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Abstract
Full Text

E. K. Isakova

A General Boundary-Value Problem for Parabolic Equa-
tions in the Plane

(Presented by Academician A. A. Dorodnitsyn on 5 VII 1963)

In the domain Q (0 <t < T, v, (t) < x < 7,(t)), consider the linear parabolic
equation in the sense of Petrovskii

o 0
L (x,t, Er a—x) u(z,t) =

2p—1
ou 9%Py L

= o + (—1)pA2p(337t)m + Z Ay (z,t)

OFuy

Ay (w,t) >0 for (x,1) € Q,

where & = 7,.(t), r = 0,1, are sufficiently smooth curves in the plane (z,t),
having a finite number of points M;(z;,t;), ¢ = 1,..., M, at which the tangent
is parallel to the z-axis. We shall moreover assume that, in a neighborhood of
the points M;, the equations of these curves have the form

|z — ;| = [t — ;|20 (t),

where § > 0, and ¢,(t), i = 1,..., M, have bounded derivatives.

1. For equation (1) we shall consider the general boundary-value problem, which
consists in the following: in the domain ) one must find a solution of equation
(1) satisfying the conditions

u(sc,t)‘tzo =0, (2)
o 0
Bl |z, t, —, — =pt), i=1,...,p, r=0,1, 3
Hotggs)  =eu® i=lpr 3)
z="7,.(t)
where B}, i =1,...,p, r = 0,1, are linear differential operators with respect to

0/0t and 0/0z.

This problem for the heat equation in the domain Q(¢t > 0, x > 0) was first stud-
ied by A. N. Tikhonov (). In the multidimensional case, a number of authors
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have dealt with the general boundary-value problem for parabolic equations
(and systems) in cylindrical domains. The most complete results on the study
of generalized solutions in cylindrical domains are due to M. S. Agranovich and
M. L. Vishik (?).

In the present note we restrict ourselves to the case of one parabolic equation,
although all the results of this note remain valid also for parabolic systems in
the plane*.

Definition 1. Equation (1) and conditions (2), (3) in @ will be called com-
patible in the natural manner if there exists a function v(z,t) satisfying
conditions (2), (3) and such that the functions

itk o 0
st (71 5 55 ) v

are continuous in @ forall 0 <j<N-—-2 0<k<K-—1, where N and K are
the orders with respect to « and ¢ of the differential operator in (3).

* In the note the case of homogeneous equations (1) and condition (2) is consid-
ered, since the nonhomogeneous case is easily reduced to this one.

Everywhere below it will be assumed that: a) all coefficients in (1), (3) (and
also in (11)) are sufficiently smooth; b) equation (1) and conditions (2)—(3) are
compatible in the natural way. Therefore conditions (3) may be rewritten in
the equivalent form

2p—1

- . - 2\ oFu
Bl = ,; Ei (s 83T> e

i=1,...,p, r = 0,1, where s, is the length of the arc of the curve x = ~,(¢),
measured from the point (v,.(0),0), r =0, 1.

= @ri(t), (4)

z="7,.(t)

Definition 2. By the formal degree in A of the minor of the matrix

Ml

()

A, = ”Piq:Qp—l(srv Ay e 7PZEJ(5

we shall mean its highest possible degree in A\, under an arbitrary variation of
the coefficients in (3) that are not identically equal to zero.

Let 3, denote the maximum formal degree among all minors of the matrix A,.,
and let
Arp<y7'1>"'7yrp) = “P7 "'7Piz,,,p||

Wey?

denote the leftmost minor of order p in the matrix A, having formal degree £3,
(r=0,1).

Definition 3. Conditions (3) ((4)) will be called nondegenerate if the degrees
0

of Ay, and A, for all s, >0, s; > 0, coincide respectively with 3, and ;.
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Let us now consider boundary conditions of the form

) B 8J’U, 821771“

(5

z=7,(t)

i=0,1,...,m,, 2p—1>m,, >-->m, >0 (m,=m,),
v = ]-a » Dy r= Oa 13
where K, (i =1,...,p, r =0,1) are linear Volterra-type integral operators with

respect to their arguments, with measurable bounded kernels.

Definition 4. The boundary conditions (5) will be called canonical if b,,,,, = #
0foralls,>0,¢=1,..,p, r=0,1.

Lemma 1. If conditions (5) are canonical, and the functions ¢, (t) belong to

_mri+pimr

Xi T =1
Cu.T), i = T

, e>0, j,0=1,...,p, r=0,1,

then, for every e > 0, problem (1)—(2)—(5) is uniquely solvable in the domain
Q.

Proof. Using the method of proof of the main theorem in (3), one can show the
validity of Lemma 1 in the case m; = m; = p — 1. Therefore, without loss of
generality, it may always be assumed that ¢,;(t) =0forall0 <m,, <p—1, i =
1,...,p, r=0,1.

Let Gy(z,&,t,7) denote the fundamental solution of equation (1), and let
G,p(z,&,t,7), r=0,1, denote the functions

=&k &1
G0k<x>£7ta7—> = / dgkfl'" Go(xa§0?ta7—) d§07

—00

le(x,f,t,r) :/ dgk—l"'/ GO(%foﬂfvT) dé.O
=& 31

We shall call a potential of the k-th kind with continuous density pu,. (%),
concentrated on the curve z = ~,(t), the function

t aka — (x7£7t57)
R ar.
0

&=, (1)

k=0,1,....,m.+p—1.
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We shall seek the solution of problem (1)—(2)—(5) in the form

u(z, t) = V(1) + Vo (@, 1) + -+ V) (2,8) + Vg (2, 1). (6)

Hence, using (5) and the properties of the fundamental solution G (z,&,t,7),
by analogy with (3) we obtain

Mg p—l

Zbrij Z ik 7(%%};%)(%1@) = @i + @i (105 -+ Hop—15 H105 -+ » H1p—1)s
k=0
(7)

where afjk are certain constants, ®,, are completely continuous Volterra-type
operators, and J,(u), o > 0, is the operator of fractional integration in the Rie-
mann-Liouville sense. (For the definition of fractional integration and fractional
differentiation operators see, for example, (8, 4).)

Applying to the i-th equation (7) the fractional integration operator of order
m,.;/2p, we obtain

—1

hS]

akm’ ‘7(1—7P+’“2;mr)(:u‘rk) = ‘7% (QPM) + - (8)
0

Bl
Il

Equation (8) may be regarded as a linear algebraic system with respect to
J(I_puc mr)(urk), k=0,..,p—1,r=0,1. The determinant of this system is
2p

not zero, which follows from the unique solvability (see (5)) of problem (1)—(2)
—(5) for v,(t) =0, 1,(t) =1, Ky; = K, =0, i =1,...,p. From (8) we find

9 (1 pttme (k) = L (7 g1 (f01), T 200 (0),

ng
2p

7%(@11% 77%(@11))’%0, o5 Hop—15 Mot -+ 7”11)71)? (9)

k=0,..,p—1,r=0,1, where the L, are linear in all their arguments, and
with respect to fi,q,..., 4,1 are also completely continuous and of Volterra
type. Applying to the k-th equation (9) the fractional differentiation operator

1— ptk—my
2p

we obtain, with respect to 1,9, ... s b1, 7 = 0,1, a system of integral equations
of the second kind of Volterra type, which is uniquely solvable. Here, by the
operator D® in the case o > 1 we understand the successive application first
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of the operator dl®!/dtl®l, and then of the operator D'® (o = a — [a]), as was
required to prove.

Lemma 2. The nondegenerate boundary conditions (3), ((4)) can always be
reduced to the canonical form (5).

Indeed, consider conditions (4) with respect to w,; = 9"u/0x"" o Jj =

1,...,p, as a system of ordinary differential equations in s,, r = 0,1. In view of
the assumptions made on the compatibility of (1), (2), (3),

aqrw,,j .
— =0, ,=0,1,...,n.5 Jj=1..,p, r=01, (10)
Is:" |,

where 7,.; is the greatest order of differentiation of the function w,; in (4). Solv-
ing, for w,;, j=1,...,p, 7 = 0,1, the Cauchy problem (4)—(10), we obtain the
validity of Lemma 2.

With the aid of Lemmas 1 and 2 one proves
Theorem 1. If conditions (3) are nondegenerate, and the functions ,;(t)

belong to C*r([0,T]), where

p—m,.+m.

= 1 —
.. ( +e %

), e>0, r=0,1,

i=1,...,p, then for any € > 0 the problem (1)—(2)—(3) is uniquely solvable.

II. Instead of condition (3), consider the more general boundary conditions

B? (x,t g g)u
z x

g 0
1 _— = .
+Bz (ZL',t, 6.23’ 8t) ’ @z(t)v (11)

=0 (t) o= (1)

i=1,...,2p.

We shall continue to assume that equation (1) and conditions (2), (11) are
naturally compatible. Then (11) can be rewritten in the form

2p—1 K 2p—-1 k
0\ 9%u d \ 0"u
Py (50’ ) + Py, (517 ) ok = Pi> (12)
; ¢ dsy ) Ok 2o () ; Os, ) Ok - !
t=1,...,2p.

In the matrix
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A=|PYy, ..., Py, P}

i2p—1> i2p—1""7PilOH

consider minors of order 2p of the form

0 0 1 1] —
P ...,P° P ...7PiopH—A2p(u1,... Vps 01y e s Op)s

vy v, Tioy) » ¥ps

where

0<y, <<y <2p—-1 0<o0,<-<o;<2p—1

Let 8 be the greatest formal degree of all such minors, and let

iy ~ ~ o~ ~
A2p(1/1, ceey Vp,0-17 e ,Up)

be the leftmost minor among all minors

Aoy, (V1 sV 05y 0,)

having formal degree 3.

Definition 5. Conditions (12) ((11)) will be called nondegenerate if the
degree of the minor Ay, is equal to 3.

Theorem 2. If conditions (11) ((12)) are regular uniformly in t € [0,T], in
the sense of (6), and nondegenerate, and the functions p;(t) in (12) belong to
C*([0,T)) for some »n > 0, then the problem (1)—(2)—(11) is uniquely solvable
(% is computed analogously to n,. in Theorem 1).

The proof of this theorem is carried out according to the same plan as that of
Theorem 1.

In this case, canonical boundary conditions will be the nondegenerate conditions,
regular uniformly in ¢ € [0, 7] in the sense of (6), of the form

1 My k 2p—1
0"u 0P u
Z brik(ﬂﬂ + K; (t, U|x:% SRRy ;
=0 k=0 z=",.(t) =%
a2p—1u )
U‘I:"/17.“7 W y 2217...,2p7
T=71

where K are linear integral operators of Volterra type with respect to their
arguments, with measurable bounded kernels.
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The lemma corresponding to this case is proved by the method of potentials
analogously to item I, using at the appropriate place the results of (7).
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