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Abstract
Full Text
O. I. ZAVYALOV

MAJORIZATION TECHNIQUE IN QUAN-
TUM MECHANICS
(Presented by Academician N. N. Bogolyubov, 9 II 1963)

Recently there has been growing interest in clarifying the analytic properties of
scattering amplitudes in quantum mechanics. In the present note we formulate a
majorization method that makes it possible to reduce the investigation of higher
terms of the Born expansion to lower orders of perturbation theory. This method
is in many respects analogous to the device used in quantum field theory (1−3),
and in a number of cases leads to a simple proof of one-dimensional dispersion
relations in quantum mechanics.

The term of 𝑁 -th order in the expansion of the amplitude in powers of the
smallness of the interaction has the form:

𝑓 (𝑁)(𝑝2, cos 𝜃) ∼ ∫ 𝑒−𝑖pr1𝑉 (r1)𝐺(r1r2)𝑉 (r2) … 𝐺(r𝑁−1r𝑁)𝑉 (r𝑁)𝑒𝑖p′r𝑁 𝑑r1 … 𝑑r𝑁 .

Here p and p′ are, respectively, the initial and final momenta of the particles,
𝑉 is the potential describing the interaction, and 𝐺 is the Green function of the
free Schrödinger equation. Passing to momentum space and restricting ourselves
to the case of a Yukawa potential with characteristic mass 𝜇 (or a superposition
of Yukawa potentials), we obtain

Fig. 1

𝑓 (𝑁)(𝑝2, cos 𝜃) ∼ ∫ 𝑑k1 … 𝑑k𝑁−1
1

(p − k1)2 + 𝜇2
1

𝑘2
1 − 𝑝2

1
(k1 − k2)2 + 𝜇2 …

… 1
𝑘2

𝑁−1 − 𝑝2
1

(k𝑁−1 − p′)2 + 𝜇2 . (1)

It is convenient to work with formulas of type (1) in terms of diagrams. Thus,
the diagram representing the term (1) is shown in Fig. 1. In it, to each solid line
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there corresponds the Fourier transform of the Green function (i.e., the factor
1/(𝑘2 − 𝑝2)); to each dashed line, the Fourier transform of the potential (i.e.,
the factor 1/(𝑘2 + 𝜇2)). To each cell of the diagram there corresponds its own
“internal”momentum 𝑘𝑖. Integration is carried out over all internal momenta.
It is assumed that at the vertices of the diagram not marked by a cross the law
of conservation of momentum is satisfied. It is not difficult to verify that the
correspondence rules so defined indeed lead to expression (1). Let us use the 𝛼-
representation. Assign to each horizontal line of the diagram its own parameter
𝛼𝑖 (𝑖 is the number of this line), and to each potential line the parameter 𝜂𝑖,𝑖+1.
Then we write

𝑓 (𝑁) ∼ ∫ 𝑑k1 … 𝑑k𝑁−1 ∫
∞

0
∏ 𝑑𝛼 ∏ 𝑑𝜂 exp 𝑖 {∑ 𝐴𝑖𝑗𝑘𝑖𝑘𝑗 + 2 ∑ 𝐵𝑗𝑘𝑗𝑝} ×

× exp 𝑖 {(𝜂01 + 𝜂𝑁−1,𝑁)𝑝2 + 𝜇2 ∑ 𝜂 − 𝑝2 ∑ 𝛼} . (2)

Here, as is not hard to see, the coefficients 𝐵 are respectively equal to:

𝐵1 = −𝜂01, 𝐵2 = 0, … , 𝐵𝑁−2 = 0, 𝐵𝑁−1 = −𝜂𝑁−1,𝑁 , and the matrix 𝐴 has
the form:

⎡⎢
⎣

𝜂01 + 𝛼1 + 𝜂12 −𝜂12 0
−𝜂12 … … … −𝜂𝑁−2,𝑁−1

0 −𝜂𝑁−2,𝑁−1 𝜂𝑁−2,𝑁−1 + 𝛼𝑁−1 + 𝜂𝑁−1,𝑁

⎤⎥
⎦

.

Now carrying out the integration over the internal momenta 𝑘𝑖, we arrive at the
following expression for the matrix element of the reaction represented by an
arbitrary diagram:

𝑓 (𝑁) ∼ ∫
∞

0
∏ 𝑑𝛼 ∏ 𝑑𝜂 𝜑(𝑎, 𝜂)

𝑄𝑐(𝑝2, cos 𝜃, 𝛼, 𝜂) , (3)

where 𝜑 is the function of the parameters being integrated, and the denominator
𝑄 is given by the equality (for simplicity, the case of forward scattering 𝑝 = 𝑝′

is considered, although the arguments below are applicable also to scattering at
arbitrary angles):

𝑄(𝑝2, 𝛼, 𝜂) = {𝜂01 + 𝜂𝑁−1,𝑁 − ∑ 𝛼 − 1
det 𝐴 [𝜂2

01 det
11

+2𝜂01𝜂𝑁−1,𝑁(−1)𝑁 det
1,𝑁−1

+𝜂2
𝑁−1,𝑁 det

𝑁−1,𝑁−1
]} 𝑝2+𝜇2 ∑ 𝜂.

(4)

Here det𝑖𝑗 is the determinant of the matrix obtained from 𝐴 by deleting the 𝑖-th
column and the 𝑗-th row. It is now clear that if, in some region of variation of

sovietrxiv.org/items/ru-196301.04130 Machine Translation

https://sovietrxiv.org/items/ru-196301.04130


𝑝2, the form 𝑄 does not vanish for any positive 𝛼 and 𝜂, then this region is a
region of analyticity of 𝑓(𝑝2). Thus, it is easy to verify that for the second-order
diagram, at 𝑝2 < 0, the denominator 𝑄2 is strictly positive for all 𝛼 and 𝜂. This
corresponds to the usual quantum-mechanical picture of the analytic properties
of the amplitude, which assumes only the existence of a cut along the positive
half-axis in the 𝑝2 plane.

We shall now prove the following assertion. If for some 𝑝2 < 0 the denominator
𝑄′(𝑝2, 𝛼′, 𝜂′), corresponding to a diagram of order 𝑁 , is positive for all 𝛼 and 𝜂,
then the denominator 𝑄(𝑝2, 𝛼, 𝜂) of a diagram of order (𝑁 + 1) is also strictly
positive in this region. This will mean that the second-order diagram is, in a
known sense, a majorizing one with respect to all other diagrams. Namely: the
higher orders of perturbation theory will certainly be analytic at those points
𝑝2 where the form 𝑄2 of the lower diagram does not vanish. To prove the
formulated proposition it is sufficient to prove that

𝑄(𝑝2, 𝛼, 𝜂) ≥ min
𝛼′𝜂′

𝑄′(𝑝2, 𝛼′, 𝜂′). (5)

Let us write

𝑄(𝑝2, 𝛼, 𝜂) ≥ 𝑝2 {𝜂01 + 𝜂𝑁,𝑁+1 − ∑ 𝛼} + 𝐼(𝑝2, 𝛼, 𝜂)∣
𝜂12=∞

+ ∑
𝑖≠2

𝜂𝑖−1,𝑖𝜇2, (6)

where

𝐼 = − 𝑝2

det 𝐴 [𝜂2
01 det

11
+2𝜂01𝜂𝑁,𝑁+1 ∏ 𝜂 + 𝜂2

𝑁,𝑁+1 det
𝑁𝑁

] . (7)

Estimate (6) follows automatically from the easily established fact that
𝜕𝐼/𝜕𝜂12 ≤ 0 (𝑝2 < 0). Passing in (7) to the limit 𝜂12 → ∞, we obtain,
from comparing the forms 𝐼 and 𝐼′ of the more complicated and the simpler
diagrams,

𝐼(𝑝2, 𝛼, 𝜂)∣𝜂12=∞ = 𝐼 ′ [𝑝2, 𝛼′(𝛼), 𝜂′(𝜂)], (8)

where it is set

𝛼′
1 = 𝛼1 + 𝛼2, 𝜂′

01 = 𝜂01, 𝜂′
12 = 𝜂23, … , 𝜂′

𝑖−1,𝑖 = 𝜂𝑖,𝑖+1,

𝛼′
2 = 𝛼3, … , 𝛼′

𝑖−1 = 𝛼𝑖. (9)
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Fig. 2

Figure 2: Fig. 2

Thus, we have arrived at the inequality

𝑄(𝑝2, 𝛼, 𝜂) ≥ 𝑄′[𝑝2, 𝛼′(𝛼), 𝜂′(𝜂)]. (10)

Here the functional dependence 𝛼′(𝛼) and 𝜂′(𝜂) is determined by formulas (9).
From (10) follows (5), as was required to be proved.

Let us note that the basic estimate (5) can also be obtained without carrying out
the calculations (6)—(10). Indeed, increasing the order of the diagram by one is
equivalent to replacing the contribution of the first potential and the first solid
line by the contribution of an entire cell, multiplied by a factor representing the
Green function (Fig. 2). This replacement has the form

exp 𝑖{𝜂01[(𝑝 − 𝑘1)2 + 𝜇2] + 𝛼′
1(𝑘2

1 − 𝑝2)} → exp 𝑖 {𝑝2 [𝜂01 − 𝜂2
01

𝜂01 + 𝛼1 + 𝜂12
] +

+𝑘2
1 [𝜂12 − 𝜂2

12
𝜂01 + 𝛼1 + 𝜂12

] − 2𝑘1𝑝 𝜂01𝜂12
𝜂01 + 𝛼1 + 𝜂12

+ 𝜇2(𝜂01 + 𝜂12)−

−𝑝2(𝛼1 + 𝛼2) + 𝛼2𝑘2
1} . (11)

Let us carry out the limiting transition 𝜂12 → ∞. In this case the right-hand
side of (11) goes over into

exp 𝑖{𝜂01[(𝑝 − 𝑘1)2 + 𝜇2] + (𝛼1 + 𝛼2)(𝑘2
1 − 𝑝2) + 𝜂12𝜇2}.

The inequality (5) is now established by a simple comparison of the left- and
right-hand sides of (11). At the same time, by increasing 𝜂12, we have, as is
easy to see, increased the direct quadratic form 𝐴. Consequently, the inverse
quadratic form 𝐴−1, which determines the essential part of the denominator 𝑄,
decreased. Therefore the denominator also decreased. Thus it is clear that for
finite 𝜂12 as well the inequality (5) remains valid.

Fig. 2

Let us note that the majorization method described gives nothing new in the case
of a simple Yukawa interaction, when the dispersion relations for the amplitude
are not difficult to prove by other methods (4). However, in more complicated
problems, for example in the problem of multichannel scattering with a potential
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of Yukawa type, the technique of majorants proves useful. This problem was
posed in work (5).
Let us consider it in more detail. Suppose that the particles 𝑎1 and 𝑏1, when
colliding with one another, can undergo the following transitions: 𝑎1𝑏1 → 𝑎1𝑏1;
𝑎1𝑏1 → 𝑎2𝑏2. Altogether, therefore, there exist 2 reaction modes and 2 inde-
pendent states of the system. We shall call these independent states channels.
Denoting the state vector of the system by 𝜓(𝑡), we can give it the form of a
column with 2 elements. The free Hamiltonian of the system will then be a
second-order matrix, and the role of the potential will likewise be played by a
second-order matrix. The Schrödinger equation governing the evolution of the
system is now written as

𝐻0
𝑗 𝜓𝑗 +

2
∑
𝑘=1

𝑉𝑗𝑘𝜓𝑘 = 𝑖ℏ 𝜕
𝜕𝑡𝜓𝑗.

Here

𝐻0
𝑗 = ̂𝑝 2

𝑎𝑗/2𝑚𝑎𝑗 + ̂𝑝 2
𝑏𝑗/2𝑚𝑏𝑗.

Let 𝑉𝑖𝑗 have the form of Yukawa potentials:

𝑉𝑖𝑗 ∼ 𝑒−𝜇𝑖𝑗𝑟

𝑟 .

Writing the contribution from second-order diagrams in the 𝛼-representation,
it is easy to find that, in the case of equality of the reduced masses in both
channels

𝑚𝑎1𝑚𝑏1/(𝑚𝑎1 + 𝑚𝑏1) = 𝑚𝑎2𝑚𝑏2/(𝑚𝑎2 + 𝑚𝑏2), the denominator 𝑄′ in the corre-
sponding integrals is positive for 𝑝2 < 0 and for all values of the parameters 𝛼, 𝜂.
If, however, the reduced mass in the 2–𝑚 channel is smaller than the reduced
mass in the first channel, then already in second order in the coupling constant
the denominator 𝑄′ can vanish also for negative 𝑝2. It is not difficult to ascer-
tain that such a vanishing proves possible if 𝑝2 < 𝑝2

0 = −𝜇2
12/(1 −

√
𝜆)2, where

𝜆 is the ratio of the reduced masses. Thus an “anomalous”left-hand cut arises
in the scattering amplitude along the real axis from −𝜇2

12/(1 −
√

𝜆)2 to −∞,
which does not admit a direct“physical”interpretation in terms of intermediate
states. It is clear that a diagram of the type of Fig. 3 will also possess a left-
hand cut beginning at the point −𝜇2

22/(1 −
√

𝜆)2. Thus, if 𝜇22 < 𝜇12, then the
anomalous cut for this diagram covers a larger part of the real axis than in the
case 𝜇22 ⩾ 𝜇12. But a diagram of the type of Fig. 3 enters as a component part
into diagrams of higher orders. Therefore, at first glance it may seem that for
𝜇22 < 𝜇12 the higher terms of the Born series have more noticeable deviations
from the traditional picture of analyticity than the lower orders.
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Fig. 3: schematic diagram with horizontal axis ⃗𝑝, labels 𝜅2 − 𝜆𝑝2,
(𝑘⃗ − ⃗𝑝)2 + 𝜇2

22, and ( ⃗𝑝 − 𝑘⃗′)2 + 𝜇2
12.

Figure 3: Fig. 3: schematic diagram with horizontal axis ⃗𝑝, labels 𝜅2 − 𝜆𝑝2,
(𝑘⃗ − ⃗𝑝)2 + 𝜇2

22, and ( ⃗𝑝 − 𝑘⃗′)2 + 𝜇2
12.

Fig. 3

It is not difficult to convince oneself, however, that this is not so. Indeed, for
𝑝2

0 < 𝑝2 < 0 the denominator 𝑄′ of the second-order diagram is positive. In
proving the possibility of applying the majorization method, we in no way took
into account the properties of the“internal”lines of the diagram. In particular,
the argument used does not change also for 𝜇22 < 𝜇12. Therefore, from the
inequality 𝑄′ > 0 and from the assertions proved above it follows that the
denominator 𝑄 of higher orders will be positive everywhere for 𝑝2

0 < 𝑝2 <
0. It is therefore clear that the position of the threshold singularity inducing
the anomalous left-hand cut does not change as the number of the Born term
increases. Thus it has been proved that, for any orders of perturbation theory,
the domain of analyticity of the matrix element as a function of the square of
the relative momentum 𝑝2 is a plane with two cuts: from 0 to +∞ and from 𝑝2

0
to −∞.
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