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Abstract
Full Text

L. P. USOLTSEV
ESTIMATES OF LARGE DEVIATIONS IN SOME
PROBLEMS ON AN INCOMPLETE SYSTEM OF
RESIDUES
(Presented by Academician I. M. Vinogradov, November 17, 1961)

MATHEMATICS

In the present paper we solve two problems on estimating large deviations in
metric theorems for an incomplete system of residues.

Davenport and Erdős (1) proved the following theorem.

Theorem. Let 𝑝 run through an increasing sequence of primes, beginning
with 𝑝 = 3. Let ( 𝑚

𝑝 ), 𝑚 = 0, … , 𝑝 − 1, be the Legendre symbol. Extend
the definition of the function ( 𝑚

𝑝 ) to all integers 𝑚 so that it is periodic with
period 𝑝. Let ℎ = ℎ(𝑝) be an integer-valued function of 𝑝 such that, as 𝑝 → ∞,
ℎ → ∞ and log ℎ/ log 𝑝 → 0. By 𝑁𝑝(𝜆) we shall denote the number of integers
𝑎, 0 ≤ 𝑎 ≤ 𝑝 − 1, for which

1√
ℎ

ℎ
∑
𝑥=1

(𝑎 + 𝑥
𝑝 ) < 𝜆,

where 𝜆 is a fixed real number. Then, as 𝑝 → ∞,

lim
𝑝→∞

1
𝑝𝑁𝑝(𝜆) = 1√

2𝜋 ∫
𝜆

−∞
𝑒−𝑧2/2 𝑑𝑧.

The question arises of the behavior of the quantity 1
𝑝 𝑁𝑝(𝜆) in the case when

𝜆 → ∞ together with the increase of ℎ. The following theorem holds.

Theorem 1. Let 𝑝 be an odd prime, and let ℎ ≥ 5 be an integer such that
ℎℎ ≤ 𝑝1/2−𝜀, where 0 < 𝜀 < 1

2 is a fixed real number. Let 𝜆 = 𝜆(ℎ) be a
real-valued function of ℎ such that 𝜆 → ∞ as ℎ → ∞ and 𝜆 ≤

√
ℎ. By 𝑀𝑝(𝜆)

we shall denote the number of integers 𝑎, 0 ≤ 𝑎 ≤ 𝑝 − 1, for which

1√
ℎ

ℎ
∑
𝑥=1

(𝑎 + 𝑥
𝑝 ) > 𝜆.

Then, for 𝑝 ≥ 21/𝜀,
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1
𝑝𝑀𝑝(𝜆) ≤ 32𝑒−𝜆2/4.

Proof. Consider the expression

𝑣𝑛 = 1
𝑝

𝑝−1
∑
𝑎=0

( 1√
ℎ

ℎ
∑
𝑥=1

(𝑎 + 𝑥
𝑝 ))

2𝑛

= 1
ℎ𝑛

ℎ
∑
𝑥1=1

⋯
ℎ

∑
𝑥2𝑛=1

1
𝑝

𝑝−1
∑
𝑎=0

((𝑎 + 𝑥1) ⋯ (𝑎 + 𝑥2𝑛)
𝑝 ) .

If the polynomial 𝑓(𝑎) = (𝑎 + 𝑥1) ⋯ (𝑎 + 𝑥2𝑛) is not congruent modulo 𝑝 to the
square of any polynomial, then, by A. Weil’s theorem (2), we have:

∣
𝑝−1
∑
𝑎=0

((𝑎 + 𝑥1) ⋯ (𝑎 + 𝑥2𝑛)
𝑝 )∣ ≤ 4𝑛√𝑝. (1)

Repeating the arguments of Davenport and Erdős (1), but taking (1) into ac-
count, we obtain

𝑣𝑛 = (2𝑛)!
𝑛!2𝑛 (1 − 𝜃1𝑛

𝑝 ) (1 − 𝜃2𝑛
ℎ )

𝑛
+ 𝜃3

4𝑛ℎ𝑛
√𝑝 ,

where |𝜃1| ⩽ 1, |𝜃2| ⩽ 1, |𝜃3| ⩽ 1. Taking 𝑛0 = ℎ − 1, for all 𝑛 ⩽ 𝑛0 we obtain

𝑣𝑛 ⩽ (2𝑛)!
𝑛!2𝑛 ⋅ 2 ⋅ 2𝑛 + 4

𝑝𝜀 ⩽ 2 (2𝑛)!
𝑛! + 2 ⩽ 4 (2𝑛)!

𝑛! .

Next consider, for real 𝛼, 𝛼2 ⩽ ℎ/4, the expression

𝑅(𝛼) = 1
2𝑝

𝑝−1
∑
𝑎=0

(exp [𝛼 1√
ℎ

ℎ
∑
𝑥=1

(𝑎 + 𝑥
𝑝 )] + exp [−𝛼 1√

ℎ
ℎ

∑
𝑥=1

(𝑎 + 𝑥
𝑝 )]) .

We have:

𝑅(𝛼) =
∞

∑
𝑛=0

𝛼2𝑛

(2𝑛)!
⎛⎜
⎝

1
𝑝

𝑝−1
∑
𝑎=0

( 1√
ℎ

ℎ
∑
𝑥=1

(𝑎 + 𝑥
𝑝 ))

2𝑛
⎞⎟
⎠

.

Let us estimate 𝑅(𝛼) from above. Since 𝛼2 ⩽ ℎ/4, 𝑛0 = ℎ − 1, ℎ ⩾ 5, 𝑛0! ⩾
(𝑛0/3)𝑛0 , we have 𝛼2𝑛0/𝑛0! ⩽ (15/16)4 and
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1 + 𝛼2𝑛0

𝑛0! + (𝛼2𝑛0

𝑛0! )
2

+ ⋯ ⩽ 4,

whence

𝑅(𝛼) =
∞

∑
𝑛=0

𝛼2𝑛

(2𝑛)! 𝑣𝑛 ⩽

⩽
𝑛0−1
∑
𝑛=0

𝛼2𝑛

(2𝑛)!𝑣𝑛 + 𝛼2𝑛0

(2𝑛0)!𝑣𝑛

𝑛0−1
∑
𝑛=0

𝛼2𝑛

(2𝑛)!𝑣𝑛 + ( 𝛼2𝑛0

(2𝑛0)!𝑣𝑛0
)

2 𝑛0−1
∑
𝑛=0

𝛼2𝑛

(2𝑛)!𝑣𝑛 + ⋯ ⩽

⋯ ⩽ {1 + 𝛼2𝑛0

(2𝑛0)!𝑣𝑛0
+ ( 𝛼2𝑛0

(2𝑛0)!𝑣𝑛0
)

2
+ ⋯}

𝑛0−1
∑
𝑛=0

𝛼2𝑛

(2𝑛)!𝑣𝑛 ⩽ 16𝑒𝛼2 .

Let us estimate 𝑅(𝛼) from below.

𝑅(𝛼) ⩾
∞

∑
𝑛=0

𝛼2𝑛

(2𝑛)!𝜆
2𝑛 1

𝑝𝑀𝑝(𝜆) = 1
𝑝𝑀𝑝(𝜆)

∞
∑
𝑛=0

(𝛼𝜆)2𝑛

(2𝑛)! ⩾ 𝑒|𝛼|𝜆

2
1
𝑝𝑀𝑝(𝜆).

Comparing the lower and upper estimates for 𝑅(𝛼), we obtain:

1
𝑝𝑀𝑝(𝜆) ⩽ 32𝑒𝛼2−|𝛼|𝜆.

Take 𝛼 = 𝜆/2, which does not contradict the condition 𝛼2 ⩽ ℎ/4, since 𝜆 =
√

ℎ.
We obtain 1

𝑝 𝑀𝑝(𝜆) ⩽ 32𝑒−𝜆2/4. The theorem is proved.

The work of Davenport and Erdős was generalized by I. P. Kubilius and Yu. V.
Linnik (3). The arguments of Theorem 1 can without difficulty be extended also
to the case studied by I. P. Kubilius and Yu. V. Linnik.

A. G. Postnikov (4) proved the following theorem.

Theorem. Let 𝑔 ⩾ 2 be a natural number. Let 𝑝 run through a sequence of
primes, ℎ = ℎ(𝑝) an integer-valued function of 𝑝
such that ℎ → ∞ as 𝑝 → ∞ and

ℎ ⩽ 1
𝑝

log 𝑝
log 𝑔 .

By 𝑁𝑝(𝜆) we shall denote the number of integers 𝑎, 0 ⩽ 𝑎 ⩽ 𝑝 − 1, for which
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1√
ℎ

∣
ℎ

∑
𝑥=1

𝑒2𝜋𝑖 𝑎𝑔𝑥
𝑝 ∣ < 𝜆,

where 𝜆 > 0 is a fixed real number. Then, as 𝑝 → ∞,

lim
𝑝→∞

1
𝑝𝑁𝑝(𝜆) = 1 − 𝑒−𝜆2 .

Here, as above, in the problem of Davenport and Erdős, the question arises of
the behavior of the quantity 1

𝑝 𝑁𝑝(𝜆) in the case when 𝜆 → ∞ together with the
increase of ℎ. The following theorem is true.

Theorem 2. Let 𝑔 ⩾ 2 be a natural number; let 0 < 𝜂 < 1 be a real number;
let 𝑝 be a prime number; and let ℎ be a natural number such that

ℎ ⩽ (1 − 𝜂) log 𝑝
log 𝑔 .

Denote by 𝑀𝑝(𝜆) the number of integers 𝑎, 0 ⩽ 𝑎 ⩽ 𝑝 − 1, for which

1√
ℎ

∣
ℎ

∑
𝑥=1

𝑒2𝜋𝑖 𝑎𝑔𝑥
𝑝 ∣ > 𝜆,

where 𝜆 = 𝜆(ℎ) ⩾ 2 is an arbitrary real function. Then

1
𝑝𝑀𝑝(𝜆) ⩽ 3𝜆2

2 𝑒−𝜆2/4.

Proof. It is easy to prove that the number of representations of a natural
number 𝑁 in the form

𝑁 = 𝑔𝑥1 + … + 𝑔𝑥𝑛 ,

where 𝑥𝑖 (𝑖 = 1, … , 𝑛) are natural numbers, does not exceed 3𝑛𝑛!, whence it
follows that the number of solutions 𝐴𝑛(ℎ) of the equation

𝑔𝑥1 + … + 𝑔𝑥𝑛 = 𝑔𝑦1 + … + 𝑔𝑦𝑛

in integers 1 ⩽ 𝑥𝑖, 𝑦𝑗 ⩽ ℎ (𝑖, 𝑗 = 1, … , 𝑛) does not exceed 3𝑛𝑛! ℎ𝑛.

For positive 𝑠 ⩾ 1, consider the expression
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𝑅(𝑠) = 1
2𝑝

𝑝−1
∑
𝑎=0

(exp [−𝑠 1√
ℎ

∣
ℎ

∑
𝑥=1

𝑒2𝜋𝑖 𝑎𝑔𝑥
𝑝 ∣] + exp [𝑠 1√

ℎ
∣

ℎ
∑
𝑥=1

𝑒2𝜋𝑖 𝑎𝑔𝑥
𝑝 ∣]) .

We have:

𝑅(𝑠) =
∞

∑
𝑛=0

𝑠2𝑛

(2𝑛)!
⎛⎜
⎝

1
𝑝

𝑝−1
∑
𝑎=0

( 1√
ℎ

∣
ℎ

∑
𝑥=1

𝑒2𝜋𝑖 𝑎𝑔𝑥
𝑝 ∣)

2𝑛
⎞⎟
⎠

.

Let us estimate 𝑅(𝑠) from above. Since from

2𝑛 = (1 + 1)𝑛 ⩽ (2𝑛)!(2𝑛 + 1)
(𝑛!)2

it follows that

22𝑛𝑛!
(2𝑛)! ⩽ 2𝑛 + 1

𝑛! ,

and since, according to (4),

1
𝑝

𝑝−1
∑
𝑎=0

( 1√
ℎ

∣
ℎ

∑
𝑥=1

𝑒2𝜋𝑖 𝑎𝑔𝑥
𝑝 ∣)

2𝑛

= 𝐴𝑛(ℎ)
ℎ𝑛 ,

then

𝑅(𝑠) =
∞

∑
𝑛=0

𝑠2𝑛

(2𝑛)!
𝐴𝑛(ℎ)

ℎ𝑛 ≪
∞

∑
𝑛=0

𝑠2𝑛3𝑛𝑛!
(2𝑛)! ≪

∞
∑
𝑛=0

𝑠2𝑛22𝑛𝑛!
(2𝑛)! ≪

≪
∞

∑
𝑛=0

𝑠2𝑛(2𝑛 + 1)
𝑛! = (

∞
∑
𝑛=0

𝑠2𝑛+1

𝑛! )
′

= (𝑠𝑒𝑠2)′ = (2𝑠2 + 1)𝑒𝑠2 ≤ 3𝑠2𝑒𝑠2 .

Let us estimate 𝑅(𝑠) from below:

𝑅(𝑠) ≫
∞

∑
𝑛=0

𝑠2𝑛

(2𝑛)!
1
𝑝𝑀𝑝(𝜆)𝜆2𝑛 = 1

𝑝𝑀𝑝(𝜆)
∞

∑
𝑛=0

(𝑠𝜆)2𝑛

(2𝑛)! =

= 1
𝑝𝑀𝑝(𝜆)𝑒−𝑠𝜆 + 𝑒𝑠𝜆

2 ≥ 𝑒𝑠𝜆

2
1
𝑝𝑀𝑝(𝜆).
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Comparing the upper and lower estimates for 𝑅(𝑠), we obtain:

1
𝑝𝑀𝑝(𝜆) ≪ 6𝑠2𝑒𝑠2

𝑒𝑠𝜆 .

Taking 𝑠 = 𝜆/2 (which does not contradict the condition 𝑠 ≥ 1, since 𝜆 ≥ 2),
we obtain:

1
𝑝𝑀𝑝(𝜆) ≪ 3𝜆2

2 𝑒−𝜆2/4.

The theorem is proved.

I express my gratitude to Yu. I. Manin for a valuable consultation.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
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