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Abstract
Full Text

MATHEMATICS
F. G. MAKSUDOV

EXPANSION IN EIGENFUNCTIONS OF
NON-SELFADJOINT SINGULAR SECOND-
ORDER DIFFERENTIAL OPERATORS DE-
PENDING ON A PARAMETER
(Presented by Academician I. N. Vekua on 16 VII 1963)

M. A. Naimark (1) investigated the spectrum and expansions in eigenfunctions
of a non-selfadjoint singular differential operator 𝐿𝜃, generated on the half-axis
𝑅+ = [0, ∞) by the differential expression

𝑙(𝑦) ≡ −𝑦″ + 𝑝(𝑥)𝑦, 0 ≤ 𝑥 < +∞, (1)

and by the boundary condition

𝑦′(0) − 𝜃𝑦(0) = 0, (2)

where 𝑝(𝑥) is a complex-valued function such that 𝑥2𝑝(𝑥) ∈ 𝐿(𝑅+), and 𝜃 is a
complex number.

In the present paper, by M. A. Naimark’s method, the expansion in eigen-
functions of the operator 𝐿𝜃(𝜆) is studied in the case when, in the boundary
conditions (2), 𝜃 depends on the complex parameter 𝜆.
The case in which the differential expression 𝑙(𝑦) is selfadjoint in the sense of
Lagrange was considered by A. V. Shtraus (2). Let 𝑝(𝑥) be a complex-valued
function summable on each finite interval [0, 𝑎], 𝑎 > 0.
Denote by 𝐷 the set of all functions 𝑦(𝑥) ∈ 𝐿2(𝑅+) satisfying the conditions: 1)
𝑦(𝑥) and 𝑦′(𝑥) are absolutely continuous on each finite interval [0, 𝑎], 𝑎 > 0; 2)
𝑙(𝑦) ∈ 𝐿2(𝑅+). Let 𝜃(𝜆) = 𝑃(𝜆)/𝑄(𝜆), where 𝑃(𝜆) and 𝑄(𝜆) are polynomials
in powers of the complex parameter 𝜆, and moreover

lim 𝜃(𝜆)
𝑖𝑠 ≠ 1, 𝜆 = 𝑠2.

Denote by 𝐷𝜃(𝜆0) the set of all functions 𝑦(𝑥) ∈ 𝐷 satisfying, at the fixed point
𝜆0, the condition*
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𝑦′(0) − 𝜃(𝜆0)𝑦(0) = 0. (3)

Denote by 𝐿𝜃(𝜆0) the operator with domain 𝐷𝜃(𝜆0) such that, for 𝑦 ∈ 𝐷𝜃(𝜆0),
𝐿𝜃(𝜆0)𝑦 = 𝑙(𝑦).
If 𝜆 runs through the set of all points of the 𝜆-plane, then we obtain a family
of non-selfadjoint singular operators 𝐿𝜃(𝜆), depending on the parameter 𝜆. Let
𝑝(𝑥) ∈ 𝐿(𝑅+).
Theorem 1. The spectrum of the operator 𝐿𝜃(𝜆) is continuous on the positive
half-axis and discrete in the entire remaining complex 𝜆-plane. The eigenvalues
of the operator 𝐿𝜃(𝜆) form a bounded set, whose limit points may lie only on
a finite interval of the positive half-axis 𝜆 ≥ 0. For values of 𝜆 not belonging
to the spectrum, the resolvent 𝑅𝜆 = (𝐿𝜃(𝜆) − 𝜆𝐼)−1 of the operator 𝐿𝜃(𝜆) is an
integral operator with kernel 𝐾(𝑥, 𝑡, 𝜆), satisfying the conditions

∫
∞

0
|𝐾(𝑥, 𝑡, 𝜆)|2 𝑑𝑥 < ∞, ∫

∞

0
|𝐾(𝑥, 𝑡, 𝜆)|2 𝑑𝑡 < ∞. (4)

* If 𝜆0 is a pole of 𝜃(𝜆), then condition (3) means 𝑦(0) = 0.

Suppose that for some 𝜀 > 0 the function 𝑝(𝑥) satisfies the condition

∫
∞

0
𝑒𝜀𝑥|𝑝(𝑥)| 𝑑𝑥 < ∞. (5)

Then, as M. A. Naimark showed (1), the differential equation 𝑙(𝑦) = 𝜆𝑦 has
solutions 𝑦1(𝑥, 𝑠), 𝑦2(𝑥, 𝑠), where 𝑦1 and 𝑦2 are holomorphic functions of 𝑠 in
the half-planes Im 𝑠 > − 1

2 𝜀, Im 𝑠 < 1
2 𝜀, respectively. As 𝑥 → ∞,

𝑦1(𝑥, 𝑠) = 𝑒𝑖𝑥𝑠[1 + 𝑜(1)], 𝑦′
1(𝑥, 𝑠) = 𝑒𝑖𝑥𝑠[𝑖𝑠 + 𝑜(1)]; (6a)

𝑦2(𝑥, 𝑠) = 𝑒−𝑖𝑥𝑠[1 + 𝑜(1)], 𝑦′
2(𝑥, 𝑠) = 𝑒−𝑖𝑥𝑠[−𝑖𝑠 + 𝑜(1)]; (6b)

as 𝑠 → ∞ and Im 𝑠 → 0, and on the positive half-axis 𝑠 ≥ 0, respectively,

𝑦1(𝑥, 𝑠) = 𝑒𝑖𝑥𝑠 [1 + 𝑂 (1
𝑠)] , 𝑦′

1(𝑥, 𝑠) = 𝑖𝑠𝑒𝑖𝑥𝑠 [1 + 𝑂 (1
𝑠)] ; (7a)

𝑦2(𝑥, 𝑠) = 𝑒−𝑖𝑥𝑠 [1 + 𝑂 (1
𝑠)] , 𝑦′

2(𝑥, 𝑠) = −𝑖𝑠𝑒−𝑖𝑥𝑠 [1 + 𝑂 (1
𝑠)] . (7b)
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Here the asymptotic formulas (6a) and (6b) hold uniformly with respect to 𝑠 in
the regions Im 𝑠 > −𝜀1, Im 𝑠 < 𝜀1, 𝜀1 < 1

2 𝜀, while formulas (7a) and (7b) hold
for Im 𝑠 > − 1

2 𝜀, Im 𝑠 < 1
2 𝜀, respectively, uniformly with respect to 𝑥 from the

interval 𝑅+.

Assume that the functions

𝐴(𝑠) = 𝑦′
1(0, 𝑠) − 𝜃(𝜆)𝑦(0, 𝑠),

𝐴(𝑠) = 𝑦′
2(0, 𝑠) − 𝜃(𝜆)𝑦(0, 𝑠)

do not vanish on the half-axis 𝑠 ≥ 0; then, from the expression for 𝜃(𝜆) and
from formulas (7a) and (7b), it follows that 𝐴(𝑠) and 𝐴(𝑠) do not vanish in
the half-strip | Im 𝑠| < 𝜀1, Re 𝑠 ≥ 0. Therefore, when condition (5) is fulfilled,
the spectrum of the operator 𝐿𝜃(𝜆) can have only a finite number of eigenvalues.
None of the eigenvalues of the operator 𝐿𝜃(𝜆) lies on the half-axis 𝜆 ≥ 0. Here
𝜆 = 0 belongs to the continuous spectrum. Suppose that the eigenvalues of the
operator 𝐿𝜃(𝜆) are simple poles of its resolvent.

Consider the auxiliary boundary-value problem on the interval

−𝑦″ + 𝑝(𝑥)𝑦 = 𝜆𝑦, 𝑦′(0) − 𝜃(𝜆)𝑦(0) = 0, 𝑦(𝑏) = 0. (8)

For sufficiently large 𝑏, to each of the eigenvalues 𝜆1, 𝜆2, … , 𝜆𝑟 of the opera-
tor 𝐿𝜃(𝜆) there corresponds exactly one eigenvalue 𝜆1(𝑏), 𝜆2(𝑏), … , 𝜆𝑟(𝑏) of the
boundary-value problem (7), (8), so that 𝜆𝑘(𝑏) → 𝜆𝑘 as 𝑏 → ∞. All the re-
maining eigenvalues of the auxiliary boundary-value problem (7), (8) satisfy
the relations

𝜆 = 𝑠2, 𝑠 = 𝑛𝜋
𝑏 + 1

2𝑖𝑏𝜔 (𝑛𝜋
𝑏 ) + 𝑜 (1

𝑏 ) as 𝑏 → ∞

uniformly with respect to 𝑠 in the half-strip | Im 𝑠| < 𝜀1, Re 𝑠 ≥ 0, where 𝜔(𝑠) =
ln 𝐴(𝑠)

𝐴(𝑠) is a single-valued holomorphic function. Let 𝑦1,𝑏(𝑥), 𝑦2,𝑏(𝑥), … , 𝑦𝑟,𝑏(𝑥)
be the eigenfunctions of the boundary-value problem (7), (8), corresponding to
the eigenvalues 𝜆1(𝑏), 𝜆2(𝑏), … , 𝜆𝑟(𝑏). Then, as 𝑏 → ∞,

𝑦𝑘,𝑏(𝑥, 𝑠)

∫
∞

0
[𝑦𝑘,𝑏(𝑥)]2 𝑑𝑥

= 𝑦𝑘(𝑥)

∫
∞

0
[𝑦𝑘(𝑥)]2 𝑑𝑥

+ 𝑜(1)

uniformly with respect to 𝑥 ∈ [0, 𝑐], 𝑐 > 0. Moreover, if 𝜆̃ = | ̃𝑠(𝑏)|2 are eigenval-
ues of the problem (7), (8) such that Im 𝑠 → 0 as 𝑏 → ∞, then, as 𝑏 → ∞,

sovietrxiv.org/items/ru-196301.01659 Machine Translation

https://sovietrxiv.org/items/ru-196301.01659


1
𝑏 ∫

∞

0
[ ̃𝑦(𝑘, 𝑠)]2 𝑑𝑥 = −2𝐴( ̃𝑠)𝐴( ̃𝑠); ̃𝑦(𝑥, 𝑠) = 𝐴(𝑠)𝑦1(𝑥, 𝑠) − 𝐴(𝑠)𝑦2(𝑥, 𝑠)

uniformly with respect to ̃𝑠 in every rectangle

| Im ̃𝑠| < 𝜀1 < 1
2 𝜀, 𝛼 ≤ Re ̃𝑠 ≤ 𝛽, 0 ≤ 𝛼 < 𝛽.

Let 𝐾𝑏(𝑥, 𝑡, 𝜆) be the resolvent kernel of the auxiliary boundary-value problem
(7), (8). If 𝜆 is not an eigenvalue of the operator 𝐿𝜃(𝜆), then, as 𝑏 → 0,

𝐾𝑏(𝑥, 𝑡, 𝜆) = 𝐾(𝑥, 𝑡, 𝜆) + 𝑜(1) (9)

uniformly with respect to 𝑥, 𝑡 in every finite square 0 ≤ 𝑥, 𝑡 ≤ 𝑐, 𝑐 > 0. We shall
consider the kernel 𝐾𝑏(𝑥, 𝑡, 𝜆) on the curves 𝐶𝑚,𝑞 (𝑚, 𝑞 are natural numbers),
defined as follows: 𝐶𝑚,𝑞 is a closed curve composed of two arcs 𝐶′

𝑚,𝑞, 𝐶″
𝑚,𝑞,

consisting of points 𝜆 satisfying the relations

𝐶′
𝑚,𝑞 ∶ 𝜆 = 𝑠2, |𝑠|2 = 𝑅2

𝑚,𝑞+𝑖𝜏, −𝜀1 ≤ 𝜏 ≤ 𝜀1, 𝑅𝑚,𝑞 = (𝑚 + 1
2𝑞 ) 𝜏√𝑚;

𝐶″
𝑚,𝑞 ∶ 𝜆 = 𝑠2, |𝑠|2 = 𝑅𝑚,𝑞 + 𝜀2

1, Im 𝑠 > 𝜀1. (10)

On the curves 𝐶𝑚,𝑞, |𝐾𝑏(𝑥, 𝑡, 𝜆)| ≤ 𝐶/
√

𝜆, and, consequently,

1
2𝜋𝑖 ∮

𝐶𝑚,𝑞

𝐾𝑏(𝑥, 𝑡, 𝜆)
𝜆 − 𝜆0

𝑑𝜆 → 0 as 𝑚 → ∞ (11)

uniformly with respect to 𝑞.
Applying the residue theorem to this integral, passing to the limit as 𝑚 → ∞,
𝑞 → ∞, and taking into account the relations (9) and (10), we obtain

𝐾(𝑥, 𝑡, 𝜆) =
𝑟

∑
𝑘=1

𝑦𝑘(𝑥)𝑦𝑘(𝑡)

(𝜆𝑘 − 𝜆) ∫
∞

0
[𝑦𝑘(𝑥)]2 𝑑𝑥

− 1
2𝜋 ∫

∞

0

̃𝑦(𝑥, 𝑠) ̃𝑦(𝑡, 𝑠)
(𝑠2 − 𝜆)𝐴(𝑠)𝐴(𝑠)

𝑑𝑠. (12)

Approximating an arbitrary function 𝑝(𝑥) satisfying the condition 𝑥2𝑝(𝑥) ∈
𝐿(𝑅+) by functions 𝑝(𝑥) satisfying condition (4), we arrive at the following
result.
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Theorem 2. Let 𝑥2𝑝(𝑥) ∈ 𝐿(𝑅+), and let the functions 𝐴(𝑠), 𝐴(𝑠) not vanish
for 𝑠 ≥ 0; let the eigenvalues of the operator 𝐿𝜃(𝜆) be simple poles of its resolvent,
and let

𝜃(𝜆) = 𝑃(𝜆)
𝑄(𝜆) , lim

𝑠→∞
𝜃(𝜆)
𝑖𝑠 ≠ 1.

Then, for every point 𝜆 not belonging to the spectrum of the operator 𝐿𝜃(𝜆),
equality (12) holds, in which the integral on the right-hand side converges ab-
solutely and uniformly with respect to 𝑥, 𝑡 in the domain 0 ≤ 𝑥, 𝑡 < ∞.

Denote by 𝑀 the totality of all functions 𝑔(𝑥) ∈ 𝐿(𝑅+) satisfying the conditions:
1) 𝑔′(𝑥) exists and is absolutely continuous in every finite interval [0, 𝑎], 𝑎 > 0;
2) 𝑙(𝑔) ∈ 𝐿(𝑅+); 3) 𝑔(0) = 0, 𝑔′(0) = 0. Multiplying both sides of (12) by the
function 𝑓(𝑥) = 𝑙(𝑔) − 𝜆𝑔 and integrating with respect to 𝑥 from 0 to ∞, we
obtain:

Theorem 3. Under the conditions of Theorem 2, every function 𝑔(𝑥) ∈ 𝑀 can
be represented in the form

𝑔(𝑥) =
𝑟

∑
𝑘=1

𝛼𝑘𝑦𝑘(𝑥)

∫
∞

0
[𝑦𝑘(𝑡)]2 𝑑𝑡

− 1
2𝜋 ∫

∞

0

𝛼(𝑠) ̃𝑦(𝑥, 𝑠)
𝐴(𝑠)𝐴(𝑠)

𝑑𝑠, (13)

where

𝑎𝑘 = ∫
∞

0
𝑔(𝑡)𝑦𝑘(𝑡) 𝑑𝑡, 𝛼(𝑠) = ∫

∞

0
𝑔(𝑡) ̃𝑦(𝑡, 𝑠) 𝑑𝑡,

and the integral in (13) converges absolutely and uniformly with respect to 𝑥 in
the interval 0 ≤ 𝑥 < ∞.

Theorem 4. Suppose the conditions of Theorem 3 are satisfied and

𝑔(𝑥) ∈ 𝑀, ℎ(𝑥) ∈ 𝐿(𝑅+).

Then the following analogue of Parseval’s equality holds:

∫
∞

0
𝑔(𝑥)ℎ(𝑥) 𝑑𝑥 =

𝑟
∑
𝑘=1

𝛼𝑘𝛽𝑘

∫
∞

0
[𝑦𝑘(𝑡)]2 𝑑𝑡

− 1
2𝜋 ∫

∞

0

𝛼(𝑠)𝛽(𝑠)
𝐴(𝑠)𝐴(𝑠)

𝑑𝑠, (14)

where

𝛼𝑘 = ∫
∞

0
𝑔(𝑡)𝑦𝑘(𝑡) 𝑑𝑡, 𝛼(𝑠) = ∫

∞

0
𝑔(𝑡) ̃𝑦(𝑡, 𝑠) 𝑑𝑡,
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𝛽𝑘 = ∫
∞

0
ℎ(𝑡)𝑦𝑘(𝑡) 𝑑𝑡, 𝛽(𝑠) = ∫

∞

0
ℎ(𝑡) ̃𝑦(𝑡, 𝑠) 𝑑𝑡.

Here the integrals on the left- and right-hand sides of (14) converge absolutely.

Suppose that the function 𝐴(𝑠) has multiple zeros. Let 𝜆1, 𝜆2, … , 𝜆𝑟 be all the
eigenvalues of the operator 𝐿𝜃(𝜆), and let 𝑠1, 𝑠2, … , 𝑠𝑟 be the zeros of the function

𝐴(𝑠) = 𝑦′
1(0, 𝑠) − 𝜃(𝜆)𝑦1(0, 𝑠)

of multiplicities, respectively, 𝑚1, 𝑚2, … , 𝑚𝑟. Denote by 𝑦0,𝑘(𝑥), 𝑦1,𝑘(𝑥), … , 𝑦𝑚𝑘−1,𝑘(𝑥)
chains of eigenfunctions and associated functions corresponding to the eigenval-
ues 𝜆𝑘, 𝑘 = 1, 2, … , 𝑟. Then the following holds.

Theorem 5. Suppose 𝑥2𝑝(𝑥) ∈ 𝐿(𝑅+), the functions 𝐴(𝑠), 𝐴(𝑠) are nonzero
on the half-axis 𝑠 ≥ 0, and 𝜃(𝜆) is the same as in Theorem 2. Then, for any
𝜆 ∈ 𝐺 not belonging to the spectrum of the operator 𝜃(𝜆),

𝐾(𝑥, 𝑡, 𝜆) =
𝑟

∑
𝑘=1

𝑚𝑘

∑
𝑞=1

𝛼𝑞,𝑘(𝑥, 𝑡)
(𝜆 − 𝜆𝑘)𝑞 − 1

2𝜋 ∫
∞

0

̃𝑦(𝑥, 𝑠) ̃𝑦(𝑡, 𝑠)
(𝑠2 − 𝜆)𝐴(𝑠)𝐴(𝑠)

𝑑𝑠, (15)

where

𝛼𝑞,𝑘(𝑥, 𝑡) =
𝑚𝑘−𝑞
∑
𝑗=0

𝐶𝑗+𝑞,𝑘

𝑗
∑
𝜈=0

𝑦𝜈,𝑘(𝑥)𝑦𝑗−𝜈,𝑘(𝑡),

𝐶𝑞,𝑘 are constants, which are determined uniquely, and the integral on the right-
hand side of (15) converges absolutely and uniformly with respect to the set of
variables 𝑥, 𝑡 in the domain 0 ≤ 𝑥, 𝑡 < ∞.

Let us note that analogous results are also obtained for a certain class of oper-
ators of higher order.

In conclusion, the author expresses gratitude to Prof. M. A. Naimark for posing
the problem and for valuable advice.
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