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ON FUNCTIONS PERIODIC IN THE MEAN

V. D. GOLOVIN
(Presented by Academician S. N. Bernstein on 27 XI 1962)

1. Let L? be a topological vector space over the field of complex numbers whose
elements are measurable functions, defined on the real axis, with integrable
square of the modulus on every finite interval; the topology in L? is defined by
the family of seminorms
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By L3 we denote the closed vector subspace generated by the sequence* E, in
L?. The elements of the subspace L% are called functions periodic in the mean
if Lf\ # L?, i.e., if the sequence E, is not total in L?. Periodic functions with
integrable square of the modulus are obtained from this if for A one takes the
sequence of all integers.

The general theory of functions periodic in the mean is due to L. Schwartz (?).
He proved, in particular, that if for some function f € L? the family of elements
T,.(f) (—oo < & < 00), where T, is the mapping f(t) — f(t + z), is not total in
L2, then the closed vector subspace Lfc generated by this family coincides with

some subspace L3 of functions periodic in the mean; thereby the function f is
periodic in the mean, and the sequence A is called its spectrum.

The aim of the present note is to study functions periodic in the mean with
spectrum forming a regular sequence.

2. Definition 1. A function f € L? will be called regular if, for some o > 0
and every 7 > o, there exists a constant M, depending on 7, such that

P, (Z CkTgk(f)) <MP, (Z ckTgk(f)) (2)

for all finite sequences of complex numbers c;, and real numbers &.

Theorem 1. In order that a function f € L? be regular, it is necessary and
sufficient that f be periodic in the mean with a spectrum that is a regular se-
quence.

Indeed, if the function f € L? is regular, then the family of elements T, (f)
(—o0o < @ < o0) is not total in L?, since otherwise for any function g € L? the
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inequality P.(g) < MP_(g) would hold, where M does not depend on g. Con-
sequently, f is a function periodic in the mean, and the subspace L?p coincides

with the subspace Lf\, where A is the spectrum of the function f. By virtue of
(2), the functions ek, of the sequence E, satisfy the inequality

P (D ejers) < MP, (D enjen;) (3)

* We adhere to the terminology and notation of note (1).

for any finite sequence of complex numbers ¢;;, where the numbers o, 7, M in
inequality (3) are the same as in inequality (2). Thus the sequence A is regular
and o > 7, ((1), Theorem 2).

Conversely, let f be a function periodic in the mean and let the regular sequence
A be its spectrum. Then, for ¢ > 7, and any 7 > o, there exists a constant
M such that inequality (3) holds for any finite sequence of complex numbers
crj ((1), Theorem 1); consequently, inequality (2) also holds. The theorem is
proved.

Remark. Let f be a function periodic in the mean and let the regular sequence
A be its spectrum. The exact lower bound of those ¢ > 0 for which, for every
T > 0, there exists a constant M, depending on ¢ and 7, such that for any finite
sequences of complex numbers ¢, and real numbers &, inequality (2) holds, is
equal to 7.

3. A sequence of points z;, (k=1,2,...) of a topological vector space E over
the field of real or complex numbers is called a basis if to each point x € F
there corresponds a unique series with general term az;, (a; are scalars)
converging to x. A basis (z;,) is called a Riesz basis if any series with
general term a,x, (a, are scalars) converges if and only if (a) € I%.

From the Riesz-Fischer theorem and Parseval’ s equality it follows immediately
that the sequence of functions et (k = 0,4+1,42,...) is a Riesz basis in the
closed vector subspace generated by it of the space L?, i.e. in the space of
periodic functions with square-integrable modulus.

Theorem 2. In order that the sequence E) be a Riesz basis in Li, 1t is necessary
and sufficient that the sequence A satisfy the following conditions:

1. The numbers A, (k=1,2,...) lie in some strip |Im A| < h.
II. For some § > 0 and all k # j the inequality

A=Al >0

holds.
III. The numbers ay, (k=1,2,...) are bounded in the aggregate.
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Indeed, if the sequence A satisfies the listed conditions, then, by virtue of Propo-
sitions 3 and 4 of Remark (1), the sequence E, is a Riesz basis in L} (—0,0)
for every o > 7,; consequently, F is a Riesz basis in L3.

Conversely, if the sequence E, is a Riesz basis in L?\, then, by Banach’ s open
mapping theorem, the subspace Li is isomorphic to the space (2. Hence the
topology in L% can be defined by a norm of the form (1) for some sufficiently
large o, and the sequence E, must be a Riesz basis in L% (—o, ). Similarly to
how this was done in Remark (3), it is now easy to show that conditions I-IIT
hold.

Corollary. In order that the subspace L?c, for f € L?, possess a Riesz basis of
the form E,, it is necessary and sufficient that the function f be reqular with a
spectrum satisfying condition II.

4. Following Paley and Wiener (4), we shall call a function f € L? pseu-
doperiodic if, for some o > 0, there exists a constant M such that

P, (Z i Tove, (f)) < MP, (Z T, (f)) (4)

for any real x and any finite sequences of complex numbers c; and real
numbers &;,. The exact lower bound of those 20 > 0 for which, for the given
function f, there exists a constant M possessing the properties indicated
above is called the pseudoperiod of

functions f. It is obvious that every pseudoperiodic function is regular (and
hence also periodic in the mean). Paley and Wiener showed that a function
f € L? is pseudoperiodic if and only if it belongs to the class S? of almost
periodic functions of V. V. Stepanov with discrete spectrum (), satisfying the
condition inf |\, — A;[ > 0 (k # j). In connection with this, B. Ya. Levin posed
the question: what conditions must a function f € L? satisfy in order that it be
periodic in the mean with a simple spectrum A = (\,), having the properties:
1) all numbers A, (k = 1,2,...) lie in some strip |Im A| < h; 2) for some § > 0
and all k # j, [\, — A;| > 67 Such sequences A we shall call perfectly regular.

Definition 2. A function f € L? will be called perfectly regular if, for some
o > 0, there exists a constant M such that for every function g € L?p

Po(T, (g)) < Mexp(lz]u(9)) P, (9), (5)
where
ulg) = Jim_ ' P (T, () (6)

It is clear that every pseudoperiodic function is perfectly regular; it is also
obvious that every perfectly regular function is regular.
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Theorem 3. In order that a function f € L? be perfectly regular, it is necessary
and sufficient that f be periodic in the mean with a spectrum which is a perfectly
reqular sequence.

Indeed, if the function f is perfectly regular, then f is a function periodic in
the mean with spectrum A, which is a regular sequence. Let us prove that the
spectrum A is simple and satisfies the condition inf |\, —A;| > 0 (k # j). In fact,
if some number A, had multiplicity greater than one, then for g(t) = e;4(t) =
iter? (u(g) = |Im A\, |) we would obtain from (5) a manifestly false consequence.
Put e, (t) = e (k = 1,2,...). For k # j and h = max(|Im X.[,|Im X;|) the
inequality u(ey—e;) < h holds. Therefore, when § = |\, —X;| — 0 and |z = 1/,
there exist constants A, B > 0, independent of §, such that

Aexp(h/d) < P,(T, (e, —¢;))

and P, (e, —e;) < BV/§; this contradicts inequality (5). It is also easy to show
that g > :T:A.

Conversely, if f € L? is periodic in the mean, with simple perfectly regular
spectrum A, then for o > 7, there exist constants A, B > 0 such that (Theorem
2)

Aexp(—hlal) (3 len) < B, (3 ellen) <

< Besp(hla]) (3 lef2) " ™)

for every real x and any complex ¢, (k= 1,2,...), where h,, is the largest of the
numbers |Im A,| (k < n) for those k for which ¢;, # 0. From (7), by Theorem 2,
inequality (5) follows.

Corollary. In order that the subspace L? possess a Riesz basis of the form
E) = (), it is necessary and sufficient that the function f be perfectly
regqular.

5. Let the sequence A be real. Denote by S, the closed vector subspace
generated by the sequence E, = (e"**!) in the space S? of V. V. Stepanov.
Obviously, 53 C L3.

Theorem 4. The subspaces L?\ and Si coincide if and only if
inf[A\, —\;[ >0 (k+# ).
If the condition of the theorem is satisfied, then there exist constants A, B > 0

such that, for any finite sequence of complex numbers ¢, inequality (7) holds
with h,, = 0. It follows that the subspaces L% and S% coincide. Conversely, if the
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subspaces Li and 512\ coincide, then, by the open mapping theorem, the topology
in L7 is determined by a single norm of the form (1), and, moreover, there exists
a constant M, independent of z, such that for any function f € L% and any
finite sequence of complex numbers ¢;, inequality (4) holds. The assertion now
follows from Theorem 3.

Remark. From the theorem just proved and Theorem 3 there follows directly
the result of Paley and Wiener, according to which the class of pseudoperiodic
functions coincides with the union of the subspaces S3 for which the sequences
A satisfy the condition

inf|A, — A >0 (k# j).
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