
Soviet-era science, translated into English

MATHEMATICS
1962

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196201.96574

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196201.96574


Abstract
Full Text

MATHEMATICS
A. I. VINOGRADOV

ON THE CLASS NUMBER
(Presented by Academician I. M. Vinogradov, 12 III 1962)

In connection with A. Weil’s theorem (1) on the zeros of the congruence zeta-
function 𝑍(𝑠) for a curve over a finite field, Brauer’s theorem (2), which gener-
alizes Siegel’s theorem to arbitrary number fields, and Fogels’theorem (3) on
the boundary of the zeros for Hecke 𝐿-series, it has become possible to study
segments of Euler products of the corresponding zeta-functions and 𝐿-series in
relation to the boundary of their zeros. In what follows, by 𝜁𝐾(𝑠) we shall mean
the Dedekind zeta-function of an algebraic number field 𝐾 over the field of ra-
tional numbers, 𝐿𝐾(𝑠, 𝜒) the Hecke or Artin series of this field, and 𝑍(𝑠) the
congruence zeta-function for a curve over a finite field of characteristic 𝑝.

Theorem 1 of the paper (4) admits a generalization to algebraic fields, and by
analogy one may obtain the relation

∏
𝑁(𝔭)≤𝐷

(1 − 1
𝑁(𝔭)𝑠 ) 𝜁𝐾(𝑠)(𝑠 − 1) = 𝑒−𝑐

ln 𝐷 𝐹(𝑠, 𝐷), (1)

where 𝐹(𝑠, 𝐷) is a certain analytic function depending on the boundary of the
zeros of 𝜁𝐾(𝑠). But if for the rational field, as 𝑠 → 1, one obtains the limiting
equality

lim
𝑠→1

𝜁𝐾(𝑠)(𝑠 − 1) = 1,

from which one can obtain some information about the segment of the Euler
product at the point 1, then in the case of an arbitrary algebraic field

lim
𝑠→1

𝜁𝐾(𝑠)(𝑠 − 1) = 𝜇𝐻,

where

𝜇 = 2𝑟1+𝑟2𝜋𝑟2

𝜔
𝑅

√|𝑑|
;
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𝑑 is the discriminant of the field; 𝑅 is the regulator; 𝑛 = 𝑟1 +2𝑟2 is the degree of
the field; 𝜔 is the number of principal roots of unity, and in the limiting relation
obtained from (1) as 𝑠 → 1, the class-number function 𝐻 comes to the fore,
since the segment of the Euler product

1 < ∏
𝑁(𝔭)≤𝐷

(1 − 1
𝑁(𝔭))

−1
< (ln 𝐷)𝑛

is considerably simpler in its structure and has a good trivial upper and lower
estimate under the condition that

ln 𝐷 = 𝑐(𝑛) ln |𝑑| ln ln |𝑑|.

A detailed proof of equality (1) leads to the following formulas for the class
number.

If 𝜁𝐾(𝑠) has no Siegel zero, then

𝐻 = 𝜔
2𝑟1+𝑟2𝜋𝑟2

√|𝑑|
𝑅

𝑒−𝑐

ln 𝐷 ∏
𝑁(𝔭)≤𝐷

(1 − 1
𝑁(𝔭))

−1
(1 + 𝜃

ln 𝐷) , (2)

where 𝑐 is Euler’s constant.

If, however, 𝜁𝐾(𝑠) has a real Siegel zero 𝛾, then

𝐻 = 𝜔
2𝑟1+𝑟2𝜋𝑟2

√|𝑑|
𝑅 (1 − 𝛾)𝑒−𝜔1(𝐷) ∏

𝑁(𝔭)≤𝐷
(1 − 1

𝑁(𝔭))
−1

(1 + 𝜃
ln 𝐷) (3)

under the condition that ln 𝐷 ≥ 𝑐(𝑛) ln |𝑑| ln ln |𝑑|, and the function 𝜔1(𝐷),
for ln 𝐷 = 𝑐(𝑛) ln |𝑑| ln ln |𝑑|, does not exceed a certain absolute constant. As
𝐷 → ∞,

(1 − 𝛾)𝑒−𝜔1(𝐷) ∏
𝑁(𝔭)≤𝐷

(1 − 1
𝑁(𝔭))

−1
→ 𝜒𝐾,

where 𝜒𝐾 is a certain constant of the field 𝐾. In particular, if 𝐾 is a quadratic
field, then

𝜒𝐾 = 𝐿(1, 𝜒),

and we obtain the known formula for a quadratic field. From relations (2) and
(3) one obtains the asymptotic relations, as |𝑑| → ∞:
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ln 𝐻𝑅 = ln √|𝑑| + 𝑂(ln ln |𝑑|),

and in the case of a Siegel zero:

ln 𝐻𝑅 = ln √|𝑑| + ln(1 − 𝛾) + 𝑂(ln ln |𝑑|).

Let us note that a relation of type (1) for the congruence zeta-function 𝑍(𝑠)
already assumes the limiting form in the sense of the behavior of the function
𝐸(𝑠, 𝐷), by A. Weil’s theorem on the distribution of the zeros of this function
on Re 𝑠 = 1

2 .

If the norm of a prime divisor is denoted by |𝔭|, and 𝑔 is the genus of the field,
then, analogously to (2), from a formula of type (1) one can obtain:

ℎ = 𝑝𝑔 𝑒−𝑐−𝜔

ln 𝐷 ∏
|𝔭|≤𝐷

(1 − 1
|𝔭|)

−1
exp (𝜃𝑔 ln 𝐷√

𝐷
) , (4)

where ℎ is the number of divisor classes, 𝐷 = 𝑝𝑓+1/2, 𝑓 = 1, 2, 3, …, |𝜃| ≤ 2. If
we put 𝐷 = 𝑝3/2, then from (4) we obtain

ℎ = 𝜒0𝑝𝑔 exp ( 𝜃𝑔√𝑝) ,

where 𝜒0 is an absolute positive constant. Let us note that this relation for ℎ
was known earlier (see, for example, (5), p. 140). Here another, analytic proof
of this fact is given.

Segments of Euler products of Artin and Hecke 𝐿-series are studied similarly.
For them one can obtain the relation:

∏
𝑁(𝔭)≤𝐷

(1 − 𝜒(𝔭)
𝑁(𝔭)𝑠 ) 𝐿𝐾(𝑠, 𝜒)

𝑠 − 𝛾 = 𝐹𝐾(𝑠, 𝐷); (5)

𝜒 is a real character, 𝛾 is a Siegel zero. From this relation and Brauer’s theorem
(2), it is already not difficult to obtain an estimate for (1 − 𝛾):

1 − 𝛾 > 𝑐(𝜀)
|𝑑𝑞𝑛/2|𝜀 , (6)

where 𝜀 > 0 is any positive number; 𝑐(𝜀) > 0 is a constant depending only on
𝜀; 𝑞 is the modulus of the real character 𝜒; 𝑛 is the degree of the field 𝐾; 𝑑 is
the discriminant. It is obtained according to the following scheme: we multiply
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𝜁𝐾(𝑠) and 𝐿𝐾(𝑠, 𝜒). This corresponds to a quadratic extension of the field 𝐾.
Denote the resulting field by 𝐾1. But, by Artin’s theorem,

𝜁𝐾1
(𝑠) = 𝜁𝐾(𝑠)𝐿𝐾(𝑠, 𝜒). (7)

The zero of the zeta-function is simple, and we assumed that it occurs in the
expansion of 𝐿𝐾(𝑠, 𝜒); therefore, multiplying the right- and left-hand sides of
(7) by (𝑠 − 1) and letting 𝑠 → 1, we obtain

𝜇𝐻𝐿𝐾(𝑠, 𝜒) = 𝜇1𝐻1.

Applying to this relation Brauer’s theorem (2), equality (5), and the theorem
on the discriminant of the extended field, we obtain the estimate (6).
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