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Let A > 1 be a fixed number. It is required to construct a real number 6 such that
{6X*}, x = 1,2, ..., are uniformly distributed. Many solutions of this problem
are known in the case when A = g, g > 2, is a given natural number. If A is not
equal to a natural number, then the problem has been investigated only for the
case when \ is a Pisot number (!). In the present paper the problem is solved
for the general case. It should be noted that the construction which we carry
out is much more complicated than the constructions mentioned, although it is
theoretically executable. We rely on Koksma’ s theorem (?), which states that
for almost all numbers 6 (in the sense of Lebesgue measure) from a finite interval
(af3) the fractional parts {#A"} are uniformly distributed, and on Lebesgue’ s
principle (%), which makes it possible to render metric theorems effective. We
shall construct the number 6 from the interval {0, 1}.

Let h # 0 be an integer and v a natural number. Denote by E, ) the set of
those 6 from the interval 0 < 6 < 1 for which
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The following lemmas are easily proved:

Lemma 1. The set Ey, ,, consists of a finite number of intervals. The coordi-
nates of the endpoints of these intervals can be computed.

Denote these intervals by
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Lemma 2. The inequality holds

1 1 log3v?
meSE<h,V> < \/V+1 <y2+“ 1/2 )

Since the series

converges, for a given integer h # 0 we can find v,(h) such that

= 1 1 log3v? 1 w
2 “”+1<V2U_1 2 )<w 2 = U B,
v=vgy(h) Jj=v

Since E|3, . is the sum of a finite number of intervals, the set R consists of no
more than a countable number of nonintersecting intervals. This, in particular,

also applies to Eﬁiﬁz h)- For the measure of ‘ﬁf}ﬁzh) we have the estimate

(h) = 1 1 log3v? 1
mes My < D V”+1<V2+H 2 ) S am

Define the set 9t in the following way:

I Y
szh! N, -

h#0

The set 9 consists of a countable number of intervals. Denote them by
E,, E,,.... For the measure of 91 the estimate

1 2
— <1 (strictly!).

mes M < 22 — =
h=1 A3

holds.
Let a; be the length of the interval E;. Denote
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Consider the following 10 segments:

[0, */10)s ['/10+ 2/10)s /105 */10ls s /105 1)-
Let p; be some number. Take the first p; terms of the system E, E,, ..., E, . Let
S(()Z)l), S§p1>, . Sépl) be the total lengths of the intersections of E; U E, U-UEg, ,
respectively, with [0,%/10], [*/105 2/ 10, -5 [°/105 1]- Then

S(()I)l) _’_S£P1) R Sépl) — Spl‘

Hence

(S(()pl) + Tpl) + (Sipl) + rpl) +oet (Sépl) + rp1> = Spl + 10rp1 =5+ 9Tp1'
Let p, be chosen so large that S + 9r, < 1. Then there exists a segment
[L 14 1}
107 10
for which

§P) 4 < S+9r,

i n < 10 (strictly!).

Take for ¢; the smallest number 0 < ¢ < 9 such that this inequality is satisfied.

Divide the segment

P iﬁ—l}
10 10

into 10 segments

SRS i /U SR O I B
107 10 100]° R

10 100" 10

10 ' 1007 10 '~ 100

Choose a number p, > p; so large that the inequality

S+9r, +90r, <1 (strictly!)

will hold.
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Let ¢ be a number, 0 < ¢ < 9. Denote by Sg‘ff) the length of the intersection of
E,UE,U-~UE, with
iy i i
10 100" 10~ 100 |-

Then

9 9

(p2) _ (p2)  alpa) B

Z (Sz‘lz? +Tp2> - E Silf + 10Tp2 = Si12 + 107})2 _
i=0 pare

_ gl _ gl 1 _
=95 +TP1 Ty + 10TP2 - Sill +7,131 +9TP2 < E(S+9TP1) +9TP2 -

51

1

= 5 (5+9r,, +90n,) <1 (strictly!).

There will be found such an index [, that

(p2) 1 1 .
Siviy T Tpy S 100 (S +9r, + 907“p2) <100 (strictly!).

Then we define an index p; such that

S+ 9r,, +90r,, +900r, <1,

and an interval of length ﬁ such that

(ps) S+ 9r, +90r, +900r,, _ 1
t1t23 1000 1000°

This process can be continued if the series

S +9r, +90r, +900r, + -

converges and its sum is less than 1.

This can be done as follows. For p; take the first number such that

for p;, take the first number such that
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1-8
T T

Then
S+ 9r, +90r, +900r, + -

1-5 1-S5
<S+f+272+"‘:5'+(175):1.

Define the number 6, by the equality

0= 70 " 100 " 1000

=L, 2 4 3 ..
It is obvious that the number 6, does not belong to 901.

It is easy to prove that for every integer h # 0

1 N
lim — E 627rih00)\“" =0
N—oo N i

Hence, by Weyl’ s criterion (%), it follows that the fractional parts {#,\%} are
uniformly distributed.
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