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Abstract
Full Text
Mathematics

A. I. Guseinov, Kh. Sh. Mukhtarov

An Existence Theorem for a Bounded Solution
of Nonlinear Singular Integral Equations with
Cauchy Kernel
(Presented by Academician I. N. Vekua on 12 IV 1962)

One of the authors of the present article investigated (1) a nonlinear singular
integral equation of the form

𝑢(𝑥) = 𝜆 ∫
𝑏

𝑎

𝑘[𝑥, 𝑠, 𝑢(𝑠)]
𝑠 − 𝑥 𝑑𝑠. (1)

By applying Schauder’s topological principle, an existence theorem was proved
for a solution of equation (1) in the space 𝐻𝑘

𝛼,𝛽,𝛿, whose elements satisfy the
conditions:

|𝑢(𝑥)| ≤ 𝑘
|𝑥 − 𝑎|𝛼|𝑥 − 𝑏|𝛽 , |𝑢(𝑥 + Δ𝑥) − 𝑢(𝑥)| ≤ 𝑘|Δ𝑥|𝛿

|𝑥 − 𝑎|𝛼+𝛿|𝑏 − 𝑥 − Δ𝑥|𝛽+𝛿 ,

where 𝑘 = const, 0 < 𝛼, 𝛽 < 1, 0 < 𝛼 + 𝛿, 𝛽 + 𝛿 < 1, 0 < 𝛿 < 1.
When an additional restriction was imposed on the function 𝑘(𝑥, 𝑠, 𝑢), the
uniqueness of this solution and the applicability of the method of successive
approximations were proved. Then A. A. Babaev showed in (2) that the condi-
tions found by A. I. Guseinov, under which Schauder’s principle is applied to
prove the existence of at least one solution of equation (1), ensure the uniqueness
of this solution and the applicability of the method of successive approximations
for the equation

𝑢(𝑥) = 𝜆 ∫
𝑏

𝑎

𝐻(𝑥, 𝑠)𝑓[𝑠, 𝑢(𝑠)]
𝑠 − 𝑥 𝑑𝑠. (1’)

The results obtained in (1) for equation (1) were transferred by V. Pogorzelski
(3) to equations of the form
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𝑢(𝑡) = 𝜆 ∫
𝑏

𝑎

𝑘[𝑡, 𝜏 , 𝑢(𝜏)]
𝑡 − 𝜏 𝑑𝜏,

where 𝐿 consists of a finite number of smooth closed arcs having no common
points.

In papers (1−3), the function 𝑘(𝑥, 𝑠, 𝑢) grows with respect to 𝑢 no faster than
a linear function. The aim of the present article is to prove an existence and
uniqueness theorem for a bounded solution of equation (1) in the Hölder space
𝐻𝑘,𝛿 (even if 𝑘(𝑥, 𝑠, 𝑢) grows arbitrarily fast with respect to 𝑢). The elements
of the space 𝐻𝑘,𝛿 on the segment [𝑎, 𝑏] satisfy the conditions:

|𝑢(𝑥)| ≤ 𝑘, |𝑢(𝑥 + Δ𝑥) − 𝑢(𝑥)| ≤ 𝑘|Δ𝑥|𝛿,

where 𝑘 = const, 0 < 𝛿 < 1.
We shall first state, without proof, the following basic lemmas:

Lemma 1. If 𝑓(𝑥, 𝑠) is defined for 𝑎 ⩽ 𝑥, 𝑠 ⩽ 𝑏 and satisfies the conditions

𝑓(𝑎, 𝑎) = 𝑓(𝑏, 𝑏) = 0; (2)

|𝑓(𝑥 + Δ𝑥, 𝑠 + Δ𝑠) − 𝑓(𝑥, 𝑠)| ⩽ 𝐵 [|Δ𝑥|𝛿1 + |Δ𝑠|𝛿], (3)

then the function

𝑊(𝑥) = ∫
𝑏

𝑎

𝑓(𝑥, 𝑠)
𝑠 − 𝑥 𝑑𝑠 (4)

for all 𝑥 ∈ [𝑎, 𝑏] and 0 ⩽ Δ𝑥 ⩽ min{|𝑥 − 𝑎|
4 , |𝑥 − 𝑏|

4 } satisfies the conditions

|𝑊(𝑥)| ⩽ 𝐿𝐵, |𝑊(𝑥 + Δ𝑥) − 𝑊(𝑥)| ⩽ 𝐿𝐵 |Δ𝑥|𝛿,

where 𝐿 is a numerical constant independent of 𝐵.

Remark 1. If the function 𝑓(𝑥, 𝑠) satisfies condition (3), then, for the bound-
edness of the function (4), condition (2) is necessary and sufficient.

Lemma 2. If the function 𝑘[𝑥, 𝑠, 𝑢(𝑠)] is defined for 𝑎 ⩽ 𝑥, 𝑠 ⩽ 𝑏 and satisfies
the conditions:

𝑘[𝑎, 𝑎, 𝑢] = 𝑘[𝑏, 𝑏, 𝑢] = 0,
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|𝑘[𝑥 + Δ𝑥, 𝑠 + Δ𝑠, 𝑢(𝑠 + Δ𝑠)] − 𝑘[𝑥, 𝑠, 𝑢(𝑠)]| ⩽

⩽ 𝐴1|Δ𝑥|𝛿1 + 𝐴2|Δ𝑠|𝛿 + 𝐴3|𝑢(𝑠 + Δ𝑠) − 𝑢(𝑠)|, (5)

where 0 < 𝛿 < 𝛿1 < 1, 0 ⩽ Δ𝑥 ⩽ min{|𝑥 − 𝑎|
4 , |𝑏 − 𝑥|

4 }, 𝑢(𝑥) ∈ 𝐻𝑘,𝛿, then for

all 𝑥 ∈ [𝑎, 𝑏] and for

|𝜆| < 𝑘
𝐷(𝐴1 + 𝐴2 + 𝐴3𝑘)

the operator

𝐵𝑢 = 𝜆 ∫
𝑏

𝑎

𝑘[𝑥, 𝑠, 𝑢(𝑠)]
𝑠 − 𝑥 𝑑𝑠

maps the space 𝐻𝑘,𝛿 into itself, where 𝐷 is a constant independent of 𝐴1 +𝐴2 +
𝐴3𝑘.
Lemma 3. If on [𝑎, 𝑏] the function 𝑘[𝑥, 𝑠, 𝑢(𝑠)] satisfies the condition

|𝑘[𝑥 + Δ𝑥, 𝑠 + Δ𝑠, 𝑢(𝑠 + Δ𝑠)] − 𝑘[𝑥, 𝑠, 𝑢(𝑠)]| ⩽

⩽ 𝐴′
1|Δ𝑥|𝛿1 + 𝐴′

2|Δ𝑥|𝛿 + 𝐴′
3|𝑓(𝑥, 𝑠)| ⋅ |𝑢(𝑠 + Δ𝑠) − 𝑢(𝑠)| (6)

and

𝑢(𝑥) ∈ 𝐻𝑘,𝛿,

where 0 < 𝛿 < 𝛿1 < 1, and 𝑓(𝑥, 𝑠) satisfies the conditions of Lemma 1, then the
operator 𝐵𝑢 is continuous in the sense of the metric of the space of continuous
functions for

0 ⩽ Δ𝑥 ⩽ min{|𝑥 − 𝑎|
4 , |𝑏 − 𝑥|

4 } .

Thus, by means of a continuous operator, the closed convex set 𝐻𝑘,𝛿 of the space
of continuous functions 𝐶 is mapped into its compact part. Consequently, on
the basis of the generalized Schauder principle there exists a fixed point, i.e. a
solution of equation (1), and the following holds:
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Theorem 1. If on [𝑎, 𝑏] the function 𝑘[𝑥, 𝑠, 𝑢(𝑠)] satisfies conditions (5), (6),
then there exists a number

𝜆0 = 𝑘
𝐷 [𝐴′

1 + 𝐴′
2 + 2𝐴′

3𝐵(𝑏 − 𝑎)𝛿1𝑘] ,

such that for |𝜆| < 𝜆0 the linear singular integral equation (1) has at least one
solution 𝑢(𝑥) ∈ 𝐻𝑘,𝛿.

Now let us show the applicability of the method of successive approximations
under one additional condition.

Let the function

𝑔(𝑥, 𝑠, 𝑢) = 𝑘(𝑥, 𝑠, 𝑢) − 𝑘(𝑠, 𝑠, 𝑢) (*)

satisfy the condition

|𝑔(𝑥, 𝑠, 𝑢) − 𝑔(𝑥, 𝑠, 𝑣)| ≤ 𝐶|𝑥 − 𝑠|𝛼1 |𝑢 − 𝑣|, (**)

for all 𝑎 ≤ 𝑥, 𝑠 ≤ 𝑏, −∞ < 𝑢 < +∞, 0 < 𝛼1 < 1. Then the operator 𝐵𝑢 maps
the space 𝐿𝑝(𝜌) into 𝐿𝑝(𝜌) and satisfies the Lipschitz condition:

‖𝐵𝑢 − 𝐵𝑣‖𝐿𝑝(𝜌) ≤ |𝜆| [2𝐴′
3𝐵(𝑏 − 𝑎)𝛿1𝐹 + 𝐶𝑅1] ‖𝑢 − 𝑣‖𝐿𝑝(𝜌),

where

1 < 𝑞 < 𝑞0, 1
𝑝 + 1

𝑞 = 1, 0 < 𝑞0(1 − 𝛼1) + 𝛼 < 1,

0 < 𝛼 < 𝛼1 < 1, 𝜌(𝑥) = (𝑥 − 𝑎)𝛼(𝑝−1)(𝑏 − 𝑥)2(𝑝−1),

𝑅1 =
⎧{
⎨{⎩

∫
𝑏

𝑎
𝜌(𝑥) [∫

𝑏

𝑎
𝜌−𝑞/𝑝(𝑠)|𝑠 − 𝑥|𝑞(𝛼1−1) 𝑑𝑠]

𝑝/𝑞

𝑑𝑥
⎫}
⎬}⎭

1/𝑝

,

𝐹 is the norm of the linear singular operator with Cauchy kernel in 𝐿𝑝(𝜌). Since
𝐻𝑘,𝛿 is complete in the metric of 𝐿𝑝(𝜌), the following is true.

Theorem 2. If 𝑘[𝑥, 𝑠, 𝑢] satisfies the conditions of Theorem 1 and condition
(∗∗), then, for

|𝜆| < min{ 𝑘
𝐷[𝐴′

2 + 𝐴′
2 + 2𝐴′

3(𝑏 − 𝑎)𝛿1𝐵𝑘] ,
1

2𝐵𝐴′
3(𝑏 − 𝑎)𝛿1𝐹 + 𝐶𝑅1

} ,
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equation (1) has a unique solution in the space 𝐻𝑘,𝛿. The successive approxi-
mations will converge in the metric of the space 𝐿𝑝(𝜌).
Denote

𝐻𝛿 = ⋃
𝑘>0

𝐻𝑘,𝛿.

lim
𝑘→∞

𝑘
𝐷[𝐴′

1 + 𝐴′
2 + 2𝐴3(𝑏 − 𝑎)𝛿1𝑘𝐵] = 1

2𝐵𝐷𝐴′
3(𝑏 − 𝑎)𝛿1

.

Corollary. If the conditions of Theorem 2 are fulfilled and if

|𝜆| < min{ 1
2𝐷𝐴′

3(𝑏 − 𝑎)𝛿1𝐵 , 1
2𝐵𝐴′

3(𝑏 − 𝑎)𝛿1𝐹 + 𝐶𝑅1
} ,

then equation (1) has a unique solution in 𝐻𝛿; it can be found by the method
of successive approximations, starting from any element of 𝐻𝛿.

The successive approximations converge in the metric of 𝐿𝑝(𝜌).
In work (4) it was shown that convergence of elements from 𝐻𝑘,𝛿 in the metric
𝐿𝑝(𝜌) and uniform convergence are equivalent.

Therefore these successive approximations will converge uniformly in the sense
of the metric of the space of continuous functions, if as the zero approximation
one takes a function from 𝐻𝛿.

Remark 2. What was set forth above carries over to equations of the form

𝑢(𝑥) = 𝜆 ∫
𝑏

𝑎

𝑓(𝑥, 𝑠)𝑢(𝑠)
𝑠 − 𝑥 𝑑𝑠 + 𝑔(𝑥),

if 𝑓(𝑥, 𝑠) satisfies the conditions of Lemma 1, 𝑔(𝑥) ∈ 𝐻𝑘,𝛿.

Remark 3. If the function 𝑘[𝑥, 𝑠, 𝑢] is represented in the form 𝐻(𝑥, 𝑠)𝑓(𝑠, 𝑢)
and if 𝐻(𝑥, 𝑠) and 𝑓(𝑠, 𝑢) satisfy the conditions:

𝐻(𝑎, 𝑎) = 𝐻(𝑏, 𝑏) = 0,

|𝐻(𝑥 + Δ𝑥, 𝑠 + Δ𝑠) − 𝐻(𝑥, 𝑠)| ≤ 𝐵1|Δ𝑥|𝛿1 + 𝐵2|Δ𝑠|𝛿,

|𝑓(𝑠 + Δ𝑠, 𝑢 + Δ𝑢) − 𝑓(𝑠, 𝑢)| ≤ 𝐵3|Δ𝑠|𝛿 + 𝐵4|Δ𝑢|,
0 < 𝛿 < 𝛿1 < 1, 𝑎 ≤ 𝑥, 𝑠 ≤ 𝑏, −∞ < 𝑢 < +∞,
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then condition (∗∗) is fulfilled automatically, and the conditions for the ap-
plicability of Schauder’s principle to equation (1) that we have found ensure
uniqueness of the solution in 𝐻𝛿 and the applicability of the method of successive
approximations to equation (1′).
Remark 4. Introduce in 𝐻𝑘,𝛿 the metric

𝜌𝐿𝑝(𝜌)(𝑢, 𝑣) = {∫
𝑏

𝑎
𝜌(𝑥)|𝑢(𝑥) − 𝑣(𝑥)|𝑝 𝑑𝑥} , 𝑝 > 1.

As we have already said, 𝐻𝑘,𝛿 is a complete metric space in the metric just
introduced.

Let 𝑘(𝑥, 𝑠, 𝑢) satisfy the conditions of Theorem 1 and condition (∗∗) for all
𝑎 ≤ 𝑥, 𝑠 ≤ 𝑏, −𝑘 ≤ 𝑢 ≤ 𝑘 < +∞. As was shown above, the operator 𝐵𝑢 will
be a contraction operator if

|𝜆| < 1
2𝐵𝐴′

3(𝑏 − 𝑎)𝛿1𝐹 + 𝐶𝑅1
,

where 𝐴′
3, 𝐶, 𝐴′

1, 𝐴′
2 will be functions of 𝑘. If 𝑘(𝑥, 𝑠, 𝑢) grows faster than a

linear function with respect to 𝑢, then, generally speaking,

lim
𝑘→∞

1
2𝐵𝐴′

3(𝑏 − 𝑎)𝛿1𝐹 + 𝐶𝑅1
= 0.

Therefore, for fixed values of 𝑘, equation (1) will have a unique solution in 𝐻𝑘,𝛿
(even if 𝑘(𝑥, 𝑠, 𝑢) grows arbitrarily fast with respect to 𝑢) for small values of the
parameter 𝜆. The successive approximations will converge in the sense of the
metric of the space of continuous functions.

It is now clear that the equation

𝑢(𝑥) = 𝜆 ∫
𝑏

𝑎

𝑓(𝑥, 𝑠)𝑃𝑛(𝑢(𝑠))
𝑠 − 𝑥 𝑑𝑠, (A)

where 𝑃𝑛(𝑢) is a polynomial of degree 𝑛 with respect to 𝑢, and 𝑓(𝑥, 𝑠) satisfies
the conditions of Lemma 1, has a unique solution in 𝐻𝑘,𝛿, whose successive
approximations converge uniformly in the sense of the metric of the space of
continuous functions (for small values of 𝜆).
Equations of the form (A) for 𝑛 > 1 had not previously been successfully inves-
tigated.

By the same methods one can investigate the most general equation of the form

sovietrxiv.org/items/ru-196201.98578 Machine Translation

https://sovietrxiv.org/items/ru-196201.98578


𝑢(𝑥) = 𝜆𝐹(𝑥, 𝑊(𝑥)),

where

𝑊(𝑥) = ∫
𝑏

𝑎

𝑘[𝑥, 𝑠, 𝑢(𝑠)]
𝑠 − 𝑥 𝑑𝑠.
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