oo,
we obtain, using the completeness of { Bz;}, that

> [Au(x, D7u), D] + [h,v] = 0 (19)

la|l=m
for any v € C"(G). Next, by means of a process of weak closure with respect
to v, the validity of relation (19) is established for any v € O;m) (and v € H,gm)).

The function u(x) found is the unique solution of problem (16), (3), since, by
virtue of conditions 2 and 1,

Cs [p (W(“Cl;“?))] < Y [Aa(, Duy) = Ay (, DVuy), DY (uy — uy)].
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2. It is established that problem (16), (3) is uniquely solvable if A,(z,¢,)
are only continuous with respect to z and h(z) = > D*h,_(z), |a| < m,
where [N(h,)] < +oo (h is a generalized function); N(n) is an additional
function to p(§). For the proof, equations of the form (16) are considered
in which the functions A, and h,(z) are replaced by their averages with
respect to = (see (?)), and it is proved that the solutions of these averaged
equations converge to the desired solution.

3. We now consider the general equation

L(u) = Lo(u) + V(u) = 0, (21)

where Ly(u) is given by formula (1), and V*(u) by formula (2), in which the
func-

the functions Vj have been replaced by bounded functions Vg‘:
V3 =1+ ASVE) Vs (18] <m), (22)

which tend, as A — 0, to V. Let us prove that problem (21), (3) has at least
one solution wu, (x). To this end, in the principal part Ly(u) (see (1)) we replace
the arguments D¥u, |w| < m — 1, by D¥w, where w € C"V(G):
Lo(wsu) = Y (=1)"P" A, (z, D*w, DVu). (23)
lal=m

For the operator Ly (w;u), for any fixed function w € CV(G), the functions
A, (z, D*w, &) are continuous in x, and, by item 2, it is uniquely invertible:
Ly(w;u) = h, u= Ry(w;h). Equation (21) is equivalent to the following:

u= Ry(u,—V>*u)). (24)

The operator Ry(u, —tV*(u)), considered, for example, in the space u € ngm) ,
where p > n, is completely continuous for any ¢, 0 < ¢t < 1, and moreover
Ry(u,—0-V*) =0.

From condition 4 we infer that, for sufficiently large r, the degree of the covering
of zero under the mapping of the ball |ul|,, , < r by the operator u — u —
Ro(u, —tV*(u)) does not depend on ¢, 0 < ¢t < 1. Since for ¢t = 0 it is equal
to one, it is also equal to one for t = 1. Hence it follows that equation (24),
and with it problem (21), (3), has at least one solution u = wu,(x), which, by

conditions 4 and 1, belongs to Ofgm), and |D¥u,| < K.

4. Let us prove that some subsequence of the solutions found w,(z) con-
verges to a solution of the general equation (1), whose coefficients satisfy
conditions 1—4. From conditions 1 and 4 it follows that, for any A > 0,

Duy| <K, forlwl<m—1,  [p(D™u)] <K, (25)
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Hence, from (21) for u = u,, from condition 3, and from (20), it follows
that there exists a subsequence y — 0 for which D7u, — D7u, [y| < m,
u, — u almost everywhere in G, and the functions A, (z, D¥u,, D‘Yuu),
Vi (x, D*u,, DYu,,) (for [B] < m), V§'(z, D%u,) (for |B] = m) are equi-
absolutely continuous (in u) with respect to x.

It follows that in the relation satisfied by the functions u,,:

> [Ag(x, D, DVu,), D] + Y [VE(...), DPv] = 0, (26)
B

laj=m

one may pass to the limit as u — 0, if v € C™(G). We obtain that the
limiting function u(z) satisfies relation (15) for v € C™(G). By means of a

limiting passage in v we establish the validity of (15) for arbitrary v € O<pm).
The theorem is proved.
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