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MATHEMATICS
A. A. SHAKHBAZOV

ON A QUEUEING PROBLEM FOR A BATCH
FLOW OF CUSTOMERS

(Presented by Academician A. N. Kolmogorov, February 23, 1962)

A batch flow of customers arrives at a service facility. Concerning the flow and
the service system we shall make the following assumptions:

1. The arrival epochs of customers ;,t5,... (0 <t; <ty < --) are such that
the differences z, = t, —t,_1, to = 0, form a sequence of independent
random variables having one and the same distribution A(z).

2. At each of the epochs t,,, with probability ¢,., r (r = 1,2,...) customers
arrive.

3. Customers that find the facility busy join the queue after all previously
arrived customers; customers of one group are served one at a time in an
arbitrary order.

4. The service time of a customer is a random variable y with distribution
B(x).

5. If customers arrive at a moment when the facility is free, then service
begins after a random time z*, distributed according to the law C(x).

6. The quantities z,,, y, and z are mutually independent, and

a:/ xdA(z) < oo, b:/ xdB(z) < oo, c:/ xdC(z) < 0.
o

0 0
Let W,. denote the duration of the wait for the beginning of service of the group
of customers arriving at time ¢, and let [N, denote the length of the queue at

the moment of departure from the service system of the s-th served customer.
Further put

d= inpr.
1

Theorem 1. If bd < a, then the limiting distributions exist
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F(z) = lim P{W, <z},

T—00

p; = lim P{N, =i}, i=0,1,2,..

5§—00

The function F(x) does not depend on the distribution of W, and (in the class
of distribution functions) is the unique solution of the equation

if z <0,

Oa
Fo)=14 o 0 1)
[ Fa-yavm-a-cw) [ Feyaw), oo

* In applied questions this corresponds to the “warm-up” time of the service facility.

where

U = [ Biarndaw, B =Y e ),

B*Y(z) = B(x),  B*¥(x) /0 B*=Y(x —y)dB(y) (i=2,3,...).

The proof of this theorem is a simple modification of the arguments of D. Lindley
(*) and P. Finch (®).

Introduce the notation:
Pe) =Y ps,  F)= [ cvar),
0 0—
B(t) = / ¢ dB(z),  C(t)= / et dC (),
0— 0—

p(z) = Z(pizi, ¥, = Z %, P(z) = Zwizi_l.
1 s=1

Theorem 2. If A(z) =1—e** \bd < 1, then
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~

1—Xbd [C(iA—idg(2))p(2) — 1] BiX — idp(2))

P(z) =

(I+Ac)d z— B(ix —iXp(2))
Fty = 1—Xod (A +it)C(t) — A )

L+ Ae X +it — Mp(B(t)
Proof. The quantities N, and N, are related by

(4)

N, &1, ifN, >0,
s+l CHE+&,,—1, if N,=0.

Here £, ; is the number of customers arriving during the service time of the
(s + 1)-st customer; ¢ is the size of the group arriving at the moment when the
server was free; £ is the number of customers arriving during the waiting time
before service of this group began. The generating function of the compound
Poisson flow has the form M2z"(!) = exp[Mt(p(2) — 1)], where v(t) is the number
of customers of the flow that arrived during time ¢. Hence

~

Mzt = B(id —idp(2)),  Mz& = C(ih —irp(2)). (5)
From (4) it follows that
zM 2Nt = P{N, > O}MNS>OZNS+5S+1 +P{N, = O}MNSZO,ZC+5+5S+1. (6)
But
P{N, > 0} My 2" = MzNe —P{N, = 0}. (7)

Substituting (5) and (7) into (6) and passing to the limit as s — oo, we obtain

pe) - [ClA = iXe(:))o(2) — U BN = idp(2) o .
z— B(iXx —ip(z ) .

The unknown p, is found from the normalization condition Zgo p; = 1. Apply-
ing I’ Hopital’ s rule to (8), recalling here that

A(0)=ia, B(0)=ib, C'(0)=ic, ¢'(1)=d,

we find
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1 \bd
Po= 0 xod

To solve equation (1), consider the function

o(z) = / Fz—1)dU(y)  (—o0 <z < o),

where

where

From (9) and (10),

and from (11),

oo v - -
1t _ _
/Ooe dg(z) = Y aC(t) + F(t).

Comparing the last two equalities gives

~

Fiy = A0~
A+ it — Ap(B(t))

Q.

Since F(0) = 1, we have

1-)bd

14+ X’

(10)
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Let now W be the waiting time until the beginning of service of an arbitrarily
chosen customer, and let W(z) = P{W < z}. If v is the ordinal number of
the service of the customer under consideration within the group to which it
belongs, then

v—1

W=7+> 7%,

r=1

where
Ply<a}=F(z), Py, <z} =B@).
By the formula of total probability,
v—1 00 .
P {Z% < sc} => ;B (x),
r=1 i=1

Hence

Consequently,

ey — LA [0 it)C(t) — N(B(1))
L+Xe  Atit—Xp(Bt)

(12)

The formulas (2) and (12) obtained by us contain, as special cases, the corre-
sponding results of papers (}"7). If P{z = 0} = 1 and ¢, = §,;, i = 1,2, ...,
then

7

(r 1 = Ab)(2" — 1) B(ix — ixz")

Pz) = z— E(z)\ —iAz") ’
i(r~t — bt E(E(t))k
W(t) = 9
A +it — AB()"

Similar formulas were obtained by F. Foster () in the case when B(z) =
1 —e /b A(z) is an arbitrary distribution function with finite mathematical
expectation, and ¢, =46,,, 1 =1,2,....

1)
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In conclusion the author expresses sincere gratitude to B. V. Gnedenko for
posing the problem and supervising the work.
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