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1. Let, in a bounded domain 2 of the space = (x4, ...,x,,), there be given a
formally self-adjoint differential operator

Au= > (=1)lID*(a,4(x)DPu), (1,1)
lo|=]B|<m
where o = (ay, ..., o), |a] = oy + -+ o, D* = 0%/027" -+ Oxp™, and a,4(x)

are real functions in 2, symmetric with respect to permutations of the in-
dices. Suppose that there exists a constant Cj; > 0 and that for every real
n-dimensional vector &, for all x € €0, the inequality

aaﬁ(x)fagﬁ 2 CO|£|2mv (172)

loe|=]B|=m

holds, where £* = £t -+ &, and €] is the Euclidean norm of €.

Consider in the cylinder Q = Q x [0, T] the equation

0%u
For equation (1,3) we pose the following mixed problem: to determine in Q a
solution u(x,t) of this equation satisfying the conditions

ou

ot ~ = (z); (174>

0

ul,_ = p(x),
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OFuy
— = k=0,1,... —1 1
al/k F O ( 07 9 7m )7 ( 75)

where I' = S x [0, 7] is the lateral surface of Q; v is the outward normal to T

We shall prove the solvability of problem (1,3)—(1,5) by the Fourier method.
For this purpose denote by {v;} a complete in L,(2) system of orthonormal
eigenfunctions of the equation

Av = (1,6)
with boundary conditions
v

—| =0 k=0,1,....m—1 1,7

ayk S ( ) b )m )’ ( ) )

corresponding to the system of eigenvalues {);}, numbered in increasing order.
Applying formally the method of separation of variables, we obtain the solution
of problem (1,3)—(1,5) in the form:

u(z,t) = ; v, (x) (goi cos /At + \1//);: sin \//\Tt>

. v; () ! . .
+Z\/)\7/Of¢(7)sm\/)\7(t T)drT,

<

(1.8)

where @,, 9, and f; are the Fourier coeflicients of the functions ¢, ¢ and f
with respect to the system {v,}. To justify the Fourier method it is necessary to
determine the conditions under which the series (1.8) defines an actual solution
of the mixed problem.

Numerous investigations (17%) have been devoted to the question of justifying
the Fourier method. In the present paper this method is justified for the mixed
problem (1.3)—(1.5) from the point of view of solutions in the Sobolev spaces
W, tlé (Q) (I a natural number) (8), under sufficiently weak assumptions on the

smoothness of the coefficients of equation (1.3). We mainly use the method of
O. A. Ladyzhenskaya (1).

2. We proceed to the statement of the main results. Denote by
W () the closure, in the metric of Wi (2) (7), of the set of all infinitely differ-

entiable functions with compact supports in €. Similarly, denote by W;"l(Q)
the closure, in the norm W t’,lz (@), of the set of all infinitely differentiable func-
tions in the cylinder @ which are equal to zero near I'. Let
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D(u,v):/ Z aosD*uDPv dz. (2.1)

o lal=l8l<m
We shall assume that, for v € W5*(€2), the condition

D(u) = C|lullg,
holds, where C; > 0.

A function v € Wg”(Q) will be called a generalized eigenfunction of the problem
(1.6), (1.7) if it is not identically equal to zero and

D(v, &) = Av, €) (2.2)

for any function £ € W15 (€2). The number A appearing in (2.2) is called the
eigenvalue corresponding to the function wv.

Under the assumptions that ) is an arbitrary bounded domain and a5 € L, (),
where p > n/(m — |a|) and p > 2, the question of the existence of a complete,

orthonormal in Ly(€2) and in Wg‘(Q), system of generalized eigenfunctions of
the problem (1.6), (1.7) is solved by a known variational method (1°).

In the series (1.8), by {v; } we shall mean the system of generalized eigenfunctions
of the problem (1.6), (1.7). In what follows, by |u[, and [ul, , we shall denote
the norms in WX(Q), respectively in WftlQ(Q) In addition, let us assume that
S belongs to the class R! (I a natural number) (8). To this class belongs, for
example, any closed surface that is continuously differentiable [ + 1 times.
Theorem. Let the following conditions be satisfied: 1)  is a finite domain
bounded by a surface of class RF™, where k > 2; 2) the coefficients aap €
W,ljaHm(k*m(Q), where p > n/(km — |a|) and p > 2; 3) ¢ € WEm(Q), ¢ €
W;1<k71)(ﬂ), and, moreover, the functions o, Ap, ... ,A[%]cp and the functions
U, A, ..., A1 belong to W Q); 4) f € ngg_l)’k_l(Q), and, moreover,
the functions f, Af, ..., A2l f belong to W;nl(Q)

Then the series (1.8) converges in the norm of W™ (Q) uniformly with respect
tot € [0,T], and the series obtained by termwise differentiating it I times with
respect to t (I < k) converges in the norm of W;n(k_”(Q) uniformly in t € [0,T).
Moreover, the sum u(x,t) of the series (1.8) is a solution of the problem (1.3)
—(1.5) in WH(Q).

and for all ¢ € [0, 7] the inequality
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2

Olu

Tul <Ol + Wy + IRy i) (23)
m(k—l)

k
=0

holds, where the constant C;, depends on 7', the domain (2, and a.

We note that the theorem remains valid also for £ = 1. In this case 2 may be
any bounded domain, and the coefficients a5 € L, (§2), where p > n/(m — |a|)
and p > 2. The sum u(x,t) of the series (1.8) is a generalized solution of the

mixed problem (1.3)—(1.5) in the sense of Ladyzhenskaya (1), i.e. u € V?/;n’l(Q),
assumes the value ¢ at ¢t = 0 in the norm L, (), and satisfies the identity

/;{(g? %f) — D(u, @) + (f,<I>)}dt+ (¥, ®)],_o = 0. (2,4)

for any function ® € W;n’l(Q) equal to zero for t = T. The uniqueness of the
generalized solution is proved analogously to (1).

The proof of the theorem is based on a priori estimates in the norms W(Q)
of solutions of elliptic equations, which were obtained by various authors and,
under the weakest restrictions, were proved in (?).

Namely, for any function v € Wk(Q)N WQ" () (I > 2m), in the case S € R!, the
inequality

lully < C(IAul; g, + lullo) (2,5)

holds. This inequality was proved in (?) under the assumption of sufficient
smoothness of the coefficients of the operator A. It can be shown that it remains
valid if a5 € W72 (Q), where p > n/(I — |a]) and p > 2. Hence it follows
that the generalized eigenfunctions of problem (1.6), (1.7) belong to Wi(Q2). In
addition, from (2.5) it follows directly that

Lemma 1. If conditions 1) and 2) of the theorem are satisfied, then for any
function ¢ satisfying condition 3) of this theorem the inequality

2
|ﬂ@<{qﬁﬁ4w feven, (26)
CyD (A% p), kodd.

holds.

The following Lemma 2 is a consequence of the definition of the generalized
eigenfunctions of problem (1.6), (1.7) and of the completeness of this system in

Ly(Q) and in W5 (€).
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Lemma 2. If the conditions of Lemma 1 are satisfied, then the following
Steklov-type equality holds:

%0 Abel K even,
ZAW:{H o T (2.7)

Moreover, the following also holds.

Lemma 3. If conditions 1), 2) and 4) of the theorem are satisfied, then

oo

Z \f—s—1

i=1

B 2
@O <Ol s (=1 k=1 (28)

Here the series (2.8) converge uniformly on [0, 7.

The theorem is proved by direct application of Lemmas 1-3. From the theorem,
with the aid of the embedding theorems of S. L. Sobolev 7, one obtains, as a
special case, the existence of a solution of the mixed problem (1,3)—(1,5) in the
spaces Cy'{""(Q).

Corollary. If the conditions of the theorem are fulfilled for k = [n/2m] +r+ 1,
then the series (1,8) and the series obtained from it by termwise differentiation
D™r=9)9% /ot* for s = 0,1, ...,7, converge uniformly with respect to (z,t) in Q.
For k = [n/2m] + 3, the sum of the series (1,8) is a classical solution (a solution
in Ci’";’z (Q)) of the mixed problem (1,3)—(1,5).

Thus, the results of O. A. Ladyzhenskaya ' on the justification of the Fourier
method carry over to equations of higher orders of the form (1,3).

The existence of a classical solution of the mixed problem (1,3)—(1,5) has been
proved by us under high smoothness requirements on the boundary surface (S €
R2mHn/ 2]“). At the same time, the assumptions concerning the smoothness of

the coefficients are relatively weak, namely: a4 € Wz‘al+[n/2]+l(ﬂ). As V. A I
in 2 showed, in the case m = 1 such stringent restrictions on the smoothness of
S can be reduced to minimal ones if, in the definition of a classical solution, one
gives up continuity of the second derivatives in the closed cylinder; however, for
m > 2 this question has not yet been resolved.

Belorussian State University
named after V. I. Lenin

Received
3V 1962

sovietrxiv.org/items/ru-196201.98024 Machine Translation


https://sovietrxiv.org/items/ru-196201.98024

CITED LITERATURE

1 0O. A. Ladyzhenskaya, The Mized Problem for a Hyperbolic Equation, Moscow,
1953.

2V. A. II' in, UMN, 15, no. 2 (92), 97 (1960).

3 M. A. Krasnosel' skii, E. I. Pustyl’ nik, DAN, 122, no. 6, 978 (1958).

4 K. Maurin, Bull. Acad. Pol. Sci., Cl. II, 3, 471 (1956).

® Maurin, Stud. Math., 16, no. 2, 200 (1957).

6 N. I. Brish, Dokl. AN BSSR, 6, no. 1, 9 (1962).

7' S. L. Sobolev, Some Applications of Functional Analysis in Mathematical
Physics, Leningrad, 1950.

8 L. N. Slobodetskii, Uch. zap. Leningr. Ped. Inst. im. A. I. Gertsen, 197, 54
(1958).

9 L. N. Slobodetskii, Vestn. LGU, no. 7, 28 (1960).

108 G. Mikhlin, The Problem of the Minimum of a Quadratic Functional,
Moscow-Leningrad, 1952.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196201.98024 Machine Translation


https://sovietrxiv.org/items/ru-196201.98024

	Abstract
	Full Text
	Reports of the Academy of Sciences of the USSR
	MATHEMATICS

	THE FOURIER METHOD FOR DIFFERENTIAL EQUATIONS CONTAINING A SECOND DERIVATIVE WITH RESPECT TO TIME
	CITED LITERATURE


