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MATHEMATICS
L. V. ZHIZHIASHVILI

CONJUGATE FUNCTIONS OF TWO VARI-
ABLES AND DOUBLE FOURIER SERIES

(Presented by Academician A. N. Kolmogorov, 20 X 1962)

1. Tt is known (see (*))* that for every integrable function f(x) there exists
almost everywhere the integral

) = gz [ 0= fo — ) ets g

called the function conjugate to f(z). Riesz (") established that if f(z) €
LP(—m,7), p > 1, then f(z) € LP(~m,m) and |fl» < A(p)|flL- 1£p =1, then
Riesz’ s theorem does not hold, since f(z) may fail to be summable ((3), p. 227).
But the following theorem of A. N. Kolmogorov is valid:

If f(z) is integrable, then |f(x)|? is integrable, and

{/ |f<x>de}l/p <) [ F@lds,  0<p<l,

where B(p) is a constant depending only on p (?).

A. Zygmund observed (%) that if |f(z)|log” |f(z)| € L(—n, ), then f(z) is
summable and

[ Viwdr < a [ |f)ios” )] do + B

where A and B are constants.

In the case when f(x) > 0, this theorem admits a converse, i.e., if f(z) €
L(—m, ), f(z) >0, and f(z) is summable, then |f(x)|log™ |f(x)| is summable
().

Let now f(x,y), 2m-periodic with respect to each of the variables, be summable
on Ry = [—m,m; —m, w]. Consider the functions
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1 [ S
filz,y) = 5= /7r f(w+s,y)ctg§ds,

I t
e = =gz [ fey+pers

1 T t
f(l”y):47T2/w/wf($+s,y+t)ctg;ctg2dsdt.

Following Cesari (®), we shall call the functions f,(z,), fo(x,y), f(x,y) conju-
gate respectively with respect to the variable x, with respect to the variable y,
and

* For f(z) € L*(—n,7) this result was earlier obtained by N. N. Luzin ((?),
p. 217).

with respect to the set of variables x and y. Sokol-Sokolovskii () established
that the Riesz theorem is also valid for conjugate functions of two variables.
If, however, |f(z,y)|log" |f(x,y)| € L(R,), then, as Zygmund (1°) proved, the
function f (x,y) exists almost everywhere and

1/p
{ / |f<x,y>|pdxdy} <
Ro

< A'(p) /R F@y)log" |f(@,9)ldedy + B(), 0<p<l,

0

where A’(p) and B’(p) are constants depending only on p.

However, it is unknown whether the condition |f(z,y)|log" |f(z,y)| € L(R,)
implies that f(z,y) € L(R,).

2. In this section we shall give a complete answer to the question just posed
and present a number of other assertions belonging to the same circle of ideas.

Theorem 1. There exists a function f(x,y), 2m-periodic in each of the variables
2 and vy, such that

[f (@, y)|(log" | f(z,y)])* € L(Ry)

for every 0 < € < 2, but f(x,y) is not summable.

Theorem 2. There exists a nonnegative 2m-periodic function f(z,y) € L(R,)
for which f;(z,y) is not summable on any interval with respect to y for any
fixed x € E, where |E| > 0.
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Theorem 3. If | f(z,y)|log" |f(x,y)| € L(R,), then almost everywhere

f(x,y) = fl,2(xay> = f2,1($7y)-

This theorem was published by us in ('1).
It is easy to prove that if

|f(,y)|(log" | f(2,y)))* € L(R,), a >0,

then
iz ) log® (2 + |fi(z,y)]) € L(Ry)  (i=1,2).

Consequently, from Theorems 1 and 3 it follows immediately:

Corollary. If
|f(,9)|(log" | f(z,9)])? € L(Ry), (1)
then

f(z,y) € L(Ry), (2)

and assertion (2) loses its force if, in condition (1), the square is replaced by a
smaller power.

An assertion of analogous type also holds for functions of n variables. For
example, the following is true.

Theorem 4. If

|f<x171'2’ ,l'n>|(10g+ |f(1'17x2a A xn)Dn € L(R6)7 (3)

then

f(x17$27"'733n) GL(R(/))v (4)

and assertion (4) loses its force if, in condition (3), the power n is replaced by
a smaller one,
Ry = [—m,m,—m, T ...; —, 7.

3. In this section we shall give a number of assertions concerning (C, a, §3)-
summability of double Fourier series and their conjugate series.

Let the series

o0
g A (@ COSTRI COS Y + b, ), SID M COS Y+
m,n=0

+Cyp COSME sinny + d,,,,, sinma sinny) (5)
be the double Fourier-Lebesgue series of the function f(z,y), where Ay, = 1/4,

Mon = Amo = Amn = 1, m,n > 0. Denote by 023 (x,y) the Cesaro (C,a, )-
means of the series (5). Further, let (cf. (1))
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Apyf(@,y) = fl@+hoy+n) = fl@+hy) = flz,y+ 1)+ f(z,9),
Ahf(‘r7y) = f(erh,y) 7f(xay)7 Anf(xay) = f(xaerﬂ) 7f(1"7y>

Theorem 5. If the function f(x,y), continuous and 2w-periodic with respect
to each of the variables = and y, satisfies the conditions:

1/1’1
{/ |Ay, f (2, y) [P dwdy} = O(h*n?);
Rq

T 1/ps
{/ |A, f(z,y) P2 dﬂc} = O(h®") uniformly with respect to y;

1/ps

{/ A, f(z,y)|Ps dy} = O(h”") uniformly with respect to z,

then

om0 (2, y) — f<xvy)||c =0 <mfa+1/p1 4+ =By nfﬁ’ﬂ/pg) ,

where
/ / 1
0<a,p,a,p6 <1, Ao< — (k=1,2,3),
Px
- ma {1 1} o 1 o 1
maxs<§ —, — - YN
pl Ck’ ﬂ ) p2 Oé/’ p3 ﬂ/
If, however, A\ = i, then
s Inm!i-1/p
o (2, y) — flz,y)l|,, = O (maﬂ/m)

+ mfoz/+1/p2 T n—B+1/p1 + n*ﬁ/ﬂLl/Ps_

Analogous estimates are obtained if A = i or 6 = i (k = 1,2,3). The
theorem remains valid also for double conjugate trigonometric series in the sense
of Cesaro (®).

Theorem 6. If f(x,y) is a continuous and 27-periodic function satisfying the
condition
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1/p
{/ If(x+h,y+n)f(x,y)pdxdy} = O(h* +1P),
Ry

11
0<ao,B<1, pzmax{—,f},
a p
then the series o[f] is uniformly (C, —\, —§)-summable to f(z,y), i.e.

min(c, ﬁ).

U_A’_é(a%y) - f(mvy) — Oa )‘7 0 < 2

mn

If p > max {é, %}, then analogous theorems are valid also for double conjugate
trigonometric series.

Theorem 7. If f(z,y) is a continuous 27-periodic function, then

o (@, y) = f(@,y)] o = O(@umn),

where

1 1
@mn:wl(nm>+w2<nn>7 Oé,ﬁ>0,
m n

w;(0) = maX{ sup [ f(x2,y) — f(xl,y)l} ,

v |wo—z,]|<6

w2<5)=maX{ sup f(w,yz)—f(w,yl)l}.

x lya—y1/<8

On the basis of results of V. G. Chelidze (°), it is proved that under the hy-
potheses of Theorems 6 and 5 the following relations hold:

login (@, y) = flzy)l, < A" [l (@,y) — flzy)],,

a>—=\  [f>-6.
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