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Abstract
Full Text

MATHEMATICS
Yu. G. BORISOVICH

ON ONE APPLICATION OF THE CONCEPT
OF ROTATION OF A VECTOR FIELD
(Presented by Academician P. S. Aleksandrov, 5 VI 1963)

In note (1) we studied the rotation of a weakly continuous vector field in hy-
perboloids (see also (2−3)). The method used can be generalized and applied to
weakly or completely continuous operators acting on certain invariant subsets
of a Banach space. In the present note we set forth the results obtained in
this direction; certain considerations were stated in (4); one particular case was
considered in (5).
1. Let us consider a linear locally convex topological space 𝐸 (l.c.s.), and let 𝐸1
be a convex closed subset in it, which we regard as a topological space with the
topology {𝑈} induced by the topology {𝑈𝐸} of the space 𝐸. Suppose that on
the closure 𝑈 an operator 𝐹𝑥 is defined, acting in 𝐸1 and completely continuous
(𝐹 is continuous and 𝐹𝑈 is compact). Assume that the vector field (𝐼 − 𝐹)𝑥,
where 𝐼 is the identity operator, does not vanish on the boundary ̇𝑈 . The
following is true (see also (6)).
Lemma 1. The sets (𝐼 − 𝐹) ̇𝑈 , (𝐼 − 𝐹)𝑈 are closed in 𝐸; there exists such a
convex neighborhood 𝑈∗

𝐸(𝜃) that (𝐼 − 𝐹) ̇𝑈 ∩ 𝑈 ∗
𝐸(𝜃) is empty.

Denote the pseudonorm generated by 𝑈∗
𝐸(𝜃) by ‖𝑥‖ and construct the Schauder

projection operator

𝑃𝑚𝑥 = (∑ 𝑟𝑖(𝑥)𝑥𝑖) (∑ 𝑟𝑖(𝑥))−1 , 𝑥 ∈ 𝐸1,

where {𝑥𝑖}𝑚
1 is an 𝜀-pseudonet (𝜀 < 1/3) of the set 𝐹𝑈 , and 𝑟𝑖(𝑥) = 𝜀−‖𝑥−𝑥𝑖‖,

if ‖𝑥 − 𝑥𝑖‖ < 𝜀, and 𝑟𝑖(𝑥) = 0 otherwise (𝑖 = 1, 2, … , 𝑚).
Lemma 2. The operators 𝐹𝑥 and 𝑃𝑚𝐹𝑥 are continuously homotopic in 𝐸1
without fixed points on the boundary ̇𝑈 , and moreover ‖𝑃𝑚𝐹𝑥 −𝐹𝑥‖ < 𝜀, 𝑥 ∈ 𝑈 .

Since 𝑃𝑚𝐹 is a finite-dimensional operator, the rotation 𝛾( ̇𝑈) of the field 𝑥−𝐹𝑥
on ̇𝑈 is defined in the usual way (see (7,8)). Moreover, 𝛾( ̇𝑈) does not depend on
the choice of the extension of the operator 𝐹 to 𝑈 , depends additively on the
set 𝑈 , is a homotopy invariant in the class of completely continuous vector fields
on 𝑈 , and is equal to the sum of the indices of the fixed points in 𝑈 , if their
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number is finite. We note that, in contrast to the works (6,8−10), we consider
an operator on an invariant set 𝐸1.

Theorem 1. If there exists a continuous deformation Φ𝑡𝑥 of the set 𝑈 into one
of its points 𝑥 ∈ 𝑈 , and Φ𝑡𝑈 ⊂ 𝑈, 𝑡 > 0, 𝐹𝑈 ⊂ 𝑈 , then there exists a fixed
point of the operator 𝐹 ; if the rotation 𝛾( ̇𝑈) is defined, then it is equal to 1.

Theorem 2. Let a completely continuous operator 𝐹 be defined on 𝑈 ; let 𝐷 be a
convex closed subset in 𝑈 , and suppose 𝐹 𝑗𝐷 ⊂ 𝑈, 𝑗 = 1, 2, … , 𝑚 − 1, 𝐹 𝑚𝑅 ⊂ 𝐷
(𝐹 𝑗 denotes the 𝑗-th iteration of 𝐹 , 𝑅 —

part of the definition of 𝐹 𝑚, 𝑅 ⊂ 𝑈); suppose that in 𝐸 the convex closure of
every compact set is compact.

Then 𝛾( ̇𝑈) (the rotation of the field 𝑥 − 𝐹𝑥) is equal to 1; consequently, in 𝐷
there is a fixed point of the operator 𝐹 .

Let us note that Theorem 2 strengthens Brouwer’s theorem for Banach spaces
(11); it is also valid for convexoid spaces of Leray (12).
Theorem 3. Let 𝐴 be a convexoid space, 𝑈 an open set, 𝐹 a continuous
mapping of 𝑈 into 𝐴; 𝐷 a closed set contractible to a point,

⋃
0≤𝑗≤𝑚−1

𝐹 𝑗𝐷 ⊂ 𝑈, 𝐹 𝑚𝑅 ⊂ 𝐷.

Then the full index of the solutions 𝛾( ̇𝑈) is equal to 1; consequently, 𝐹 has a
fixed point.

We note that Theorem 2 follows from Theorem 3 if, as 𝐴, one considers the
convex closure of the set 𝐹𝑈 ; then the rotation 𝛾( ̇𝑈) coincides with the full
index (12) 𝛾( ̇𝑈) in 𝐴, where ̇𝑈 = 𝑈 ∩ 𝐴.

We give one variant of the theorem on an odd field (7,16,1):
Theorem 4. Let 𝐸1 be centrally symmetric with respect to 𝜃, and let 𝑈 be a set
centrally symmetric and star-shaped with respect to 𝜃, on which a completely
continuous field is defined, odd on the boundary ̇𝑈 . Then the rotation of the
field is odd.

2. In this section cones and wedges in the direct sum 𝐸 = 𝐵1+̇𝐵2 of Banach
spaces are considered.

Let 𝐾1 and 𝐾2 be cones (13) in 𝐵1 and 𝐵2. The direct sum 𝐾 = 𝐾1+̇𝐾2 will
be a cone in 𝐸, and 𝑊 = 𝐾1+̇𝐵 is a wedge (14). By choosing in 𝐵1, 𝐵2 the
weak or strong topology, we define in 𝐸 a Tikhonov topology which will induce
a topology in 𝑊 or 𝐾.

Suppose first that in 𝑊 (𝐾) the topology of the norm ‖𝑥‖ = ‖𝑥1‖ + ‖𝑥2‖ is
induced, and the operator 𝐹 is completely continuous on 𝑈 (for example, on
the ball ‖𝑥‖ ≤ 𝜌, 𝑥 ∈ 𝑊 (𝐾)) and acts in 𝑊 (𝐾). Then on the boundary ̇𝑈 (on
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the sphere ‖𝑥‖ = 𝜌, 𝑥 ∈ 𝑊 (𝐾)) the rotation of the field 𝑥 − 𝐹𝑥 is defined, and
Theorems 1–3 are valid. We formulate new ones.

Let 𝐹 be defined on all of 𝑊 (𝐾) and be equal (cf. with (15))

𝐹𝑥 = 𝐴(𝑥)𝑥 + 𝜑(𝑥), (1)

𝐹𝑊 ⊂ 𝑊 (𝐹𝐾 ⊂ 𝐾), where 𝐴(𝑦) is a linear bounded operator in 𝐸, depending
on the parameter 𝑦 ∈ 𝑊 (𝐾) and leaving 𝑊 (𝐾) invariant. Suppose that, for
𝑥, 𝑦 ∈ 𝑊 (𝐾), the inequalities

inf
‖𝑥‖=1

‖𝑥 − 𝐴(𝑦)𝑥‖ ≥ 𝛾∗, sup
‖𝑥‖=𝜌

‖𝜑(𝑥)‖ < 𝛾∗‖𝑥‖, 𝛾∗, 𝜌 > 0. (2)

are fulfilled.

Lemma 3. If conditions (1)—(2) are fulfilled and 𝐴(𝑦)𝑥 is completely continuous
in (𝑥, 𝑦), then the rotation of the field 𝑥 − 𝐹𝑥 on the sphere ‖𝑥‖ = 𝜌, 𝑥 ∈ 𝑊
(𝐾), is equal to the index 𝛾(𝜃) of the unique fixed point 𝜃 of the linear field
𝑥 − 𝐴(𝜃)𝑥 in 𝑊 (𝐾).

The index of a linear field in a Banach space has in a number of cases been
computed (7,17,1). We compute the index of 𝜃 in 𝑊 . Denote by 𝜇1 the number
equal to 1 if the greatest eigenvalue of the operator 𝐴11 is less than 1, and equal
to 0 otherwise. Below, by 𝛾(𝐴) we shall denote the index of the point 𝜃 of the
operator 𝐴(𝜃) in 𝑊 (𝐾), and by 𝛾1(𝐴), 𝛾2(𝐴) the indices of 𝜃 of the operators
𝐴11, 𝐴22, respectively, in 𝐾1, 𝐵2 (𝐾2).

Lemma 4. Let 𝐴(𝜃) in 𝐸 be given by the matrix (𝐴𝑖𝑗), 𝑖, 𝑗 = 1, 2, with
𝐴12 = 0, 𝐴(𝜃)𝑊 ⊂ 𝑊 (𝐴(𝜃)𝐾 ⊂ 𝐾); suppose that 𝐴11 does not have 1 as a
positive eigenvalue. Then 𝛾(𝐴) = 𝛾1(𝐴) ⋅ 𝛾2(𝐴).
Lemma 5. Let 𝐴11 be a 𝑈0-positive operator (13), having a positive eigenvalue
𝜆0 ≠ 1, and let the cone 𝐾1 be reproducing. Then 𝛾1(𝐴) = 𝜇1.

Let us note that the index of the operator 𝐴22 in 𝐵2 is known (7).

Theorem 5. Suppose that the conditions of Lemma 3 are satisfied and 𝛾(𝐴) ≠
0; then, in the ball ‖𝑥‖ < 𝜌, 𝑥 ∈ 𝑊(𝐾), there exists a fixed point of the operator
𝐹𝑥.

If there is another representation of the operator 𝐹𝑥 = 𝐵(𝑥)𝑥+𝜓(𝑥), satisfying
the same conditions as (1), but (2) is fulfilled on the sphere ‖𝑥‖ = Δ, 𝑥 ∈ 𝑊(𝐾),
and if 𝛾(𝐴) ≠ 𝛾(𝐵), then in the layer 𝜌 < ‖𝑥‖ < Δ there exists a second fixed
point 𝑥 ∈ 𝑊(𝐾).
Up to now, the strong topology from 𝐸 has been induced in 𝑊(𝑘). Suppose
now that in 𝐵1 the weak topology is considered, in 𝐵2 the strong topology, and
in 𝐸 = 𝐵1 + 𝐵2 the corresponding Tikhonov topology, inducing a topology in
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𝑊(𝐾). A theorem analogous to Theorem 5 holds in the case under consideration
if all operators are completely continuous in the topology of 𝐸, the unit ball in
𝐵1 is weakly compact, and the cone 𝐾1 admits plastering.

Lemma 4 will not change, and Lemma 5 becomes the assertion:

Let the operator 𝐴11 have a unique positive eigenvector and a simple positive
eigenvalue 𝜆0 ≠ 1, and let 𝐴𝑛

11 be strongly compact for some integer 𝑛 > 0.
Then 𝛾1(𝐴) = 𝜇1.

Let us note the topological nature of the theorems: on the one hand, they are
a generalization of certain cone theorems of M. A. Krasnosel’skii (13), and on
the other hand, of our theorems on weakly continuous operators (1−3) (see also
the next item).

Let us also note that Theorems 5–7 can be applied, according to the usual
schemes, to prove existence theorems for solutions of systems of nonlinear inte-
gral equations and of periodic solutions of systems of differential equations.

3. Let us consider, in a real separable Hilbert space 𝐻, a linear bounded
self-adjoint operator 𝐿, whose positive spectrum is separated from zero, and
whose subspace carrying the nonpositive spectrum is finite-dimensional. The
inequality (𝐿𝑥, 𝑥) = 𝑟2, 𝑟 ≥ 0, singles out in 𝐻 a hyperbolic set 𝐻𝑟 (if 𝑟 = 0, it
is additionally assumed that 𝐿 has no more than one simple negative eigenvalue).
Introduce in 𝐻𝑟 the weak topology {𝑈}; all sets 𝑈 may be regarded as bounded.
Then, for a weakly continuous field 𝑥 − 𝐹𝑥 acting in 𝐻𝑟, the rotation on the
boundaries 𝑈 is defined and Theorems 1–4 are valid (for 𝑟 = 0, Theorems 1–3).
We present a new assertion.

Let 𝐻− ⊕ 𝐻+ be the decomposition of 𝐻 corresponding to the spectrum of 𝐿.
We shall say that a linear operator 𝐴 has index 𝑘 ≥ 0 relative to 𝐻− if 𝐻− is
invariant and on it the operator has 𝑘 eigenvalues greater than 1 (counting their
multiplicity—the dimension of the Jordan cell), while 1 is not an eigenvalue on
𝐻−. Suppose that the weakly continuous operator 𝐹 has two representations

𝐹𝑥 = 𝐴𝑖(𝑥)𝑥 + 𝜑𝑖(𝑥) (𝑖 = 1, 2),

where 𝐴𝑖(𝑦) is a family of linear operators depending on the parameter 𝑦 ∈ 𝐻𝑟,
𝐴𝑖(𝑦)𝑥 is weakly continuous in the totality of the variables (𝑥, 𝑦); suppose that
𝐻𝑟 is an invariant set for 𝐴𝑖, 𝐹 ; let 𝑃− be the projector onto 𝐻−.

Theorem 6. Let 𝐴𝑖(𝑦) have index 𝑘𝑖 relative to 𝐻−, let 𝐴𝑖(𝑦)𝐻+ ⊂ 𝐻+,

‖𝑃−𝜑𝑖(𝑥)‖ ≤ 𝛾𝑖‖𝑃−𝑥‖ for ‖𝑃−𝑥‖ = 𝜌𝑖 > 0, 𝑥 ∈ 𝐻𝑟, 𝜌1 < 𝜌2, 𝛾𝑖 > 0,

sup ‖(𝐼 − 𝐴𝑖(𝑦))−1‖𝐻−
< 𝛾−1

𝑖 , ‖𝑃−𝑦‖ = 𝜌𝑖, 𝑦 ∈ 𝐻𝑟, (𝑖 = 1, 2).
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Then on the sphere ‖𝑃−𝑥‖ = 𝜌𝑖, 𝑥 ∈ 𝐻𝑟, the rotation of the field 𝑥 − 𝐹𝑥 is
equal to (−1)𝑘𝑖 , and if 𝑘1 ≠ 𝑘2(mod2), then there exist two fixed points of the
operator 𝐹 .

In conclusion the author is pleased to express his gratitude to M. A. Krasnosel’
skii and A. S. Shvarts for discussion of certain questions.

Voronezh State
University

Received
21 V 1963
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