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Abstract
Full Text

D. F. DAVIDENKO

ON THE CONSTRUCTION OF DIFFERENCE
EQUATIONS IN THE APPROXIMATE SOLU-
TION OF THE EULER-POISSON-DARBOUX
EQUATION

(Presented by Academician S. L. Sobolev, 9 IX 1961)

The method proposed in (1) for constructing difference equations for solving
the axisymmetric Dirichlet problem for the Laplace equation by the method of
nets is applied in the present paper to the construction of difference equations
in solving the analogous problem for the Euler-Poisson-Darboux equation:

kou 0*u 0%

In particular, in the case of a square net with step h, 5-point difference equations
are constructed for an arbitrary node of the net domain with an error of order
h3. Written for an interior node, these equations have an error of order h*. Also
constructed are 9-point difference equations for interior nodes of the net with
an error of order h® for nodes not lying on the axis of symmetry (k # —27), and
with an error of order A% for nodes on the axis. These 9-point equations for k = 1
and k = —1 coincide with the equations obtained by us earlier, respectively in
papers (12). A 9-point difference equation with an error of order h®, applicable
to interior nodes not lying on the axis of symmetry, was obtained by another
method in (3).

1°. Preliminary remarks. Suppose it is required to find a solution u(r, z) of
equation (1) in a domain G of the r, z plane, bounded by a curve I', with the
prescribed boundary condition u|r = . We shall assume that the solution of
the problem posed has in the domain G continuous and bounded derivatives up
to the order needed by us. Cover the domain G by an arbitrary net. Denote an
arbitrary node by oy = a(rg, zg)-

Following (1), suppose that the solution u(r, z) of equation (1) in a neighborhood
of the point «a; of the domain G can be represented in the form

k = k k
ulr, 2) = ag o @ (r,2) + Y [an 11 @51 (r,2) +a, @5 (r,2)], (2)

n=1
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where @gk) (r,z) =1, @g]gfl(r,z), @g@(r, z) are linearly independent functions
satisfying equation (1) and the same conditions as in (), while the coefficients
a,o (n=0,1,..)and a,_; ; (n =1,2,...) are determined from relations analo-
gous to (3), (4) of (1).

Using formula (2), one can compose (!) difference equations approximately re-
placing equation (1), differing depending on the chosen system of functions
®*) (7, 2), the net, and the number of nodes involved.

2°. 5-point difference equations for arbitrary nodes in the case of a
square net. We shall use the following systems of functions ®*)(r, z) (we write
out the first five functions):

<I>ék>(r, z) = P(gk), <I><1k>(r,z) = Pl(k)7

k T k k k T k
o (r2) =P + B, @l z) = b P 4 P,
k+1
o _pk _To_pk ___ "0 plk
4 <T7Z> 4 k+1 2 2(]6-1) 0 »

P£k> :P;M(’I",Z—ZO), Pék><7",z> = 17 Pfk)(r,z) =%

B) (e o) — 1 ) () ) — z
P2 (T, Z) = W, P3 (7’, Z) = (1 — k)/rkil?
2 2
pR T2
4 (’I",Z) Q(k + 1) 2
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in the case k = —1.

In the case k = 1, the corresponding system of functions ®*) (r, z) is constructed
in (4).

Take the boundary node ¢, and consider the case when all four nodes nearest
to it lie outside the boundary T" (6). Let the boundary I intersect the straight
lines joining the indicated four nodes with the node « at the points «; =
a;(rog+k;,z0+1;) (1 =1,2,3,4), where k; = t1h; ky = —toh; ks =k, =0; [, =
ly=0; l3=1t3h; I, =—t,h; 0 <t; <1; his the mesh step.

The difference equations that approximately replace equation (1) take, in the
present case, the following form:

a) For nodes for which r, > 2h,

Apu(rg, zg) = Alu(ry, z5) + Al u(rg, 29) = 0; (3)

tyu(ry, zg +t3h) — (t3 + ty)ulrg, 2) + tgu(rg, 2o — t4h)

Alu(rg, zo) = 2
zulro, 20) tat,(ts +t,)h2

Al u(ry, z9) = 2B [ogu(rg + t1h, 29) — Bru(rg, 2o) + ul(r — tah, 2)] 5 (5)

1
By = il [(ro +t1h)?ay, — 3B, + (1o — t2h)* %], k=0,1,42,43,...;

E_, = (ro+t;h)*In(ry +t,h)a_y —rélnry B_; + (rg — tyh)? In(ry — tyh) v_g;

1 1 6 1 1
;= — = —
FTT T Gl T gt )T (g — k)i
= ! ! k=0,-1,42,43, ...;
e (ro +t h)k=t k1 T T
— 50 —toh
a =020 g oz To
"o ro + 1 h ro+ thh
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b) For nodes for which r, = h,

Aru(h, zy) = Alu(h, zy) + AP u(h, z5) = 0. (6)

Here Ahu(h, z,) is obtained from (4) by replacing r, by h, while A% u(h, z,)
has the form (5) for: 1) t, < 1 and k = 0,1,42,43,...; 2) t, = 1 and k =
0,—2,—3,...;3) ty < land k= —1. Fort, =1 and k = 1,2,3,..., Al u(h, z,)
has the form

2(k+1)
1y (t, + 2)h2

¢) For nodes for which r, = 0,

AZruULa ZO) - [U<h+t1h,zo) 7U(h720)]'

AIZU(Ov zp) = A}ZLU(Ov zo) + AZT‘U(O’ %) =0, (7)

where Au(0, zy) is obtained from (4) by replacing r, by zero, and A} u(0, z))
has the form

20k +1)

h _
Akru(()? Zp) = zﬁT

[u(tyh, zg) — u(0, 2)], k=0,+1,+2,..

Let us note that equation (3) for k& = 0 coincides with the known difference
equation obtained by L. V. Kantorovich in (°) (see formula (31), p. 226; see
also the remark in (%)), while the difference equations (3), (6), and (7) for
t;,=1(i=1,2,3,4) and k = 1 coincide with the equations obtained by us in
(*)-

3°. Nine-point difference equations for interior nodes in the case of a
square grid.

Lemma. If for an arbitrary function S(r,z) the relation
1=k 0Q(r,2)

ALS(r,z) = o (8)

holds, where Q(r, z) is a harmonic function, A,Q(r,z) = 0, then the function

T(r,z) =5(r,z) +Q(r, z) (9)

satisfies the equation AT (r,z) = 0.

In particular, if Q(r, z) is a homogeneous polynomial of degree v (1):

Q2 = Bz = (Vi) P (i),
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then as S(r, z) one may take, by virtue of (8), likewise a homogeneous polyno-
mial S, (r, z) of the same degree v. Consequently, the function (9) in the given
case will have the form

Tlgk)(r, s)=S,(r,z)+Q,(r,2).
The coefficients of the polynomials S, (r, z) are determined in the same way as
in (2)
Now take the functions @(2]:2_1(7“, z) and <I><2]:l) (r,z) in the form

o (r,2) =1,

n n—2v+1 il 22V—n

(k) _ n—1 To (k)
q)2n71<r7 Z) - (71) ; (21/)! (n . V)' T21/71 (T’, = ZO)a
n n—2v [221/7n
k n T v k
o (r,2) = (=" > =T Ty (r,z—z)  (n=1,2,..)

In this case the difference equations, constructed from 9 points for the interior
nodes of a square grid with step h, have the form

u'(rg, 29) = byu(rg + h, z9) + bou(rg — h, 29)+
+ bslu(rg + h,zg + h) +u(rg + h,zo — h)]+
+ bylu(ry, zg + h) + ulry, zg — h)]+
+ bslu(rg — h, 29 + h) + u(rg — h, zg — h)],

(10)

u(0,2) = (k+ 1)(5k + 12)pgu(h, z9)+
+ %(3 —k)(4 4 k)polu(0, 2y + h) +u(0, 2y — h)]+

(k+1)(k+6)po[u(h, z + h) +u(h, 2o — h)],

N |

+
1 2
;:5k + 23k + 30, ro > 2h,
0

where for r, = h, k # —1.

The coefficients b; (i = 1,2,...,5) are determined as the solution of the system

of linear equations

by + by + 2by + 2b, + 2b5 = 1,
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2 5
Zbi‘l)(zliz)(% + ki 20 +1;) + 22 bifb(z’if(ro + ki 29 +1;) =0,
=1 =3

n=1,234.

The difference equation (10) for 7, = h and k = —1 was obtained in ?). We
note that equation (10) can apparently be considerably simplified, analogously
to the way we did this in (7) for the Laplace equation with axial symmetry (the
case k = 1).
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