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Abstract
Full Text
MATHEMATICS

Yu. N. DNESTROVSKII, D. P. KOSTOMAROV

ON EIGENVALUE PROBLEMS FOR SECOND-
ORDER EQUATIONS IN THE CASE OF
NONLINEAR DEPENDENCE ON THE PA-
RAMETER 𝜆
(Presented by Academician I. G. Petrovskii, March 15, 1963)

1. Let us consider the boundary-value eigenvalue problem for a second-order
differential equation in the case when the parameter 𝜆 enters the equation
nonlinearly:

𝑑2𝑤
𝑑𝑥2 + 𝑘2𝑄(𝑥, 𝜆)𝑤 = 0, 𝑤(−∞) = 𝑤(∞) = 0, (1)

and we shall seek its eigenvalues in a certain domain 𝐺 in the plane of the
complex variable 𝜆, for a fixed real value of the parameter 𝑘. The aim of the
present work is to develop an asymptotic method for the approximate determi-
nation of the eigenvalues of such a problem for large values of 𝑘. In the case
of the classical Sturm–Liouville problem with a discrete spectrum, the equation
approximately determining the eigenvalues for large 𝑘 has the form of the Bohr
quantization conditions (1,2). It is of interest to derive analogous equations
for the approximate determination of eigenvalues for non-self-adjoint problems,
when the function 𝑄(𝑥, 𝜆) is, generally speaking, complex.

We investigate problem (1) under the following assumptions on the function
𝑄(𝑥, 𝜆):

1) There exist such 𝑥1 and 𝑥2 that, for any 𝜆 ∈ 𝐺, the function

Im ∫
𝑥

𝑥0

√𝑄(𝑡, 𝜆) 𝑑𝑡

is a monotone function of 𝑥 for −∞ < 𝑥 < 𝑥1 and 𝑥2 < 𝑥 < ∞, and moreover

lim
𝑥→±∞

[∣Im 𝑘 ∫
𝑥

𝑥0

√𝑄(𝑡, 𝜆) 𝑑𝑡∣ ∓ 1
4 ln |𝑄(𝑥, 𝜆)|] = +∞.

2) The integrals
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∫
𝑥1

−∞
𝑄′2(𝑡, 𝜆) 𝑄−5/2(𝑡, 𝜆) 𝑑𝑡, ∫

𝑥1

−∞
𝑄″(𝑡, 𝜆) 𝑄−3/2(𝑡, 𝜆) 𝑑𝑡,

∫
∞

𝑥2

𝑄′2(𝑡, 𝜆) 𝑄−5/2(𝑡, 𝜆) 𝑑𝑡, ∫
∞

𝑥2

𝑄″(𝑡, 𝜆) 𝑄−3/2(𝑡, 𝜆) 𝑑𝑡

converge absolutely and uniformly in the domain 𝐺.

3) The analytic continuation of the function 𝑄(𝑥, 𝜆) to the plane of the com-
plex variable 𝑧 = 𝑥 + 𝑖𝑦, 𝑄(𝑧, 𝜆), is an entire function of 𝑧 for 𝜆 ∈ 𝐺.

4) The function 𝑄(𝑧, 𝜆) is an analytic function of 𝜆 in the domain 𝐺 for every
𝑧.

5) The function 𝑄(𝑧, 𝜆) has only simple zeros 𝑧𝑖(𝜆), depending analytically
on 𝜆 in the domain 𝐺.

We note that, by virtue of requirements 1) and 2), each of the boundary condi-
tions

problem (1) singles out a solution of equation (1), unique up to a factor. We
shall denote these solutions by 𝑤1 and 𝑤2.

2. To investigate problem (1), we consider equation (1) on the entire plane of
the complex variable and construct asymptotic expansions of the solutions
𝑤1 and 𝑤2 in negative powers of 𝑘. In deriving the required asymptotic
formulas, an important role is played by the topological structure of the
level lines of the harmonic function

Im ∫
𝑧

𝑧0

√𝑄(𝑡, 𝜆) 𝑑𝑡,

which is determined by the location of the zeros 𝑧𝑖(𝜆) of the function 𝑄(𝑧, 𝜆).
Fix some value 𝜆 and consider, for this value of 𝜆, in the plane of the complex
variable 𝑧, the system of lines Γ𝑖(𝜆) defined by the equations

Im ∫
𝑧

𝑧𝑖(𝜆)
√𝑄(𝑡, 𝜆) 𝑑𝑡 = 0 (𝑖 = 1, 2, …).

The connected branch of this line containing the point 𝑧𝑖(𝜆) will be denoted by
Γ𝑖(𝜆).
Suppose that the line Γ𝑖0

(𝜆), corresponding to the zero 𝑧𝑖0
(𝜆), does not pass

through other zeros of the function 𝑄(𝑧, 𝜆); then the zero 𝑧𝑖0
(𝜆) will be called

an isolated zero of the function 𝑄(𝑧, 𝜆) for the given value of 𝜆. The line
Γ𝑖0

(𝜆), corresponding to the isolated zero 𝑧𝑖0
(𝜆), consists of three branches
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which emanate from the point 𝑧𝑖0
(𝜆) and go to infinity without self-intersections

or mutual intersections.

Assume now that the line Γ𝑖1
(𝜆), in addition to the zero 𝑧𝑖1

(𝜆), also passes
through the zeros 𝑧𝑖2

(𝜆), … , 𝑧𝑖𝑠
(𝜆), and does not pass through the remaining

zeros of the function 𝑄(𝑧, 𝜆). We shall then say that the zeros 𝑧𝑖1
(𝜆), … , 𝑧𝑖𝑠

(𝜆)
of the function 𝑄(𝑧, 𝜆) form, for the given value of 𝜆, an 𝑠-point complex.
The lines Γ𝑖2

(𝜆), … , Γ𝑖𝑠
(𝜆), corresponding to the zeros 𝑧𝑖2

(𝜆), … , 𝑧𝑖𝑠
(𝜆), coincide

with the line Γ𝑖1
(𝜆), and therefore we shall denote this line by Γ𝑖1…𝑖𝑠

(𝜆).
The line Γ𝑖1…𝑖𝑠

(𝜆) has the following structure: from each zero 𝑧𝑖𝛼
(𝜆) (1 ≤ 𝛼 ≤

𝑠) three branches of the line emanate, which either end at other zeros of the
complex or go to infinity; moreover, according to condition 1, none of these
branches can go to infinity either straight along the real axis or while oscillating
infinitely about it.

The line Γ𝑖1…𝑖𝑠
(𝜆) divides the whole plane of the complex variable 𝑧 into 𝑠 + 2

regions. The union of those regions of the partition which contain arbitrarily
large, in modulus, real numbers (there are either one or two such regions of
the partition) will be called the outer region of the given complex. In those
cases when the outer region consists of two adjacent regions of the partition, the
points of the branch of the line Γ𝑖1…𝑖𝑠

(𝜆) separating them will also be assigned
to the outer region of the complex. We shall call the complex a complex of
the first or second kind, according as its outer region is, or is not, connected.

3. Theorem 1. If, for no value 𝜆 belonging to a connected closed subdomain
𝑔 of the domain 𝐺, the function 𝑄(𝑧, 𝜆) has complexes of the second kind,
then there exists a 𝑘0 = 𝑘0(𝑔) such that for every 𝑘 > 𝑘0(𝑔) problem (1)
has no eigenvalues in the domain 𝑔.

Theorem 2. Let a connected closed subdomain 𝑔 of the domain 𝐺 satisfy the
following requirements:

1) For every value 𝜆 ∈ 𝑔, the roots 𝑧1(𝜆) and 𝑧2(𝜆) of the function 𝑄(𝑧, 𝜆)
are either isolated roots or form between themselves a two-point complex
of the second kind.

2) The remaining roots of the function 𝑄(𝑧, 𝜆) do not form complexes of the
second kind for any value of 𝜆.

Then the equation determining the eigenvalues of problem (1) has, in the domain
𝑔, the form

𝐷(𝜆, 𝑘) = cos 𝑘𝑆1,2(𝜆) + 1
𝑘𝛼(𝜆, 𝑘)𝑒𝑖𝑘𝑆1,2(𝜆) + 𝛽(𝜆, 𝑘)𝑒−𝑖𝑘𝑆1,2(𝜆) = 0. (2)

Here
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𝑆1,2(𝜆) = ∫
𝑧2(𝜆)

𝑧1(𝜆)
√𝑄(𝑡, 𝜆) 𝑑𝑡,

where the path of integration must not intersect any of the lines Γ𝑖(𝜆) (𝑖 =
3, 4, …); 𝛼(𝜆, 𝑘) and 𝛽(𝜆, 𝑘) are functions analytic and bounded with respect to
their arguments for 𝜆 ∈ 𝑔, 𝑘 > 𝑘0(𝑔).
Let us compare with equation (2) the equation

𝐷0(𝜆, 𝑘) = cos 𝑘𝑆1,2(𝜆) = 0. (3)

If the derivative of the function 𝑆1,2(𝜆) does not vanish in the domain 𝑔, then
equation (3) determines in this domain the roots of equation (2) with accuracy
up to terms not exceeding 𝑐/𝑘2, where 𝑐 = 𝑐(𝑔) is a constant.

The results obtained are easily generalized to the case when several pairs of zeros
of the function 𝑄(𝑧, 𝜆): 𝑧1(𝜆) and 𝑧2(𝜆), 𝑧3(𝜆) and 𝑧4(𝜆), …, can form two-point
complexes of the second kind in the domain 𝑔. In this case the approximate
equation determining the eigenvalues of problem (1), for large 𝑘, will have the
form

𝐷0(𝜆, 𝑘) = cos 𝑘𝑆1,2(𝜆) cos 𝑘𝑆3,4(𝜆) ⋯ = 0.

Thus, equations of type (3) make it possible to determine approximately the
eigenvalues of problem (1) everywhere, except in neighborhoods of those values
𝜆 for which the function 𝑄(𝑧, 𝜆) has multi-point complexes of the second kind.
To determine the eigenvalues in a neighborhood of such 𝜆, the corresponding
approximate equations are easily derived. The form of these equations depends
essentially not only on the number of zeros of the function 𝑄(𝑧, 𝜆) forming the
complex, but also on their mutual arrangement, i.e., on the structure of the
complex.

In conclusion we note the following. Equation (3) formally has the form of the
Bohr quantization conditions, i.e., the eigenvalues of self-adjoint and non-self-
adjoint problems are determined by approximate equations of one and the same
type. However, if in the first case it is immediately clear for which pairs of zeros
of the function 𝑄(𝑧, 𝜆) one should write equations of type (3), then in the second
case, when compiling these equations, it is necessary to take into account the
character of the complexes. If some pair of zeros of the function 𝑄(𝑧, 𝜆) forms
a complex of the second kind, then the roots of equation (3) approximately
determine the eigenvalues of problem (1); if, however, this pair forms a complex
of the first kind, then the roots of equation (3) have no relation whatsoever to
the eigenvalues of problem (1). Therefore the formal application of equation (3)
to finding the eigenvalues of problem (1), without analyzing the character of the
complexes, can lead to erroneous results.
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