Soviet-era science, translated into English

MATHEMATICS

1963

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196301.04264

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196301.04264

Abstract
Full Text

MATHEMATICS
Yu. Ya. TOMCHUK

ON POLYNOMIALS ORTHOGONAL ON A
GIVEN SYSTEM OF ARCS OF THE UNIT
CIRCLE

(Presented by Academician S. N. Bernstein on 29 I 1963)

1. In the well-known theory of polynomials orthogonal on the circle, created
by G. Szegd (1) and developed in the works of Ya. L. Geronimus (?), the
case in which the weight vanishes on a set of positive measure is excluded.
In the paper of N. I. Akhiezer (®), the general theory is extended to the
case where the weight vanishes on an entire arc. The constructions of that
paper, however, do not apply if the number of “empty” arcs is greater
than one. In comparison with the analogous question for polynomials
orthogonal on the line, to which the papers (*,°) are devoted, certain
additional difficulties arise here.

2. Let the support of the spectrum be a finite system of arcs

(E) [eié, eml], [61‘51762‘%]7 o [eiﬂp, ei(27r75)]7

where 0 <6 < ay <) <+ <a,<f,<2r—4. Introduce the polynomials

p P
1 ) ) 1 ) .
Sy(z) = H % (ze‘m‘k/2 — emk/Q) ; T(z) = % (ze_zﬂk/2 — e’ﬁk/z) ;
k=1 k=1
1 ) )
S(z) = % (zefm"/z — 6“‘0/2) Sy (2); R(z) = S(2)T(z),

where ay = 27 — 6§, B, = d. Denote by t(z) a continuous and positive function
on FE, and take as differential weights on F the expressions

The corresponding orthogonal polynomials of degree n with leading coefficient
equal to unity will be denoted, respectively, by A, (z;t), B, (2;t).
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Among the weights, those are distinguished (we shall call them special) for which
t(z) is a quasipolynomial

p

P = Y et

k=—p

positive on FE.

The investigation is divided into two stages: the construction, for n > 2p, of the
orthogonal polynomials A,,(z; P), B, (z; P) corresponding to a special weight,
and the approximation of “arbitrary” weights by special ones and the consequent
derivation of asymptotic formulas for the orthogonal polynomials corresponding
to arbitrary weights.

The case of a special weight requires, as in (4,%), certain considerations on the

two-sheeted Riemann surface JR, whose transition lines are the arcs of the system
E. Denoting by z a point on one sheet, and by 2z’ the corresponding point on
the other sheet, we establish the following proposition:

Theorem 1. If p(z,/R(%)) is a rational function having a pole of order n > 2p
at the point oo’ (i.e., at the point at infinity of the second sheet), p + 1 simple
poles at the points e (k = 0,1,...,p), a pole of order p — 1 at the point oo,
a zero of multiplicity n — p at the point 0, and 2p zeros a; (on the first sheet),
where P(z) vanishes, and if

zl_i}r(g/ 27"p(z,\/R(2)) = 2, o= i Z(ﬂk —ay), (1)
k=0
then
» (z R(z)) = A, (2;P)— ewsﬂgz()z) B, (zP).

It should be noted that p (z, \/R(z)) has another p zeros, which are already
arbitrary and may lie both on the first and on the second sheet. Denote them
by ¥1,72, -+,7,- It can be shown that |y,[ <1 (k =1,2,...,p). The proof of
this fact is based on the following proposition:

Theorem 2. If
1 (+z _S(C) d¢
PO =5 [ e TG PO

is the Carathéodory function corresponding to the special weight, and C,,(z; P)
is the polynomial of the second kind, i.e.,
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Cn<Z;P>=;m/ngj[An«;P)—An(z;pn _158 %(Co

then for n > 2p

(2 P
A, (% P)

3. The effective construction of the function p (z; R(z)) requires the intro-
duction of Abelian integrals. Put

dz

R(2) |

h(z,c):exp{;/; \/R(z)+\/R(c>+N

25 (2)
where N, (z) is a polynomial of degree p with leading coefficient y/R(0), whose
remaining coefficients are determined by the requirement that the modulus of
the function h(z,c) be single-valued on §. Note that In|h(z,0)| is the Green
function with respect to the point z = oo of the domain represented by the first

sheet of the surface §, and
1 [~1 N(z)
exp 1§ = - |1+ dz p|,
p{2/em l R(:) H

where N(z) = —/R(0) 21 + .-+ /R(0), is the transfinite diameter of the set
E. With the aid of the functions h(z,¢) one can construct p <z, R(z))

7= lim

2—00 ‘h(z, 0’)

Az, 00" T, bz, ) T, h(z,7;)

P (s VR) =M S

To determine the constant M and the normalizing coefficient, introduce the
expressions

T e )

F* [P] _ - , Hj:l |h<27’yj)|
Hj:1|h(2’7j)| oo

r sl B
[T 1h(z e )l]

Pl =T7,[P]

nl

and immediately note that, thanks to the inequalities |y,| <1 (k= 1,2,...,p),
there exists a constant L > 0 for which
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1
—<TI7|P]<L.
L <TilP)<

For what follows we still need the function ®(z, f), defined by the following
conditions: it is regular and different from zero in the domain G, obtains-

~-from the plane of z by means of cuts along the arcs F, has a single-valued
modulus and its limiting values on E are equal to f(e').

Using condition (1), we find that

o LlP) _ PPy -2 L
|M| =27 m, N, [P] = 7Ti/E|An(27P)| _T(Z> 2P(z) -
:27’2’”%'

P(e?)|@(o0, P)|

After this, for any n > 2p one can obtain the inequality

1V S(2) A,,(z; P)® (00, P)| < C7"\/P(2) (z € E).

Here and below, by the letter C' we denote various constants depending only on
the set E. Further, one can prove that for z € F, ( € E, the inequalities

\/S<z>\/5<<>Kn<z,<>’<C K, (. OVSEVSAI _
VP(2)/P(() ’ (z—)/P(2)\/P(C) ’

(2)

Ko (2,0V5(2)
(z = OV POV P(2)

< Cn?,

where K, (z,() is the usual notation for the Christoffel-Darboux kernel:

n

4. Theorem 3. If a function #(z), positive on E, has a continuous first deriva-
tive, then for any z € F

VS(z) A, (z,t)P(c0,t)

< C.
T/ t(2)

Theorem 4. If t(z) is a function positive on E and having a continuous first
derivative, and P(z) is a quasipolynomial such that
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’1P<Z) <e, (z € B),

t(z)

then everywhere on F

A (25t) — A, (2, P)| < Ce,, /P(2)7"|®(00, P)["1n”.

Both theorems follow from inequalities (2) and the equality

)Kn(z,o\/%\/%[ 1 _1} ¢
. .

A, (zt) = A, (z P)+/An(<,t ) tQ)

E (—=z R(¢)

5. Definition. Functions f;(z) and f,(2), both positive on E, belong to one
class if

Siz) mAiG) [ Silz) Infaz) -
/E R(Z)Z_eiajd /E R(Z>Z—eio‘y'd (7=12,...p).

After this, in the same way as in (4), we obtain the following proposition.

Theorem 5. If

fi(z) = Z Ay, faz) = Z By2*

k=-p k=—q

(f1(e?) and fo(e?) > 0 for €’ € E) belong to one class, then for n > 2¢ > 2p
and z € G

R(2)

z e B, (2;
An( af2)+ S(Z) Bn( af2) :eig(p (Z, \/72) G \/711 ’
Ay (53 1) + S]fz(f) ¢B, (= fy) . "
. _ R<Z) eia R
Anlei fo) = “gry” € Balzi f2) . (Z \/E)G \/711 fa(2).
A=) - s?) L eioB, (2 1) " R 1
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1(u)
R(u)

=
T
n

G[¢] = expRe {m;i ) In p(u) du} .

Lemma. Let t(z) (z € E) be a positive function having a derivative of order r
with modulus of continuity w,.(d). In this case one can construct a quasipolyno-
mial P(z) of degree < n, belonging to the same class as ¢(z), and such that

IA
€

max |t(z) — P(2) | % - (%) )

where A, depends on r, E, and maxt(z) (z € E).

Theorem 6. Let t(z) (z € E) have a continuous second derivative, and let P(z)
be a quasipolynomial of the same class as ¢(z). Then, as n — oo, the following
asymptotic equality holds uniformly on E:

A, (z,t)P(00, 1)

Vit(z) TG

~—_— {An(z;P) cos U p(z) — e ~30) B, (z, P)sin \I/P(z)},

where

Up(z) =arg® (z, ;((ZZ)>> .

Kharkov State University
named after A. M. Gorky

Received
24 11963

sovietrxiv.org/items/ru-196301.04264 Machine Translation


https://sovietrxiv.org/items/ru-196301.04264

CITED LITERATURE

L' G. Szeg8, Orthogonal Polynomials, Moscow, 1962.

2 Ya. L. Geronimus, Polynomials Orthogonal on a Circle and an Interval,
Moscow, 1958.

3 N. I. Akhiezer, DAN, 130, No. 2 (1960).

4 N. I. Akhiezer, DAN, 134, No. 1 (1960).

® N. L. Akhiezer, Yu. Ya. Tomchuk, DAN, 138, No. 4 (1961).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.04264 Machine Translation


https://sovietrxiv.org/items/ru-196301.04264

	Abstract
	Full Text
	MATHEMATICS
	Yu. Ya. TOMCHUK

	ON POLYNOMIALS ORTHOGONAL ON A GIVEN SYSTEM OF ARCS OF THE UNIT CIRCLE
	CITED LITERATURE


