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THE GREEN FUNCTION FOR THE EXTE-
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(Presented by Academician V. I. Smirnov on 10 V 1962)
Let the function u(z,y, zq, ¥y, k) be the solution of the following problem:

9? 92
(x + e +k2) u=—0(x — 2o,y — Yp);

ox? = Oy?
ou ou
(%g,yo) outside S; —‘ = 0; NG (— — zku) — 0. (1)
0770 on S or r=y/xz24+y%—oc0

Here S is a sufficiently smooth closed convex contour, outside which the solution
of problem (1) is sought; ¢ is the Dirac delta function. The paper studies the
behavior of the function u(x,y, zy, yy, k) as k — oo.

1°. The asymptotics of u are different in different regions of the x,y-plane.
Behind the contour S a shadow region is formed, separated from the illuminated
region by two rays [; and [y, which are tangent to the contour S at certain points
A and B and go off to infinity. The continuations of /; and I, into the illuminated
region pass through the source M.

We shall denote the illuminated part of the contour by AmB, and the shadow
part by AnB. The asymptotics of u are essentially different in the illuminated
region, in the shadow region, and in the neighborhood of the limiting rays [,
and [,.

We shall first find the asymptotics for v when x,y € S. Using the methods of
work (1), one can construct a function L(z, y, s, k) (s, € S) having the following
properties:

oL

(A+ k)L =0
on z,yesS

:6<8_50)+K(57507k)§ (2)

sovietrxiv.org/items/ru-196201.97393 Machine Translation


https://sovietrxiv.org/items/ru-196201.97393

|K| < Cy (exp (—CkY3|s — s4|) + exp (—CkYVT)) . (3)

Here s and s, are points on S; |s — 5| is the length of the arc connecting s and
So- The function L(z,y, sy, k) is expressed in a rather complicated way in terms
of the solution of problem (1) for the exterior of a circle. In estimate (3), and in
the subsequent estimates, constants C, C;, Cs, etc., occur. Unless the contrary
is specifically stated, the C; are completely determined by the contour S and
by the position of the source M.

Applying Green’ s formula to the desired function u and to the function L, we
obtain without difficulty, for

’LL(S, k) = U’('Tvyvxmyo’ k)‘x,yes’

the integral equation

u(sg, k) + /K(s, 89, K)u(s, k) ds = L(xg, Yo, S, k) (4)
s

whose kernel, by virtue of estimates (3), will be small.

Construct the circle of curvature for the contour S corresponding to the point
s¢- Denote the solution of problem (1) for the exterior of this circle of curvature
by ®(z,y, sg, k). Using the explicit expression for L, it is not difficult to show
that, up to a term of order exp(—C%k~/7), the right-hand side in the inte-

in the integral equation (4) may be replaced by ®(x(sq), y(sg), S, k) (2(s0), y(Sg)
are the Cartesian coordinates of the point s, € S).

The integral equation (4) can be solved by the method of successive approxima-
tions:

u(sy) = ®(2(sq), y(Sg), 505 k) + K& + K2® + - + O(exp(—CEY7));

Ko = /K(s,so,k)CI)(...) ds; K"® = K(K"'®). (5)
Estimate (3) and formula (5) give

U(So) = @(x(50)7 y(30)7 50> k) + R, (6)

where
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1
< —_.
|R| = CV2 $g§|¢($<80)’y(80)a30ak)| kl/S (7)

Using the explicit form of ® and of the kernel K, the estimate for the remainder
term R can be considerably improved. This improved estimate has the form:

03/(271/6’ s € AmB,
O k12173, s € AmB,
Cok 1213 (exp(—CkY3|s — s 4]) + exp(—Ck3|s — sp|) +

+ exp(—CkY7)).

|R| <

(8)

Here « is some positive constant independent of k; C; depends on a. We note
that the function ® on the arc AnB has the estimate

1B < Cgk /2 (exp(—CkY3|s — 5 4|) + exp(—Ck3|s — s5|)).

It follows from this formula that in the region of deep shadow (i.e., for s €
AnB, min(|s4 — s|,|sg — $|) > «, where a does not depend on k) the function
majorizing R exceeds |®|. Thus, in the deep shadow we obtain not an asymptotic
formula for u, but only the estimate

lu| < C, exp(—CEYT), s € AnB, min(|s — syl,|s —sg|) > a.

2°. In the illuminated region, for the function w it is easy to construct (formally)
an asymptotic expansion. Represent u in the form

i
u= ZHél)(lm") +g9,
where ¢ is the reflected part of the Green’ s function; Hél) is the Hankel function.

Replace the function Hél)(k:r) by its asymptotic series, assuming that kr > 1.
We shall also seek the function g in the form

eFT@) Sy (2, y)
— 9/ 9
g 7 ZZO: X 9)

We require that the series (9) formally satisfy the Helmholtz equation and that,
on the surface S, for the series (9) and the asymptotic series for

iH(()l)(kr)
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the boundary condition be fulfilled:

0 (7, 1)
— | - H —i—g)‘ =0.
on \47° g

The coefficients of the series (9) will be uniquely determined by these conditions
if the point z,y is in the illuminated region. Such formal constructions have
been carried out by many authors (an extensive bibliography is given in [ ? ]).
It is natural to expect that the expansion (9) is an asymptotic series for g.

3°. Using the explicit expression for ®, it is not difficult to show that in the
illuminated region for ®(x(sq), y(sy), S, k) there is an asymptotic expansion of
the form (9), the first two terms of which coincide with the first two

terms of the expansion obtained by the method just described for the function

i1
ZH(() ><k7’) +g‘s’

It follows from the estimates (8) that

ul

= ¢ikr(s) (“0%'”) + ulk(\”;%w) +0(k75), (10)

S

s € AmB, min(|s — s, [s —sp|) > qa,

r(s) = /(2o — ()2 + (y — u(s))2.

Here v, and u; are obtained by means of the formal constructions of item 2°.

4°, In the case when z,y€S,

7 i 0
’U/($7y,$0,yo,k’) = ZH(()D(kr) - / Z%Hél)(k’ﬁ)“@) dSa (11)
S
uls) = u(e,y, ), .

r=y@ 22+ (-2 =@ () + (v —y(s)>

Using formulas (5), (8), (10) and the explicit form of K and ®, one can show
that in the illuminated region
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eikr(w,y)

VE

7

4

w20, 90, K) = S H (hr) + (vo+ ) +O (). (12)

k

Here v, and v; are the same as in formula (9); the estimate O(k~>/3) is uniform
for points (z,y) lying in any finite closed subdomain of the illuminated region
having no common points with the limiting rays.

If the point (z,y) belongs to the shadow zone, then from formula (11) one can
derive only the estimate

u=0 (k283). (13)

Estimate (13) is uniform for points (z,y) belonging to any finite closed domain,
together with its boundary, lying in the shadow zone and having no common
points with the limiting rays.
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