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Abstract
Full Text
MATHEMATICS

L. V. ZHIZHIASHVILI

CONJUGATE FUNCTIONS OF TWO VARI-
ABLES AND DOUBLE FOURIER SERIES
(Presented by Academician A. N. Kolmogorov, 20 X 1962)

1. It is known (see (4))* that for every integrable function 𝑓(𝑥) there exists
almost everywhere the integral

̄𝑓(𝑥) = − 1
2𝜋 ∫

𝜋

0
[𝑓(𝑥 + 𝑡) − 𝑓(𝑥 − 𝑡)] ctg 𝑡

2 𝑑𝑡,

called the function conjugate to 𝑓(𝑥). Riesz (7) established that if 𝑓(𝑥) ∈
𝐿𝑝(−𝜋, 𝜋), 𝑝 > 1, then ̄𝑓(𝑥) ∈ 𝐿𝑝(−𝜋, 𝜋) and ‖ ̄𝑓‖𝐿𝑝 ≤ 𝐴(𝑝)‖𝑓‖𝐿𝑝 . If 𝑝 = 1, then
Riesz’s theorem does not hold, since ̄𝑓(𝑥) may fail to be summable ((3), p. 227).
But the following theorem of A. N. Kolmogorov is valid:

If 𝑓(𝑥) is integrable, then | ̄𝑓(𝑥)|𝑝 is integrable, and

{∫
𝜋

−𝜋
| ̄𝑓(𝑥)|𝑝𝑑𝑥}

1/𝑝
≤ 𝐵(𝑝) ∫

𝜋

−𝜋
|𝑓(𝑥)| 𝑑𝑥, 0 < 𝑝 < 1,

where 𝐵(𝑝) is a constant depending only on 𝑝 (2).
A. Zygmund observed (9) that if |𝑓(𝑥)| log+ |𝑓(𝑥)| ∈ 𝐿(−𝜋, 𝜋), then ̄𝑓(𝑥) is
summable and

∫
𝜋

−𝜋
| ̄𝑓(𝑥)| 𝑑𝑥 ≤ 𝐴 ∫

𝜋

−𝜋
|𝑓(𝑥)| log+ |𝑓(𝑥)| 𝑑𝑥 + 𝐵,

where 𝐴 and 𝐵 are constants.

In the case when 𝑓(𝑥) ≥ 0, this theorem admits a converse, i.e., if 𝑓(𝑥) ∈
𝐿(−𝜋, 𝜋), 𝑓(𝑥) ≥ 0, and ̄𝑓(𝑥) is summable, then |𝑓(𝑥)| log+ |𝑓(𝑥)| is summable
(7).
Let now 𝑓(𝑥, 𝑦), 2𝜋-periodic with respect to each of the variables, be summable
on 𝑅0 = [−𝜋, 𝜋; −𝜋, 𝜋]. Consider the functions
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̄𝑓1(𝑥, 𝑦) = − 1
2𝜋 ∫

𝜋

−𝜋
𝑓(𝑥 + 𝑠, 𝑦) ctg 𝑠

2 𝑑𝑠,

̄𝑓2(𝑥, 𝑦) = − 1
2𝜋 ∫

𝜋

−𝜋
𝑓(𝑥, 𝑦 + 𝑡) ctg 𝑡

2 𝑑𝑡,

̄𝑓(𝑥, 𝑦) = 1
4𝜋2 ∫

𝜋

−𝜋
∫

𝜋

−𝜋
𝑓(𝑥 + 𝑠, 𝑦 + 𝑡) ctg 𝑠

2 ctg 𝑡
2 𝑑𝑠 𝑑𝑡.

Following Cesari (8), we shall call the functions ̄𝑓1(𝑥, 𝑦), ̄𝑓2(𝑥, 𝑦), ̄𝑓(𝑥, 𝑦) conju-
gate respectively with respect to the variable 𝑥, with respect to the variable 𝑦,
and

* For 𝑓(𝑥) ∈ 𝐿2(−𝜋, 𝜋) this result was earlier obtained by N. N. Luzin ((3),
p. 217).

with respect to the set of variables 𝑥 and 𝑦. Sokol-Sokolovskii (9) established
that the Riesz theorem is also valid for conjugate functions of two variables.
If, however, |𝑓(𝑥, 𝑦)| log+ |𝑓(𝑥, 𝑦)| ∈ 𝐿(𝑅0), then, as Zygmund (10) proved, the
function ̄𝑓(𝑥, 𝑦) exists almost everywhere and

{∬
𝑅0

| ̄𝑓(𝑥, 𝑦)|𝑝 𝑑𝑥 𝑑𝑦}
1/𝑝

≤

≤ 𝐴′(𝑝) ∬
𝑅0

|𝑓(𝑥, 𝑦)| log+ |𝑓(𝑥, 𝑦)| 𝑑𝑥 𝑑𝑦 + 𝐵′(𝑝), 0 < 𝑝 < 1,

where 𝐴′(𝑝) and 𝐵′(𝑝) are constants depending only on 𝑝.
However, it is unknown whether the condition |𝑓(𝑥, 𝑦)| log+ |𝑓(𝑥, 𝑦)| ∈ 𝐿(𝑅0)
implies that ̄𝑓(𝑥, 𝑦) ∈ 𝐿(𝑅0).
2. In this section we shall give a complete answer to the question just posed
and present a number of other assertions belonging to the same circle of ideas.

Theorem 1. There exists a function 𝑓(𝑥, 𝑦), 2𝜋-periodic in each of the variables
𝑥 and 𝑦, such that

|𝑓(𝑥, 𝑦)|(log+ |𝑓(𝑥, 𝑦)|)2−𝜀 ∈ 𝐿(𝑅0)

for every 0 < 𝜀 < 2, but ̄𝑓(𝑥, 𝑦) is not summable.

Theorem 2. There exists a nonnegative 2𝜋-periodic function 𝑓(𝑥, 𝑦) ∈ 𝐿(𝑅0)
for which ̄𝑓1(𝑥, 𝑦) is not summable on any interval with respect to 𝑦 for any
fixed 𝑥 ∈ 𝐸, where |𝐸| > 0.

sovietrxiv.org/items/ru-196301.04711 Machine Translation

https://sovietrxiv.org/items/ru-196301.04711


Theorem 3. If |𝑓(𝑥, 𝑦)| log+ |𝑓(𝑥, 𝑦)| ∈ 𝐿(𝑅0), then almost everywhere

̄𝑓(𝑥, 𝑦) = ̄𝑓1,2(𝑥, 𝑦) = ̄𝑓2,1(𝑥, 𝑦).

This theorem was published by us in (11).
It is easy to prove that if

|𝑓(𝑥, 𝑦)|(log+ |𝑓(𝑥, 𝑦)|)𝛼 ∈ 𝐿(𝑅0), 𝛼 > 0,

then
| ̄𝑓𝑖(𝑥, 𝑦)| log𝛼−1(2 + | ̄𝑓𝑖(𝑥, 𝑦)|) ∈ 𝐿(𝑅0) (𝑖 = 1, 2).

Consequently, from Theorems 1 and 3 it follows immediately:

Corollary. If
|𝑓(𝑥, 𝑦)|(log+ |𝑓(𝑥, 𝑦)|)2 ∈ 𝐿(𝑅0), (1)

then
̄𝑓(𝑥, 𝑦) ∈ 𝐿(𝑅0), (2)

and assertion (2) loses its force if, in condition (1), the square is replaced by a
smaller power.

An assertion of analogous type also holds for functions of 𝑛 variables. For
example, the following is true.

Theorem 4. If

|𝑓(𝑥1, 𝑥2, … , 𝑥𝑛)|(log+ |𝑓(𝑥1, 𝑥2, … , 𝑥𝑛)|)𝑛 ∈ 𝐿(𝑅′
0), (3)

then
̄𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) ∈ 𝐿(𝑅′

0), (4)
and assertion (4) loses its force if, in condition (3), the power 𝑛 is replaced by
a smaller one,

𝑅′
0 = [−𝜋, 𝜋, −𝜋, 𝜋; … ; −𝜋, 𝜋].

3. In this section we shall give a number of assertions concerning (𝐶, 𝛼, 𝛽)-
summability of double Fourier series and their conjugate series.

Let the series

∞
∑

𝑚,𝑛=0
𝜆𝑚𝑛(𝑎𝑚𝑛 cos𝑚𝑥 cos𝑛𝑦 + 𝑏𝑚𝑛 sin𝑚𝑥 cos𝑛𝑦+

+𝑐𝑚𝑛 cos𝑚𝑥 sin𝑛𝑦 + 𝑑𝑚𝑛 sin𝑚𝑥 sin𝑛𝑦) (5)

be the double Fourier–Lebesgue series of the function 𝑓(𝑥, 𝑦), where 𝜆00 = 1/4,
𝜆0𝑛 = 𝜆𝑚0 = 𝜆𝑚𝑛 = 1, 𝑚, 𝑛 > 0. Denote by 𝜎𝛼,𝛽

𝑚𝑛(𝑥, 𝑦) the Cesàro (𝐶, 𝛼, 𝛽)-
means of the series (5). Further, let (cf. (1))
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Δℎ𝜂𝑓(𝑥, 𝑦) = 𝑓(𝑥 + ℎ, 𝑦 + 𝜂) − 𝑓(𝑥 + ℎ, 𝑦) − 𝑓(𝑥, 𝑦 + 𝜂) + 𝑓(𝑥, 𝑦),
Δℎ𝑓(𝑥, 𝑦) = 𝑓(𝑥 + ℎ, 𝑦) − 𝑓(𝑥, 𝑦), Δ𝜂𝑓(𝑥, 𝑦) = 𝑓(𝑥, 𝑦 + 𝜂) − 𝑓(𝑥, 𝑦).

Theorem 5. If the function 𝑓(𝑥, 𝑦), continuous and 2𝜋-periodic with respect
to each of the variables 𝑥 and 𝑦, satisfies the conditions:

{∬
𝑅0

|Δℎ𝜂𝑓(𝑥, 𝑦)|𝑝1 𝑑𝑥 𝑑𝑦}
1/𝑝1

= 𝑂(ℎ𝛼𝜂𝛽);

{∫
𝜋

−𝜋
|Δℎ𝑓(𝑥, 𝑦)|𝑝2 𝑑𝑥}

1/𝑝2

= 𝑂(ℎ𝛼′) uniformly with respect to 𝑦;

{∫
𝜋

−𝜋
|Δ𝜂𝑓(𝑥, 𝑦)|𝑝3 𝑑𝑦}

1/𝑝3

= 𝑂(ℎ𝛽′) uniformly with respect to 𝑥,

then

∥𝜎−𝜆,−𝛿
𝑚𝑛 (𝑥, 𝑦) − 𝑓(𝑥, 𝑦)∥𝐶 = 𝑂 (𝑚−𝛼+1/𝑝1 + 𝑚−𝛼′+1/𝑝2 + 𝑛−𝛽+1/𝑝1 + 𝑛−𝛽′+1/𝑝3) ,

where

0 < 𝛼, 𝛽, 𝛼′, 𝛽′ < 1, 𝜆, 𝛿 < 1
𝑝𝑘

(𝑘 = 1, 2, 3),

𝑝1 > max{ 1
𝛼, 1

𝛽 } , 𝑝2 > 1
𝛼′ , 𝑝3 > 1

𝛽′ .

If, however, 𝜆 = 1
𝑝1
, then

∥𝜎−𝜆,−𝛿
𝑚𝑛 (𝑥, 𝑦) − 𝑓(𝑥, 𝑦)∥𝐶 = 𝑂 ( ln𝑚1−1/𝑝1

𝑚𝛼+1/𝑝1
)

+ 𝑚−𝛼′+1/𝑝2 + 𝑛−𝛽+1/𝑝1 + 𝑛−𝛽′+1/𝑝3 .

Analogous estimates are obtained if 𝜆 = 1
𝑝𝑘

or 𝛿 = 1
𝑝𝑘

(𝑘 = 1, 2, 3). The
theorem remains valid also for double conjugate trigonometric series in the sense
of Cesàro (8).
Theorem 6. If 𝑓(𝑥, 𝑦) is a continuous and 2𝜋-periodic function satisfying the
condition

sovietrxiv.org/items/ru-196301.04711 Machine Translation

https://sovietrxiv.org/items/ru-196301.04711


{∬
𝑅0

|𝑓(𝑥 + ℎ, 𝑦 + 𝜂) − 𝑓(𝑥, 𝑦)|𝑝 𝑑𝑥 𝑑𝑦}
1/𝑝

= 𝑂(ℎ𝛼 + 𝜂𝛽),

0 < 𝛼, 𝛽 < 1, 𝑝 ≥ max{ 1
𝛼, 1

𝛽 } ,

then the series 𝜎[𝑓] is uniformly (𝐶, −𝜆, −𝛿)-summable to 𝑓(𝑥, 𝑦), i.e.

𝜎−𝜆,−𝛿
𝑚𝑛 (𝑥, 𝑦) − 𝑓(𝑥, 𝑦) → 0, 𝜆, 𝛿 < min(𝛼, 𝛽)

2 .

If 𝑝 > max{ 1
𝛼 , 1

𝛽 }, then analogous theorems are valid also for double conjugate
trigonometric series.

Theorem 7. If 𝑓(𝑥, 𝑦) is a continuous 2𝜋-periodic function, then

∥𝜎𝛼,𝛽
𝑚𝑛(𝑥, 𝑦) − 𝑓(𝑥, 𝑦)∥𝐶 = 𝑂(𝜑𝑚𝑛),

where

𝜑𝑚𝑛 = 𝜔1 ( ln𝑚
𝑚 ) + 𝜔2 ( ln𝑛

𝑛 ) , 𝛼, 𝛽 > 0,

𝜔1(𝛿) = max
𝑦

{ sup
|𝑥2−𝑥1|≤𝛿

|𝑓(𝑥2, 𝑦) − 𝑓(𝑥1, 𝑦)|} ,

𝜔2(𝛿) = max
𝑥

{ sup
|𝑦2−𝑦1|≤𝛿

|𝑓(𝑥, 𝑦2) − 𝑓(𝑥, 𝑦1)|} .

On the basis of results of V. G. Chelidze (5), it is proved that under the hy-
potheses of Theorems 6 and 5 the following relations hold:

∥𝜎𝛼,𝛽
𝑚𝑛(𝑥, 𝑦) − 𝑓(𝑥, 𝑦)∥𝐶 ≤ 𝐴″ ∥𝜎−𝜆,−𝛿

𝑚𝑛 (𝑥, 𝑦) − 𝑓(𝑥, 𝑦)∥𝐶 ,

𝛼 > −𝜆, 𝛽 > −𝛿.

Received
20 X 1962
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