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Abstract
Full Text

B. Efimov

On Dyadic Bicompacta
(Presented by Academician P. S. Aleksandrov on 8 XI 1962)

§ 1. Auxiliary propositions.

Let

D™ = H Do card§ = T,

ach

where DY is a space consisting of two isolated points, and [] denotes topological
product. Let w C 6. We shall call the set Hf‘fw) of those points {x,} € D7 for
which, for all & € w, we have z, = i, € i(w), while the remaining coordinates
are arbitrary, a layer of the space D7 with base w. Let F' C D" be closed, and
let xXF' = 75 < 7 be the least cardinal number for which there exists a system
{H,} of cardinality 7, of open-and-closed sets with intersection (] H, = F.
This number xF will be called the neighborhood character of the set F' (in the
space D7).

It can be proved that each open-and-closed set H,, is the sum of a finite number
of elementary neighborhoods with one and the same base; therefore

k(v)
F_ﬂ<UH/\>_UﬂH/\ 1< s <k). (1)
v s=1 § v,s

Here by £ are meant all possible nonempty intersections formed as follows: from
each open-and-closed H, an arbitrary neighborhood Hf , 1 < s < k(v), is
taken, and the intersection of all selected neighborhoods ‘is considered. Since
an elementary neighborhood is the intersection of a finite number of one-index
neighborhoods, we have

v

N, =) (H 00 ) = (V= HL, @)
v,s ©

where w = Uu a,, and (&) is the corresponding collection of zeros and ones,

M,
depending on £. Thus Hf;Ef) will be a layer of D™ with base w, where card w < 7.
Combining (1) and (2), we obtain that F' = Ué HY® | with cardw < XF.
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Every decomposition of a closed set F into | J P Hflf(% will be called a stratification
of F.
We have now proved the following proposition:

A. If xF' = 7, then there exists a stratification of F’, the cardinality of the base
of each layer of which does not exceed the neighborhood character of F'.

It can be shown that if the base w is one and the same for each layer, then the
stratification is a continuous partition of the set F'. The space of this partition
will be called the skeleton of F' (sk F'). In this case we have the following two
properties of sk F'.

B. The weight of the skeleton does not exceed the neighborhood character of
F.

C. If at least one skeleton of the bicompactum F' is dyadic, then the bicom-
pactum F' itself is dyadic (and then each of its skeletons is dyadic).

We now prove the following proposition.
D.If F= [U§ HZS(%]’ where card w, < 7, then xF < 7.
Proof. We may suppose that D™ \ F' # A. For any point z € D7 \ F' consider
H,=Hg"% Cc D \F.
Since o ©
Hall..:..ass N Hy (5) =A
for any &, this means that for each £ we have
e=4ay,...,a, Nw() # A

and there is at least one a; = aﬁ € e such that

o, # s
Call this condition (L). A neighborhood
Ha' i,

satisfying condition (L) will be called regular if there is no proper part
ay,s...,a, C aq,...,a, such that the neighborhood

iq iy
Hallu.ak

satisfies condition (L). It can be shown that every point z € D7 \ F has a
regular neighborhood. If we show that the cardinality of the set of distinct
regular neighborhoods does not exceed 7, then it will thereby be proved that

xF < 7.
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Denote this family by .
H={H,"}.

Suppose the contrary. Let 7, = R, ; then card H > R ; is uncountable. There-
fore there exists a subfamily of the family H (which we shall still denote by

H={H)"}),
all neighborhoods of which have one and the same rank s, and moreover
card H > R_ .

Consider some layer

From condition (L) it follows that for each neighborhood H ;“ €H,
m

A, N(&g) # A.

To each
aj € w(p)

assign the cardinality of those Hj\“ € H whose bases contain the index a. Since
©

cardw(§) <N

g

and
card H > R_.,,

there exists a subfamily H; of the family H, with
card H; > N4,

all bases of whose neighborhoods contain one and the same index a4, and the a,-
st coordinate is the same in all neighborhoods. Next we continue by induction.
Suppose that we have found a subfamily H" ! of the family H, with

-1
card H™" > N__ 4,

all bases of whose neighborhoods contain the same indices aq, ..., a,,_;, and the
values
i

a? n—1

coincide in all neighborhoods of the family H"~!. Consider an arbitrary repre-
sentative of this family

H. — Hzal...zaq%l o, lag
A Q1O 1 QoG .
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The neighborhood

Tg, el % it
H a1’ an—1 "anpy1’as
A1:0p1 Qpi1--Qs ’

which is obtained from H, by omitting the index a
sequently, there exists a layer

n, 15 no longer regular; con-

(&)
Hw(go) C F’
for which either 1)
Apy ey Oy Qpyiqy e, Gy NW(EY) = A

or 2)
al’ ver g anfl, a’n+l’ 70'5 N w(fO) 7& A

and for all a; = af,o we have
. o
Zaj - Zafpa ay € W(go)
In case 1), every A, intersects w(§,) in indices not belonging to ay,...,a,_ ;.
Since
cardw(&,) < N,
and

—1
card H™" ™ >N,

there exists a subfamily H™ of the family H™ !, with
card H" > N__,,

all bases of whose neighborhoods contain one and the same index

a5 = G,
and for which iq, coincides. In case 2), we again find that every A, intersects
w(&,) in indices not belonging to a, ..., a,,_, since every neighborhood

Hiu c Hn—l
)\“

satisfies condition (L). Thus, in both cases we obtain that in the family H™ all
bases of neighborhoods contain the same indices

Apyeeey Qs

and all values

Gayy st

a’!L

coincide in all neighborhoods. Consequently, after no more than s steps we
obtain that there exists a subfamily H® of the family H, with

card H* > N,
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all neighborhoods of which coincide, which contradicts the fact that all
H /\’;
are distinct. D is proved.

The following propositions easily follow from D.

Theorem 1. A canonical closed set in the space D7 is a set of type G (conse-
quently, every canonical open set is a set of type F.).

Next we have the proposition:

If the character of a closed set F' is uncountable, then in any partition of F
there exists a layer H? (&) such that, for every countable subset v C w(§,), the
layer H!, containing HZ}(%)(EO), intersects D7 \ F.

OR]
Now the following known theorem is easily proved:

Theorem 2. The weight of a dyadic bicompactum R is equal to the least upper
bound of the values of the neighborhood characters of the points z € R.

Indeed, let

Ty = Sup X«
TER

and R = f(D7); then, to prove Theorem 2, it is enough to show that xp pA <
To- It is easy to note that yy < 7, for all y € A and that R x R = g(D7). Then

Xpr(97'A) = xp- ( U Fy> :
yeA

where F, = g~ 'y. Since xF, < 7, it follows, applying A, that
¢
where card w(y) < 7; further,
gta={Jr,=1J LéJ Hy, ) ();
Y y

applying D, we obtain
Xp-(g71A) < 7,
as was required.

§ 2. Main results.

Theorem 3 (the first main theorem). In a dyadic bicompactum every canonical
closed set and every closed G are dyadic bicompacta.
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Proof. Let R = f(D"); F = [U] C R, U open. Then
F = f(F),

where
F=[fU]

is canonical closed, which is G5, by Theorem 1. If, on the other hand, F is a
closed G5 in R, then its full preimage will be a closed G5 in D7. Thus, in both
cases, the proof reduces to establishing the fact that every closed G set Fin
D7 is dyadic. We show this. Since F is a closed Gs in D7, we have Xﬁ < Ng;
applying B, we obtain that the weight sk /' < N;; hence, by the theorem of P.
S. Aleksandrov (1), the bicompactum sk F is dyadic; using proposition C, we
obtain that F itself is dyadic. The theorem is proved.

Theorem 4 (the second main theorem). A hereditarily dyadic bicompactum is
metrizable.

Proof. Denote by E_ the space of cardinality 7 > N, consisting of isolated
points only, and by bE,_ some bicompact extension of E_. In particular, denote
by byE, the bicompactum obtained by adjoining to E._ a single point ¢, called
the vertex of byE,. If 7 > R, then the bicompactum bE, is not dyadic (?). We
first prove the following proposition:

E. A continuous dyadic image of bE,_, under the condition that the remainder
N=0E_\E,

is mapped to a single point, is the bicompactum boExO-

Let Y = f(bE,) and z = f(N) € Y. We show that Y = b,E,, 7" < 7, and z
is the vertex of Y. Indeed, let Oz be an arbitrary neighborhood of the point z;
choose ON so that

f(ON) € Oz

since outside ON there lies a finite number of isolated points of bE_, outside
Oz there can lie only the images of these points. Hence it follows at once that
z is the unique non-isolated point of the bicompactum Y. Thus

Y - bOET/ 5

with 7 < 7. If, moreover, Y is a dyadic bicompactum, then

As a consequence of proposition E we obtain that the full preimage of the point
z contains all points of E_, with the exception of at most countably many. Now
let

R=f(D")
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be a hereditarily dyadic bicompactum. To prove that R is metrizable, it is
enough, by Theorem 2, to show that R satisfies the first axiom of countability,
i.e. that for each

of the point 2 € R, F = f~'z has countable neighborhood character in D7.
Suppose that for some point z, € R, xF, > X, where F, = f lz,. We shall
then show that in D7 there lies a bicompactum bEy such that

N =bEy \ By, C F,

and moreover Ey N Fy = A. This means, as was shown above, that f(bEy )=
boEy,, which lies in R, contradicting the hereditary dyadicity of R. We shall
construct bEy by transfinite induction. Consider some partition Fj,. Using the
proposition, consider a layer
_ 7o)
U=Hye,

such that, for any countable subset v C m(éo_), the layer Hvi(v) containing U
intersects D™ \ F,. Let a; € w(§,). Take Hgffl D U. There will be found a
point y; € H;‘l’l not belonging to Fj,. Consider

iy
H>‘1 = Hﬁl"'ﬂs(l)(y1> C DT \ FO'
From H, take a point z; such that on the indices w(&,;) \ A; it assumes the
very same values as the layer U, and on all the remaining, non-fixed ones, zeros.
Denote by A; the set of those indices 3 € A; which enter into tv(§,) and carry
opposite values. Such indices necessarily exist. Suppose that, for an arbitrary
countable ordinal v, the points zy,...,2,,..., p < v, and the sets A, have been
constructed. Denote
As=JA,

p<v
It is easy to see that card A}, < R, and that A} C r(&,); therefore, for the layer

HIY SU

there will be found a point y, € D™ \ F;. Consider

iy

Hy, = Hg g (y,) C DT\ Fy.

From H, take a point z, such that on the indices w(&,) \ A, it assumes the
very same values as the layer U, and on all the remaining non-fixed ones, zeros.
Just as at the first step, from A, select the set A,. The induction is complete.
We shall prove that {z,} = bEy is the required bicompactum. Note that
A, MA, =A. Indeed, let u < v; then A, C A} = UKU A, and therefore the
point z, on the indices A, carries the very same values as the layer U, while
on the indices A, it carries opposite values; consequently, A, and A, do not
intersect. It follows from this that the neighborhood

HiA

v
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does not contain a single point z,,, since z,,, on the indices (&) \4,, containing
A,, carries the same values as the layer U, and hence values opposite to the
indices i(A,). Thus {z,} = Ey . We now show that no point of D"\ U is a
limit point for {x,}. If y ¢ U, this means that there is an index o € w(§,) such
that y, # i,, where i, is the corresponding value of the layer U. In that case
the neighborhood

Hi*(y)

can contain no more than one point of the set {x,}, since there exists at most one
A, 3 a. Thus the remainder [{z,}] lies entirely in the layer U, and consequently
in Fy. The theorem is proved.

A strengthening of Theorem 3 is the following theorem:

Theorem 5. If 7 > R, then every nonempty canonical closed set of the space
D7 is homeomorphic to the whole D7. If T > Ry, then every closed G in D" is
homeomorphic to the whole DT.

The author expresses his gratitude to P. S. Aleksandrov and V. I. Ponomarev
for valuable suggestions.
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