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Abstract

Full Text
I. G. FIKHTENGOLTS

ON THE EINSTEIN TENSOR OF FOURTH
RANK

(Presented by Academician V. A. Fok on 1 X 1962)

Let us introduce two fourth-rank tensors IT and F setting

o, By o, Bro

1
Hua,,ﬁy = g,u,l/RO(B + ga,ﬁRuu - gl/aRu,B - gu,BRva - 5 (g;wga,B - gVagM,B) Rv (1)

Rua,ﬁu = Eua’ﬁu + HMQ,BV’ (2)

where, as usual,* g, is the fundamental tensor, R,,, g, is the fourth-rank cur-
vature tensor, R, is the second-rank curvature tensor, and R is the scalar
curvature.

We note that the tensor II,,, g,
(175) only by the choice of coefficients and, in essence, is a special case of the
tensor indicated in work (*).

differs from analogous tensors given in works

and F

Let us consider the properties of the tensors II L, By

to the tensor II

By With respect

o, pv the following assertions hold:

1. The tensor 11 possesses the symmetry properties of the Riemann ten-

pe, fr
sor R, g,
2. For the divergence of the tensor I ,, 3, the equalities hold
97V oo gy = Vel =V, Rygi (3)
gaavanuaﬁu = gagvaR,ua,ﬁV' (4)
3. If we set
H[Ll/ = gaﬁnpa,ﬁw II= gHVH;Lw
then, by virtue of the definition of the tensor I, 5,
1
I, =2(R,, — ZQWR , II=0o. (5)
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4. For the divergence of the tensor II ,, the equalities are valid

10R
HOVIL,, = == 6
g o uy 2 axl/? ( )
gugvanpu = guavoR,uV' (7)
5. Not only is the tensor II,, expressed through the tensor 1I, 5,, but,
conversely, the tensor IL ,, 5, is expressed through the tensor I ,,, namely

1

H,uoz,Bl/ = 5 (guvHaB + gaﬁH,uy - guaH,uﬁ - gpf}Hua) . (8)

* Greek indices take the values 0, 1,2, 3. Summation from 0 to 3 is assumed over
identical Greek indices.

Equations
o, fr — 0 (9)

are equivalent to the equations

I, =0 (9%)

and determine a space of constant curvature.

Thus, with respect to a four-dimensional space-time of constant curvature, the
tensor I, 3, plays the same role as the Riemann tensor R;; ,,,,, with respect to
a three-dimensional* Euclidean space.

Let us proceed to consider the properties of the tensor F

o, pv- Lhe following
assertions hold:

1. The tensor E,, 3, possesses the symmetry properties of the Riemann ten-
sor R

po,Brt
2. The tensor E,,, 3, is conservative, i.e.
gagvoEﬂa,ﬁu =0. (10)
3. If one sets
E;,u/ = gaﬁEua,Byv E= guyE;u/a

then, by virtue of the definition of the tensor E,, s,
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Here

G, = Rp,u - 1/29;1,VR (12)

pv
is the Einstein tensor.

Consequently, Einstein’ s gravitational equations can be written in the form

E, =xT,., (13)

where x is Einstein’ s gravitational constant and 7}, is the mass tensor.

We shall call the tensor E,,, g, the Einstein tensor of the fourth rank. In formu-
lating certain properties of the Einstein tensor of the fourth rank it is convenient
to use the quantities

Auuaﬁa"r —_ gp,ugaﬂgar _ gp,agﬁz/gar _ g;rrguo'gaﬁ; (14)

oT —1 o T o 1T
Buuaﬁ - /2 (Fuuraﬁ - F;wzrﬂu) ) (15)
where I'jj, are Christoffel symbols of the second kind.

From the definitions (14) and (15) it follows that

Aul/a,@o"r _ A;u/‘raﬁoc A;u/ozﬂo’T — Auuﬁara A/u/aﬁo"r_,_Aﬁl/auo’T — AuuaaBT+A,BuaUuT.
’ ) )
(16)

Z:;aﬁ = _Bzguﬁ’ BZZO(,B = _ngay’ BZ;aﬁ + BZ;[}U + Bzgya =0. (17)

Let us continue the consideration of the properties of the Einstein tensor of the
fourth rank.

* Latin indices take the values 1,2, 3.

If we put

EHeB = ghego g7 g T By
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Up,a,,BV _ (A/,m'uarﬁ _ A“WTO‘B)(ngm 4 B’&;ZUQ> +
+ APTTB(BY, 4 Blng) — A7 (Bl + Bllg) +
A (B 4 Bg) — AP (B + Bay) +

4 A/,LVO’TQ’YB??T’Y _ Aauo”rg'\/ngT’y 4 Aaﬁo"rg'yBgZT’y o AH'BUTQA/ng‘r—yv
(18)
then it can be shown that
g(EuaﬁV 4 U,ua,,@u) _ 1 82 g(Aum/a-rﬂ _ A;unn'aﬁ). (19)
2 0z,0z.,

Here ¢ is the determinant formed from the components of the fundamental
tensor g,,,,-.

From the equalities (19) the conservation laws follow directly:

O g g i) <, (20)

Along with the conservation laws (20), others may also be indicated. Let
608 = 6068 — 8862, (21)

where 0, = 1 for p = v and ¢}, = 0 for u # v. From the definitions (21) it
follows that

535 = ffsgg, 535 = fagfj.

Now putting

B = 99" E

pv,oT)

Wity = 53 B%0er + O30 B, — 634 Bl +

uvoT “w
+ 555353'97 - 63535’;97 + 6ﬁf€Bg'ZQT - (53»533'2,97 - 6g§B£;’IV7 + 233151,7—;
(22)
Vil = 97w, (23)

one can show that
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\/jg(EﬁUB n nyﬁ) B 1 i {gMQgV’Y i g(Aomwaﬁg _ Aa’r'yﬁag)} . (24)

T 20z,

vV -9 am‘r

From the equalities (24) the conservation laws obviously follow:

9
@,ﬁ—g(Egﬁ* + Vo) =0.

(25)

Let us show that the Einstein conservation laws follow from (25). Contracting

(25) over two indices, we have

0
%\/—g(E?g + Vaaﬂg> =0.

[e3

In this case
Eac — Ra_léaR .
oB = 5 5%
Vog = 0597 Brar + 9% Bl + 97 By s + 97 Bog,.

If, as usual, we set
L=gT (Fg'yrlp - Fg‘rrg’v)
or, what is the same,
L =2¢°"BY),

and use the formula

agm' oL ao RPY oT ROP oT QP
D2y 09 :2(9 Bpor + 97 By prs T 9 Bopﬂr)’
§Jor
Ox

[e3

then the equalities (28) are rewritten in the form

1 dg oL
Voo = — | Log — =227
of 2 B 8335 aagm_
Or

[e3

or

(26)

(29)
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Ve = x93, (31)

where Gg is the well-known Einstein pseudotensor of energy-momentum.

Consequently, contracting (25) over two indices, we arrive at the well-known
conservation laws

9
ox

[e3%

V=9 (Tg +63) =0. (32)

It follows from the foregoing that the use of the Einstein tensor of the fourth
rank makes it possible to formulate conservation laws expressed in terms of
quantities of the fourth rank. From these laws there follow in a natural way
(by contraction over two indices) the well-known conservation laws expressed in
terms of quantities of the second rank.

I take this opportunity to express my gratitude to Acad. V. A. Fock and Prof. A.
Z. Petrov for discussion of the results.
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