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Abstract
Full Text

MATHEMATICS

M. G. GASYMOV

ON THE ANALYTIC PROPERTIES OF THE SPEC-
TRAL FUNCTION OF A SELF-ADJOINT STURM-
LIOUVILLE OPERATOR

(Presented by Academician I. G. Petrovskii on 10 I 1963)

In the present paper we investigate the analytic properties of the spectral func-
tion of the operator L, generated by the differential equation

—y" +q(r)y =Ny (1)

and the boundary condition

y(0) =0, ()

where 0 < z < o0, ¢(x) is a real locally integrable function, A = s + io. The
spectral function p(s) of the operator L is defined only on the real axis s and,
generally speaking, cannot be continued into the complex plane. R. G. showed
(?) that for a finite potential g(z) (¢(z) = 0 for z > a) the derivative of
the spectral function with respect to 4 = v/\ is a meromorphic function of ~
and has poles 71,7, ... (71,72, ...) in the lower (in the upper) half-plane, and
the {¢(z,7,)}, where p(x,\) is the solution of equation (1) with the initial
conditions

@(07 )‘) =0, 90/(07 >‘) =1, (3)
form a complete maximal system of functions in L, (0, 2a).

In the present paper it is shown that for a potential ¢(x) = —z® 4 p(z), where
p(x) =0 for x > a, the derivative k() of the spectral function of the operator L
is a meromorphic function of A\, and the behavior of £(\) in the complex plane
is studied in detail. With the aid of the results obtained, the asymptotics of the
solution 9 (x,t) of the Cauchy problem is found:

QD TVED e (e, 8
¥(0,t) =0, Y(x,0) = f(z) for large t. (5)
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1. We first investigate the spectral function of the operator LY, generated by
the differential equation (1) with ¢(z) = —z®, where 0 < a < 2, i.e. by
the equation

—y =ty =Xy (6)

and the boundary condition (2).

Theorem 1. 1) The derivative k% (\) of the spectral function of the operator
LY is a meromorphic function of the complex variable \; 2) the poles A9, \J, ...

(A, X9, ..) of the function kJ(A) lie on the ray [Alex™ (A" ) and

mal (3/2+ 1/a)

Anl ~ T(3/2)[(1/a)

a+2

n} as n is large;

3) K2 (A)e NVAi 5 0 on any ray |Met?, 27/(24 a) < 0 < 2(a+ 1)7/(2 + a),
as |A\| = oo and for any N > 0 (one can prove that in the angle 27/(2 4+
a)+e<0<2(a+1)r/(24+«a)—¢, where ¢ is any positive number smaller
than am/(a + 2), the function k% (A\)e "NV tends to zero uniformly as
|A| = o0); 4) outside the region R, formed by the half-lines |)\|ei§%§m‘ +1,
the inequality

S (N)] < e[ VAL,

holds, where ¢ is a certain constant.

Proof. It is known ® that the derivative £2()) of the spectral function of the
operator Lg is determined as follows:

0/ L[ fA0,s+i0)  fi(0,5+id)
Fals) = lim > Ful0,5+10)  F(0s+i0) | (7)

where f,(z,\) € Ly(0,00) for every value of A for which Im A > 0, and the
function f,(z, ) is a solution of equation (6). Obviously, in order to prove
assertion 1), it is enough to prove that the function m/ (\) = f2,(0,\)/f.,(0, A) is
a meromorphic function. To this end, consider the equation —y” —e*?z%y = \y,
where 0 < ¢ < 7. Tt is known ) that this equation has a solution f,(z,\, ¢) €
L4(0,00) for every value of ¢, 0 < ¢ < m, and for every A, and moreover
ma(N) = f(0,X,¢)/f,(0,\,¢) is a meromorphic function of A. It is not hard
to see that

. 2(m—¢) ;
m&(\) = e e 'mT ()\e* o Z) .
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One can show that the function f,(z, A, ¢)/f,(0,,¢) tends to the function
fol,N)/ (0, A) uniformly in 2, 0 < 2 < oo, as ¢ — 0, and for every A in the
lower half-plane. Then we obtain that the function

m.,(\) = ezaimT ()\e’%i)
is meromorphic, which proves assertion 1). Assertion 2) follows from the fact
that the function mZ(\) has poles {u,, } only on the real axis and

N [mus/z +1/a) ]
" I(3/2)I(1/a)

for large n. To prove assertion 3), note that the function k2 ()) is an entire
function of order of growth (a + 2)/2a (the proof of this fact is omitted here),

and, as is known (®),

e NVIsl ’kg(s)‘il — 00

as s — —oo and for every N > 0. Therefore, if the function e™*VAN [£0 (X)] !
were bounded on some rays |A|e!™%  where |0] < ma/(a + 2), then by the
Phragmén-Lindelsf theorem (©) it would follow that this function is bounded also
on the negative real axis, which contradicts the condition e**V*N[k9 (s)|~! — oo
as s — oo. Thus assertion 3) is proved. Since ) m7()\) — iv/X as |\ — oo
outside the domain R, {|Im A] < 1, Re X > —1}, it follows that m(A) — iV A as
|A\| = oo and A € R. Hence assertion 4) follows. Thus the theorem is proved.

2. We can now pass to the study of the spectral function of the operator L,
generated by the differential equation (1) with g(x) = —x® + p(z), where
0 < <2, and p(z) is a finite function (p(x) = 0 for x > a, and moreover
p(z) ~ cla—x)" as © — a, where [ > 0 and c are fixed numbers), with the
boundary condition (2).

Theorem 2. 1) The derivative k, () of the spectral function of the operator
L, admits an analytic continuation to the complex plane and is a meromorphic
function of the complex variable \; 2) the function k,(\) has in the upper
half-plane an infinite number of poles Ay, A,, ... such that:

a) Im\, — oo as n — oo; b) the distance from the ray |A|eza® of those
A,, for which arg),, > & > 0 tends to zero as n — oo; ¢) the argument
of those A, for which arg), < e tends to zero as n — oo, where ¢ is
any fixed number smaller than 27/(2 4+ «); 3) on every ray |\|e?, where
r/2+a) <0 <2(l+a)n/(2+ ),

ko, (Ne VAN 0
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as |A| = oo and for every N > 0, and moreover in the angle 27/(2+a)+e < 6 <
2(1+ a)7/(24 a) — e, where ¢ is any positive number smaller than an/(2+ «),
the function k, (A)eV*N — 0 uniformly as || — oo.

The theorem can be proved by using the following facts.

If F,(x,)) is the solution of equation (1) with ¢(x) = —z* + p(z), coinciding
with f,(x,\) for z > a, then there exists a function A(z,t) such that,

that is,
(e, 0) = fal(2, M) + / A t)f (4N dt, (®)
1
_ 1.0
FalN) = haN) oy ©)
where

fa(t, A)

m\) =1 +/2aA(O,t) dt (10)
0

and 75(s) = n,(s) for real s.
3. We shall call the poles A;, Ay, ... (A;,Ay,...) of the function k,()\) the

complex eigenvalues, and the corresponding functions ¢(z, A,,) (¢(x, A,,)),

where o(z,\) is the solution of equation (1) for ¢(z) = —z® + p(x)
with initial conditions (3), the complex eigenfunctions of the oper-
ator L,. For large z, the functions ¢(z,\,) (n = 1,2,...) grow

like 2=**exp{| Im\, |z'~*/?} (for a = 2, the growth of p(z,\,) is
polynomial), and nevertheless the following theorem holds.

Theorem 3. The systems of functions {¢(z,\,)} and {¢(z,\,)} form on
(0,00) a biorthogonal system of functions in the following sense:

> 1
1- —ET = —-—— . 11
o) € Pl A ) An) A = e O (11)

Denote by K? the set of finite functions f(z) from L, (0, 00) such that f(0) =0
and —f” — (z* —p(x)) f € Ly(0,00). With the aid of Theorem 2 one can prove
the following theorem.

Theorem 4. If f(z) € K2, then for any z € (0, H)

f(@) =2i§n:f(Am)w(x,/\m)Resk()\m)Jr1/C FNe(@ Nk, (N dx, (12)

m=1 ™
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where f()) is the (x, \)-Fourier transform of the function f(z); C,, is a contour
enclosing only the poles A, Ay, ..., A, of the function k_(\) and asymptotically
parallel to the real axis, and H is any positive number.

This result may be applied to finding the asymptotics of the solution ¥ (x,t) of
the Cauchy problem (4)—(5) for large ¢.

Theorem 5. If f(x) € K2, then for any 2 € (0, H) the solution (x,t) of the
Cauchy problem (4)—(5) for q(z) = —z® + p(x) has the form

1) = 23 Tl A et Res by (A )+~

m=1 ™

/ T @z, N)eiMk, (X dA,
C,
(13)

where f(/\), C,,, and H are the same as in Theorem 4, and as ¢ — oo it has the
asymptotics

P(x,t) ~ 2if()‘1)80<$7 Ap) Res k(X )eiMt, (14)

where A; is the pole of the function k_(\) closest to the real axis.

We now consider the case p(x) = 0. Then it turns out that Theorem 5 can be
strengthened.

Theorem 6. If f(z) € K2, then for any z € (0, H) and ¢t > 0 the solution
(z,t) of the Cauchy problem (4)—(5) for ¢(x) = —z® has the form

B t) = 20> FOD) o, A0) Res K (A0, (15)
n=1

moreover, the series (15) converges absolutely and ¢(z,t) — f(x) as t — 0,
where ¢q(z, \) is the solution of equation (1) for g(z) = —x® with the initial
conditions (3), and f(\) is the ¢,-Fourier transform of the function f(x).

4. Here we continue the investigation of the analytic properties of the spectral
function of the operator L generated by a more general potential g(z).

Theorem 7. If L is the operator generated by the differential equation (1) with
potential g(x) = —x* + p(z), where 0 < o < 2 and

/ Ip(z)| explex!=/?] dx < oo
0

(for & = 2 we assume that p(x) satisfies the condition
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/ [p(2)]a* d < 00)
0

for some positive ¢, and with boundary condition (2), then the derivative k()
of the spectral function of the operator L admits an analytic continuation into
the strip

[Im \| < 2¢(1 — «/2)

(|Im A| < 2¢ for o = 2), and in this strip the function k, () can have only poles.
It follows from this theorem that if

/ Ip(x)| explex!~*/?] dx < oo
0

for every € > 0, then the function k,(\) is a meromorphic function of A. Let
us note that for & = 0 similar results have long been known (see, for example,

(7))-

Theorem 8. If L is the operator generated by the differential equation (1) with
a potential ¢(x) such that: 1) g(z) decreases monotonically to —oo as x — oco; 2)
q(z) is a holomorphic function of z = x+iy in the domain Rs{|z| > zy,argz < e},
where x, and ¢ are some fixed positive numbers; 3) Im e**?q(ze’?) — oo as
r — oo and for every 0 < ¢ < ; 4) |¢/(2)| = O(|q(2)|?), where 0 < 8 < 3/2,
and |¢'(2)] = O(lg(2)"); 5) l¢"(2)] = O(lq(2)|"); 6)

/ > dw
=00,
varieal

and with boundary condition (2), then the derivative k(\) of the spectral func-

tion of the operator L is a meromorphic function of A.

It is clear that this theorem generalizes assertion 1) of Theorem 2 to a more
general potential. The proof of this theorem is carried out analogously to the
proof of assertion 1) of Theorem 1.

In conclusion we note that the results of the present work carry over to the case
of the operator L_;, generated by the differential equation

aly

dCh) —p(x)|y= Ay,

V4 «
— % —

X

where [ > 1/2, and with a bounded boundary condition at zero.
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