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Abstract
Full Text

E. K. Isakova
A General Boundary-Value Problem for Parabolic Equa-
tions in the Plane
(Presented by Academician A. A. Dorodnitsyn on 5 VII 1963)

In the domain 𝑄 (0 ≤ 𝑡 ≤ 𝑇 , 𝛾0(𝑡) ≤ 𝑥 ≤ 𝛾1(𝑡)), consider the linear parabolic
equation in the sense of Petrovskii

𝐿 (𝑥, 𝑡, 𝜕
𝜕𝑡 , 𝜕

𝜕𝑥) 𝑢(𝑥, 𝑡) ≡

≡ 𝜕𝑢
𝜕𝑡 + (−1)𝑝𝐴2𝑝(𝑥, 𝑡)𝜕2𝑝𝑢

𝜕𝑥2𝑝 +
2𝑝−1
∑
𝑘=0

𝐴𝑘(𝑥, 𝑡)𝜕𝑘𝑢
𝜕𝑥𝑘 = 0, (1)

𝐴2𝑝(𝑥, 𝑡) > 0 for (𝑥, 𝑡) ∈ 𝑄,

where 𝑥 = 𝛾𝑟(𝑡), 𝑟 = 0, 1, are sufficiently smooth curves in the plane (𝑥, 𝑡),
having a finite number of points 𝑀𝑖(𝑥𝑖, 𝑡𝑖), 𝑖 = 1, … , 𝑀 , at which the tangent
is parallel to the 𝑥-axis. We shall moreover assume that, in a neighborhood of
the points 𝑀𝑖, the equations of these curves have the form

|𝑥 − 𝑥𝑖| = |𝑡 − 𝑡𝑖|1/2𝑝+𝛿𝜓𝑖(𝑡),

where 𝛿 > 0, and 𝜓𝑖(𝑡), 𝑖 = 1, … , 𝑀 , have bounded derivatives.

I. For equation (1) we shall consider the general boundary-value problem, which
consists in the following: in the domain 𝑄 one must find a solution of equation
(1) satisfying the conditions

𝑢(𝑥, 𝑡)∣𝑡=0 = 0, (2)

𝐵𝑟
𝑖 (𝑥, 𝑡, 𝜕

𝜕𝑡 , 𝜕
𝜕𝑥)

𝑥=𝛾𝑟(𝑡)
= 𝜑𝑟𝑖(𝑡), 𝑖 = 1, … , 𝑝, 𝑟 = 0, 1, (3)

where 𝐵𝑟
𝑖 , 𝑖 = 1, … , 𝑝, 𝑟 = 0, 1, are linear differential operators with respect to

𝜕/𝜕𝑡 and 𝜕/𝜕𝑥.
This problem for the heat equation in the domain 𝑄(𝑡 ≥ 0, 𝑥 ≥ 0) was first stud-
ied by A. N. Tikhonov (1). In the multidimensional case, a number of authors
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have dealt with the general boundary-value problem for parabolic equations
(and systems) in cylindrical domains. The most complete results on the study
of generalized solutions in cylindrical domains are due to M. S. Agranovich and
M. I. Vishik (2).
In the present note we restrict ourselves to the case of one parabolic equation,
although all the results of this note remain valid also for parabolic systems in
the plane*.

Definition 1. Equation (1) and conditions (2), (3) in 𝑄 will be called com-
patible in the natural manner if there exists a function 𝑣(𝑥, 𝑡) satisfying
conditions (2), (3) and such that the functions

𝜕𝑗+𝑘

𝜕𝑥𝑗𝜕𝑡𝑘 𝐿 (𝑥, 𝑡, 𝜕
𝜕𝑡 , 𝜕

𝜕𝑥) 𝑣(𝑥, 𝑡)

are continuous in 𝑄 for all 0 ≤ 𝑗 ≤ 𝑁 − 2, 0 ≤ 𝑘 ≤ 𝐾 − 1, where 𝑁 and 𝐾 are
the orders with respect to 𝑥 and 𝑡 of the differential operator in (3).

* In the note the case of homogeneous equations (1) and condition (2) is consid-
ered, since the nonhomogeneous case is easily reduced to this one.

Everywhere below it will be assumed that: a) all coefficients in (1), (3) (and
also in (11)) are sufficiently smooth; b) equation (1) and conditions (2)—(3) are
compatible in the natural way. Therefore conditions (3) may be rewritten in
the equivalent form

𝐵𝑟
𝑖 𝑢∣𝑥=𝛾𝑟(𝑡) ≡

2𝑝−1
∑
𝑘=0

𝑃 𝑟
𝑖𝑘 (𝑠𝑟, 𝜕

𝜕𝑠𝑟
) 𝜕𝑘𝑢

𝜕𝑥𝑘 ∣
𝑥=𝛾𝑟(𝑡)

= 𝜑𝑟𝑖(𝑡), (4)

𝑖 = 1, … , 𝑝, 𝑟 = 0, 1, where 𝑠𝑟 is the length of the arc of the curve 𝑥 = 𝛾𝑟(𝑡),
measured from the point (𝛾𝑟(0), 0), 𝑟 = 0, 1.
Definition 2. By the formal degree in 𝜆 of the minor of the matrix

Λ𝑟 = ‖𝑃 𝑟
𝑖,2𝑝−1(𝑠𝑟, 𝜆), … , 𝑃 𝑟

𝑖0(𝑠𝑟, 𝜆)‖

we shall mean its highest possible degree in 𝜆, under an arbitrary variation of
the coefficients in (3) that are not identically equal to zero.

Let 𝛽𝑟 denote the maximum formal degree among all minors of the matrix Λ𝑟,
and let

Λ𝑟𝑝(𝜈𝑟1, … , 𝜈𝑟𝑝) ≡ ‖𝑃 𝑟
𝑖𝜈𝑟1

, … , 𝑃 𝑟
𝑖𝜈𝑟𝑝

‖
denote the leftmost minor of order 𝑝 in the matrix Λ𝑟 having formal degree 𝛽𝑟
(𝑟 = 0, 1).
Definition 3. Conditions (3) ((4)) will be called nondegenerate if the degrees
of Λ0𝑝 and Λ1𝑝, for all 𝑠0 ≥ 0, 𝑠1 ≥ 0, coincide respectively with 𝛽0 and 𝛽1.
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Let us now consider boundary conditions of the form

𝐵𝑟
𝑖 𝑢∣𝑥=𝛾𝑟(𝑡) ≡ {∑ 𝑏𝑟𝑖𝑗(𝑥, 𝑡)𝜕𝑗𝑢

𝜕𝑥𝑗 + 𝐾𝑟𝑖 (𝑡, 𝑢, … , 𝜕2𝑝−1𝑢
𝜕𝑥2𝑝−1 )} ∣

𝑥=𝛾𝑟(𝑡)
, (5)

𝑗 = 0, 1, … , 𝑚𝑟𝑖, 2𝑝 − 1 ≥ 𝑚𝑟𝑝 > ⋯ > 𝑚𝑟1 ≥ 0 (𝑚𝑟𝑝 ≡ 𝑚𝑟),

𝑖 = 1, … , 𝑝, 𝑟 = 0, 1,

where 𝐾𝑟𝑖 (𝑖 = 1, … , 𝑝, 𝑟 = 0, 1) are linear Volterra-type integral operators with
respect to their arguments, with measurable bounded kernels.

Definition 4. The boundary conditions (5) will be called canonical if 𝑏𝑟𝑖𝑚𝑟𝑖
≠

0 for all 𝑠𝑟 ≥ 0, 𝑖 = 1, … , 𝑝, 𝑟 = 0, 1.
Lemma 1. If conditions (5) are canonical, and the functions 𝜑𝑟𝑖(𝑡) belong to

𝐶𝜒𝑖([0, 𝑇 ]), 𝜒𝑖 = 1+𝜀−𝑚𝑟𝑖 + 𝑝 − 𝑚𝑟
2𝑝 , 𝜀 > 0, 𝑗, 𝑖 = 1, … , 𝑝, 𝑟 = 0, 1,

then, for every 𝜀 > 0, problem (1)—(2)—(5) is uniquely solvable in the domain
𝑄.

Proof. Using the method of proof of the main theorem in (3), one can show the
validity of Lemma 1 in the case 𝑚0 = 𝑚1 = 𝑝 − 1. Therefore, without loss of
generality, it may always be assumed that 𝜑𝑟𝑖(𝑡) = 0 for all 0 ≤ 𝑚𝑟𝑖 ≤ 𝑝−1, 𝑖 =
1, … , 𝑝, 𝑟 = 0, 1.
Let 𝐺0(𝑥, 𝜉, 𝑡, 𝜏) denote the fundamental solution of equation (1), and let
𝐺𝑟𝑘(𝑥, 𝜉, 𝑡, 𝜏), 𝑟 = 0, 1, denote the functions

𝐺0𝑘(𝑥, 𝜉, 𝑡, 𝜏) = ∫
𝜉=𝜉𝑘

−∞
𝑑𝜉𝑘−1 ⋯ ∫

𝜉1

−∞
𝐺0(𝑥, 𝜉0, 𝑡, 𝜏) 𝑑𝜉0,

𝐺1𝑘(𝑥, 𝜉, 𝑡, 𝜏) = ∫
∞

𝜉=𝜉𝑘

𝑑𝜉𝑘−1 ⋯ ∫
∞

𝜉1

𝐺0(𝑥, 𝜉0, 𝑡, 𝜏) 𝑑𝜉0.

We shall call a potential of the 𝑘-th kind with continuous density 𝜇𝑟𝑘(𝑡),
concentrated on the curve 𝑥 = 𝛾𝑟(𝑡), the function

𝑉 𝑟
𝑘 (𝑥, 𝑡) = ∫

𝑡

0
𝜇𝑟𝑘(𝜏)

𝜕𝑘𝐺𝑚𝑟−𝑝+1(𝑥, 𝜉, 𝑡, 𝜏)
𝜕𝜉𝑘 ∣

𝜉=𝛾𝑟(𝜏)
𝑑𝜏,

𝑘 = 0, 1, … , 𝑚𝑟 + 𝑝 − 1.
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We shall seek the solution of problem (1)—(2)—(5) in the form

𝑢(𝑥, 𝑡) = 𝑉 0
0 (𝑥, 𝑡) + 𝑉 1

0 (𝑥, 𝑡) + ⋯ + 𝑉 0
𝑝−1(𝑥, 𝑡) + 𝑉 1

𝑝−1(𝑥, 𝑡). (6)

Hence, using (5) and the properties of the fundamental solution 𝐺0(𝑥, 𝜉, 𝑡, 𝜏),
by analogy with (3) we obtain

𝑚𝑟𝑖

∑
𝑗=1

𝑏𝑟𝑖𝑗

𝑝−1
∑
𝑘=0

𝛼𝑟
𝑖𝑗𝑘 ℐ(1− 𝑘+𝑖+𝑝−𝑚𝑟

2𝑝 )(𝜇𝑟𝑘) = 𝜑𝑟𝑖 + Φ𝑟𝑖(𝜇10, … , 𝜇0𝑝−1, 𝜇10, … , 𝜇1𝑝−1),

(7)

where 𝛼𝑟
𝑖𝑗𝑘 are certain constants, Φ𝑟𝑖 are completely continuous Volterra-type

operators, and ℐ𝜎(𝜇), 𝜎 > 0, is the operator of fractional integration in the Rie-
mann–Liouville sense. (For the definition of fractional integration and fractional
differentiation operators see, for example, (8, 4).)

Applying to the 𝑖-th equation (7) the fractional integration operator of order
𝑚𝑟𝑖/2𝑝, we obtain

𝑝−1
∑
𝑘=0

𝛼𝑘𝑟𝑖 ℐ(1− 𝑝+𝑘−𝑚𝑟
2𝑝 )(𝜇𝑟𝑘) = ℐ 𝑚𝑟𝑖

2𝑝
(𝜑𝑟𝑖) + ⋯ (8)

Equation (8) may be regarded as a linear algebraic system with respect to
ℐ(1− 𝑝+𝑘−𝑚𝑟

2𝑝 )(𝜇𝑟𝑘), 𝑘 = 0, … , 𝑝 − 1, 𝑟 = 0, 1. The determinant of this system is
not zero, which follows from the unique solvability (see (5)) of problem (1)—(2)
—(5) for 𝛾0(𝑡) ≡ 0, 𝛾1(𝑡) ≡ 1, 𝐾0𝑖 ≡ 𝐾1𝑟 ≡ 0, 𝑖 = 1, … , 𝑝. From (8) we find

ℐ(1− 𝑝+𝑘−𝑚𝑟
2𝑝 )(𝜇𝑟𝑘) = 𝐿𝑟𝑘(ℐ 𝑚01

2𝑝
(𝜑01), … , ℐ 𝑚0𝑝

2𝑝
(𝜑0𝑝),

ℐ 𝑚11
2𝑝

(𝜑11), … , ℐ 𝑚1𝑝
2𝑝

(𝜑1𝑝), 𝜇10, … , 𝜇0𝑝−1, 𝜇01, … , 𝜇1𝑝−1), (9)

𝑘 = 0, … , 𝑝 − 1, 𝑟 = 0, 1, where the 𝐿𝑟𝑘 are linear in all their arguments, and
with respect to 𝜇𝑟0, … , 𝜇𝑟𝑝−1 are also completely continuous and of Volterra
type. Applying to the 𝑘-th equation (9) the fractional differentiation operator

𝐷 1− 𝑝+𝑘−𝑚𝑟
2𝑝 ,

we obtain, with respect to 𝜇𝑟0, … , 𝜇𝑟𝑝−1, 𝑟 = 0, 1, a system of integral equations
of the second kind of Volterra type, which is uniquely solvable. Here, by the
operator 𝐷𝛼 in the case 𝛼 ≥ 1 we understand the successive application first
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of the operator 𝑑[𝛼]/𝑑𝑡[𝛼], and then of the operator 𝐷(𝛼) (𝛼 = 𝛼 − [𝛼]), as was
required to prove.

Lemma 2. The nondegenerate boundary conditions (3), ((4)) can always be
reduced to the canonical form (5).

Indeed, consider conditions (4) with respect to 𝜔𝑟𝑗 ≡ 𝜕𝜈𝑟𝑗𝑢/𝜕𝑥𝜈𝑟𝑗 ∣𝑥=𝛾𝑟
, 𝑗 =

1, … , 𝑝, as a system of ordinary differential equations in 𝑠𝑟, 𝑟 = 0, 1. In view of
the assumptions made on the compatibility of (1), (2), (3),

𝜕𝑞𝑟𝜔𝑟𝑗
𝜕𝑠𝑞𝑟𝑟

∣
𝑠𝑟=0

= 0, 𝑞𝑟 = 0, 1, … , 𝜂𝑟𝑗, 𝑗 = 1, … , 𝑝, 𝑟 = 0, 1, (10)

where 𝜂𝑟𝑗 is the greatest order of differentiation of the function 𝜔𝑟𝑗 in (4). Solv-
ing, for 𝜔𝑟𝑗, 𝑗 = 1, … , 𝑝, 𝑟 = 0, 1, the Cauchy problem (4)—(10), we obtain the
validity of Lemma 2.

With the aid of Lemmas 1 and 2 one proves

Theorem 1. If conditions (3) are nondegenerate, and the functions 𝜑𝑟𝑖(𝑡)
belong to 𝐶𝜘𝑟([0, 𝑇 ]), where

𝜘𝑟 = (1 + 𝜀 − 𝑝 − 𝑚𝑟 + 𝑚𝑟1
2𝑝 ) , 𝜀 > 0, 𝑟 = 0, 1,

𝑖 = 1, … , 𝑝, then for any 𝜀 > 0 the problem (1)—(2)—(3) is uniquely solvable.

II. Instead of condition (3), consider the more general boundary conditions

𝐵0
𝑖 (𝑥, 𝑡, 𝜕

𝜕𝑥 , 𝜕
𝜕𝑡) 𝑢∣

𝑥=𝛾0(𝑡)
+ 𝐵1

𝑖 (𝑥, 𝑡, 𝜕
𝜕𝑥, 𝜕

𝜕𝑡) ∣
𝑥=𝛾1(𝑡)

= 𝜑𝑖(𝑡), (11)

𝑖 = 1, … , 2𝑝.

We shall continue to assume that equation (1) and conditions (2), (11) are
naturally compatible. Then (11) can be rewritten in the form

2𝑝−1
∑
𝑘=0

𝑃 0
𝑖𝑘 (𝑠0, 𝜕

𝜕𝑠0
) 𝜕𝑘𝑢

𝜕𝑥𝑘 ∣
𝑥=𝛾0(𝑡)

+
2𝑝−1
∑
𝑘=0

𝑃 1
𝑖𝑘 (𝑠1, 𝜕

𝜕𝑠1
) 𝜕𝑘𝑢

𝜕𝑥𝑘 ∣
𝑥=𝛾1

= 𝜑𝑖, (12)

𝑖 = 1, … , 2𝑝.

In the matrix
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Λ ≡ ∥𝑃 0
𝑖 2𝑝−1, … , 𝑃 0

𝑖0, 𝑃 1
𝑖 2𝑝−1, … , 𝑃 1

𝑖0∥

consider minors of order 2𝑝 of the form

∥𝑃 0
𝑖𝜈1

, … , 𝑃 0
𝑖𝜈𝑝

, 𝑃 1
𝑖𝜎1

, … , 𝑃 1
𝑖𝜎𝑝

∥ = Λ2𝑝(𝜈1, … , 𝜈𝑝, 𝜎1, … , 𝜎𝑝),

where

0 ≤ 𝜈𝑝 < ⋯ < 𝜈1 ≤ 2𝑝 − 1, 0 ≤ 𝜎𝑝 < ⋯ < 𝜎1 ≤ 2𝑝 − 1.

Let 𝛽 be the greatest formal degree of all such minors, and let

Λ̃2𝑝( ̃𝜈1, … , ̃𝜈𝑝, 𝜎̃1, … , 𝜎̃𝑝)

be the leftmost minor among all minors

Λ2𝑝(𝜈1, … , 𝜈𝑝, 𝜎1, … , 𝜎𝑝)

having formal degree 𝛽.
Definition 5. Conditions (12) ((11)) will be called nondegenerate if the
degree of the minor Λ̃2𝑝 is equal to 𝛽.
Theorem 2. If conditions (11) ((12)) are regular uniformly in 𝑡 ∈ [0, 𝑇 ], in
the sense of (6), and nondegenerate, and the functions 𝜑𝑖(𝑡) in (12) belong to
𝐶𝜘([0, 𝑇 ]) for some 𝜘 > 0, then the problem (1)—(2)—(11) is uniquely solvable
(𝜘 is computed analogously to 𝜘𝑟 in Theorem 1).

The proof of this theorem is carried out according to the same plan as that of
Theorem 1.

In this case, canonical boundary conditions will be the nondegenerate conditions,
regular uniformly in 𝑡 ∈ [0, 𝑇 ] in the sense of (6), of the form

1
∑
𝑟=0

𝑚𝑟𝑖

∑
𝑘=0

𝑏𝑟𝑖𝑘(𝑡)𝜕𝑘𝑢
𝜕𝑥𝑘 ∣

𝑥=𝛾𝑟(𝑡)
+ 𝐾𝑖 (𝑡, 𝑢|𝑥=𝛾0

, … , 𝜕2𝑝−1𝑢
𝜕𝑥2𝑝−1 ∣

𝑥=𝛾0

,

𝑢|𝑥=𝛾1
, … , 𝜕2𝑝−1𝑢

𝜕𝑥2𝑝−1 ∣
𝑥=𝛾1

) , 𝑖 = 1, … , 2𝑝,

where 𝐾𝑖 are linear integral operators of Volterra type with respect to their
arguments, with measurable bounded kernels.
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The lemma corresponding to this case is proved by the method of potentials
analogously to item I, using at the appropriate place the results of (7).

Computing Center
Academy of Sciences of the USSR

Received
29 VI 1963
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