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MATHEMATICS
A. 1. Guseinov, K. K. Gasanov

ON THE APPLICABILITY OF THE FOURIER
METHOD TO THE SOLUTION OF A MIXED
PROBLEM FOR ONE CLASS OF QUASILIN-
EAR HYPERBOLIC EQUATIONS

(Presented by Academician I. N. Vekua on 1 VIII 1962)
In this note various solutions of the mixed problem for a quasilinear hyperbolic

equation of the form

0%u
=z = Lu+f()\7t,x,u,ut,uml,...,u%) (1)

are investigated, under the initial conditions

ou
u|t:0 = QO((I}), E = 1/J($) (2)
t=0
and the boundary condition
u|S =0. (3)
Here ) is an arbitrary n-dimensional domain of points z = (2, zo, ..., ,,); S is

the boundary of this domain; @Q; = Q x [0 < ¢ <[] is an (n + 1)-dimensional
cylinder; A is a parameter; L is a linear self-adjoint operator

Lu= Z aii <aij(x)ggj> — a(z)u, (4)

i,j=1

whose coeflicients satisfy in €2 the conditions:
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i V&5 >a2§ a = const > 0, (5)

where the initial functions ¢(z) and 1(x) are prescribed in the domain €2, while
the function f(\,t,z,ug, ..., u, ) is prescribed in the domain G}, = Q; x [~k <
Ugy oy Uy < k] for [N —Xg| < d.

First, the following countable system of nonlinear integro-differential equations
is studied:

t
+>\1s/0 /Qf[)\ﬂ',x,u(T,x),...,umn(T,x)]vs(x) sin A\ (t — 7) dx dr, (6)
where
) = poeosht st g, = [ plap (oo (™)
Q
b= [E@n@dn =Y u e
AS Q s=1

{v,(z)} are the eigenfunctions, and {\?} are the eigenvalues of the operator L.

To investigate system (6) with the aid of functions continuously differentiable
on [0,1], we construct all possible sequences

u(t) = {u,(t)}, satisfying the condition:

i{[”ggw Ju, (¢ >|]p [Aﬁgnax i (¢ “ < too,

s=1
where a > 0, 8 > 0, p > 1. We shall denote this set by B (O [) and define
the norm
. N\ P o N\ P
— o B .
Ju(t) (Z [A¢ g 1) ) - (Z [ e i 1) ) ,

B;,a”B)(O, [) will be a Banach-type space.
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1. Generalized solution. Here two theorems are given on the existence
and uniqueness of a generalized solution of problem (1), (2), (3) in the sense
of paper (3%). In addition, the continuous dependence of the solution on the
initial functions ¢, ¥ and the function f is studied.

For the existence and uniqueness of a generalized solution the following holds:
Theorem 1. Suppose:

a) € is an arbitrary n-dimensional bounded connected domain; the coeffi-
cients of the operator L are measurable, bounded on €2, and satisfy condi-
tions (5);

b) (x) € D(Q) *, ¥(x) € Ly(Q):

c) f(A\t,x,0,...,0) € Ly(Q,), the function f is measurable in (¢, ) for all
values of A, ug, ..., u, ; and satisfies in G, the condition

n+1

|f(>‘7t7xv Ugs -+ un+1) - f<>‘a tvx’aov 7€Ln+1)‘ < :u(t) Z ‘uz’ - ﬂi|’ (8)
1=0

where p(t) € Ly(0,1).
Then problem (1), (2), (3) has a unique generalized solution.

The theorem is proved analogously to Theorems 1 and 2 of paper (3%), in con-
trast to which here the existence and uniqueness of the solution of system (6)

in B;“))(o, 1) is proved.

The following theorems are more general theorems on the existence of a gener-
alized solution of problem (1), (2), (3).

Theorem 2. Suppose conditions a), b) of Theorem 1 are satisfied. Then, if
the function f satisfies the Carathéodory conditions and in the domain G, the

condition
n+1

|f()\,t,$, Ugs -+ s un+1)| < H(t) Z |uz| + b(t’Jj)? (9)

=0

where p(t) € Ly(0,1), b(t,x) € Ly(Q;), then problem (1), (2), (3) has at least
one generalized solution.

The following theorem holds on the continuous dependence of the solution of
problem (1), (2), (3) on the initial functions and the function f.

Theorem 3. Let the function @(t,z) be a solution of the mized problem

0%u ~
T Lu+ f(\t,z,u, Uy, Uy s o ,uxn) + folt, ), (10)
~ ou -
u’t:o = (p(l‘) + W(l‘)v E 0 == w(l‘) + ¢(x), U’S = O
t=
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* The definition of all classes used may be found, for example, in (3).

If the conditions of Theorem 1 are satisfied, and the norms of the functions @(x),

¢(z), and fo(t,z), respectively in the sense of VV2(1)(Q)7 Ly (), Ly(Q), differ
little from zero, then the solutions of problems (1), (2), (3) and (10) differ little
in the sense of Wz(l)(ﬂ, t).

The proof of the theorem follows from the inequality

Ju(t, ) = WD <

t
<%W@%Wﬁwwﬁ@+M@M@%ﬁmGéﬁ@m>

where ¢ is a certain constant number.

2. Solution almost everywhere. By a solution almost everywhere of problem
(1), (2), (3) we shall understand it in the same sense as in [36]. We formulate
two theorems on the existence and uniqueness of a solution almost everywhere.
The first theorem is local in character, i.e., it holds for sufficiently small |A — A
or small [; the second theorem is nonlocal in character.

Theorem 4. Suppose:

1) Q is an arbitrary normal three-dimensional domain contained, together
with its boundary S, in some open domain C'; the coefficients of the oper-
ator L belong to the classes

a;;(r) € chm, a(z) € COw (n>0) (11)
and satisfy conditions (5) in C}

2) the initial functions ¢(z) € WQ(Q) (Q), o(x),9(x) € D(Q)7

3) the function f(A,¢,x,ug, ..., u,) has partial derivatives with respect to z;
and with respect to u;, and in the domain G, satisfies the conditions:

f;l (Aata :E>u07 ,U4) - f:::l <)‘at7$7ﬂ’07 717’4)‘ S

~

< bi(Atx)|ug — Ul + b;(A, 1) Z lu; — ],

=1

i

f;,i(/\vt7x7u07 ,U4> - f; ()‘7tax7ﬂ03 aﬂ4)’ < b</\’t>|u0 - aO|a
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where b(A, t), b;(A, ), b;(A, t,x) belong to Ly for |A — Ay| < d, are continuous in
L, with respect to the parameter A\ in some neighborhood of ),, and tend to
zero as A — Ag; fr (A t,2,0,...,0) = 0 as A — XA,

i

2
sup |fr (A t,2,0,...,0)| € L(0,1);
[,

€N

4) f<)‘7t5$7070au27u37u4) € D1<Ql>

Then, for sufficiently small values of [ for any A, or for sufficiently small |A— X|,
there exists a unique solution almost everywhere of problem (1), (2), (3).

To prove this theorem it is first necessary to prove the existence of a solution of
system (6) in Béz’l)(OJ).

Theorem 5. Suppose the domain 2, the coefficients of the operator L, and the
initial functions ¢(z), ¥(z) satisfy the same requirements as in Theorem 4. If,
for each fixed A, uq,us3,uy, the function

Ft,2,0,0,uq, us, uy)

belongs to the class D;(Q,;), and the function f has partial derivatives with
respect to x; and with respect to u,;, satisfying in the domain G, the conditions

4
[FOLE 2, 1) < DO @) |ug] + DA E) D [ug| + DA ¢, 2);
=1

K3

4
| fa, Aty g, o ug)| < bs(A T, @) |ug| + (A1) Z us| + b; (A T, @),
=1

(i=1,2,3);

\f;i()\,t,x,um vy uy)] < e (A H)|ug| + €;(A t) (i=0,1,2,3,4),

~

where b(Aa t)7 bz(Aa t)v ci()‘v t)a 61<Aa t) € L2(07 l)a b(Aa t) J)), b(Aa t7 J?), bi()‘v ta .13) €
Ly (Q)) for |A—Xy| < d, then there exists at least one solution almost everywhere
of problem (1), (2), (3).

Remark. If for a generalized solution u(t, z) the function

g()‘vta (E) = f[/\vt»xvu(tvx)a cey Uy (t,.’b)]

0
belongs to the class D;(Q);), then the generalized solution is at the same time a
solution almost everywhere.
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3. Classical solution. A classical solution of problem (1), (2), (3) is a function
u(t, ) having in @, continuous derivatives up to the second order and satisfying
conditions (1), (2), (3) in the ordinary classical sense.

Suppose that the following conditions are satisfied:

1) © is an arbitrary normal three-dimensional domain contained, together
with its boundary S, in some open domain C; the coefficients of the oper-
ator L belong to classes (11) in the domain C and satisfy conditions (5)
in C. Moreover, let the boundary of the domain €2 and the coefficients of
the operator L satisfy such smoothness conditions that the series

i[vsg)r, i[a%(iﬂ\%/axir’ il@QUS(xlgaxiaxj]Q 12

s=1 s s=1 s=1

converge uniformly in the closed domain €2, and the eigenfunctions v, (z) have
continuous derivatives up to the fourth order inside 2.

2) ) € Wi (Q), d(z) € WP(9), and (), Lo(x), (z), L(z) € D(S).

3) The function f(A,t,&;, ..., &) has partial derivatives with respect to &; up
to the third order inclusive and in G, satisfies the conditions

63f(A7t7§1a a€8) _ 83f<A?t7€17£2?§3’g47 758) <
55?1 353‘2 ...3558 55?1555‘2 ...5558 -

8
< bala?..as (>\7 tv gla §Qa 53) Z |£1 - €z|a
i=4

where ) + oy 4 4 Qg = 35 g a0 (A 1,615,655 83) € Lo(Q)) for [A— Aol < d.
4) For every A, uy, ug, uy, the functions
FAt,2,0,0,uq, ug, uy),
Lf(A\t,2,0,0,uq, us, uy)

0
belong to the class D, (Q,;).

Theorem 6. Let conditions 1, 2, 3, 4 be satisfied. Then, for sufficiently small
values of 1, there exists a unique classical solution of problem (1), (2), (3).
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