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In the present paper we solve two problems on estimating large deviations in
metric theorems for an incomplete system of residues.

Davenport and Erdés () proved the following theorem.

Theorem. Let p run through an increasing sequence of primes, beginning
with p = 3. Let (%), m = 0,...,p — 1, be the Legendre symbol. Extend

the definition of the function (%) to all integers m so that it is periodic with

period p. Let h = h(p) be an integer-valued function of p such that, as p — oo,
h — oo and logh/logp — 0. By N,(\) we shall denote the number of integers
a, 0 <a<p—1, for which

1 & (aJr:v)
— <A,
\/E; p

where A is a fixed real number. Then, as p — oo,

1 TN,
lim =N, (\) = — e 12z,
p—ce P (Y V2r [oo

The question arises of the behavior of the quantity %Np</\) in the case when
A — oo together with the increase of h. The following theorem holds.

Theorem 1. Let p be an odd prime, and let h > 5 be an integer such that
A" < p'/27¢ where 0 < € < % is a fixed real number. Let A = A(h) be a

real-valued function of h such that A — oo as h — co and A < v/h. By M, (N)
we shall denote the number of integers a, 0 < a < p — 1, for which

Then, for p > 21/¢,
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1
SM() < 32e /4.

Proof. Consider the expression

() S )

If the polynomial f(a) = (a4 x4) - (a + x,,,) is not congruent modulo p to the
square of any polynomial, then, by A. Weil' s theorem (%), we have:

Ii ((a +a,)(a +‘T2n>)

p

< 4n\/p. (1)

Repeating the arguments of Davenport and Erdds (1), but taking (1) into ac-
count, we obtain

2n)! 0 0 " dnh™
vn:(rlzl( 71771) (1727n> +93L,
n!2 P h VP

where |6;] <1, [05] < 1, |05] < 1. Taking n, = h — 1, for all n < n, we obtain

4 2n)! 2n)!
} YD P CLLP PR Ci L
nl2n e n! n!

Let us estimate R(a) from above. Since a? < h/4, ng = h—1, h > 5, ny! >
(ny/3)™, we have o™ /n,! < (15/16)* and
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whence

no—1

ng—1 2ng—1
2n0 a2n ( a2n0 ) a2n
< g v, E v, + v, E U,
2n ng)! " = (2n)! (2ng)! ") = (2n)!

a2no a2no 2 5
- < 1 _— < >
{ +<2no>!”“°+(<2n n ) Z ' <1

Let us estimate R(«a) from below.

N

0 2n 1 o by 2n
Z )\Qn (A):iMp(A)Z(a ) >6
Comparing the lower and upper estimates for R(«), we obtain:

1
=M, () < 32e 1o,
p

Take o = A/2, which does not contradict the condition a? < h/4, since A = V.
We obtain %Mp(/\) < 32¢*/4. The theorem is proved.

The work of Davenport and Erd6s was generalized by I. P. Kubilius and Yu. V.
Linnik (®). The arguments of Theorem 1 can without difficulty be extended also
to the case studied by I. P. Kubilius and Yu. V. Linnik.

A. G. Postnikov (%) proved the following theorem.

Theorem. Let g > 2 be a natural number. Let p run through a sequence of
primes, h = h(p) an integer-valued function of p

such that h — 0o as p — oo and

< llogp
plogg

By N,()) we shall denote the number of integers a, 0 < a < p — 1, for which
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h

. ag”—'
2 : 627rz—p

=1

1

Vh

<A,

where A > 0 is a fixed real number. Then, as p — oo,

1
lim ~N,(A) =1—e .

p—00 p

Here, as above, in the problem of Davenport and Erdds, the question arises of
the behavior of the quantity %Np(/\) in the case when A — oo together with the
increase of h. The following theorem is true.

Theorem 2. Let g > 2 be a natural number; let 0 < n < 1 be a real number;
let p be a prime number; and let A be a natural number such that

logp
logg

h<(1—n)

Denote by M, ()\) the number of integers a, 0 < a < p — 1, for which

h

ag®
E : eZﬂ'z—p

x=1

1

Vh

>\,

where A = A(h) > 2 is an arbitrary real function. Then

1 3N e,

Proof. It is easy to prove that the number of representations of a natural
number N in the form

N =g"1 4+ ...+ ¢",

where z; (i = 1,...,n) are natural numbers, does not exceed 3"n!, whence it
follows that the number of solutions A,,(h) of the equation

g*r + ...+ g"n = g¥r 4 L F gYn

in integers 1 < z;,y; < h (i,j = 1,...,n) does not exceed 3"n!h".

For positive s > 1, consider the expression
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h

- ag®
§ : 627'r1—~—p

=1

R(s) = %Z (exp l—slh

We have:

+ LIy
ex ——
b h x=1

s) = i s’ lpz:_l i "
= 2n)! \p Vh '

a=0

D

h x

-ag
§ :627” »
=1

Let us estimate R(s) from above. Since from

(2n)!(2n + 1)

= (1+1)" e

it follows that

(2n)! = nl
and since, according to (4)
—1 ' 2n
l X (1 Zh:€2m“9 ) _ An(h)’
pa:O h r=1 hn
then
0 s2n A (h) ) 2n3nn| o) S2n22nn!
R(s) = n <
() T;) Q) S n; el S 2Ty
2n+ - n+l / ’ s s
< Z ( Tl (se") = (252 + 1)e® < 3s%e

Let us estimate R(s) from below:

) > i aal L, o0 = %M BY) Pl

n= O ? n=0 (271)'
1 e—sA_i_es)\ 9)\ 1

=-M (\)—— —M (A
M) g = G M (),
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Comparing the upper and lower estimates for R(s), we obtain:

652es”
es)\

1
];MP(A) <

Taking s = A\/2 (which does not contradict the condition s > 1, since A > 2),
we obtain:

1 32 2,

The theorem is proved.
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