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MATHEMATICS
V. G. Alekseev

ON CONDITIONS FOR ORTHOGONALITY
AND EQUIVALENCE OF GAUSSIAN MEA-
SURES IN FUNCTION SPACE
(Presented by Academician A. N. Kolmogorov on 10 IX 1962)

It is well known (1,2) that Gaussian measures in the function space of realizations
corresponding to two different random processes may be either equivalent or
orthogonal. However, the necessary and sufficient conditions for equivalence of
Gaussian measures (1−4) available so far are all insufficiently effective in the
sense that verifying them for concrete processes is an extremely difficult and
as yet unresolved problem. Therefore, more particular sufficient conditions for
orthogonality and equivalence of measures acquire great importance; a number
of works (5−10) are devoted to finding such conditions. In the present note some
new sufficient conditions are introduced for the orthogonality and equivalence
of measures corresponding to intervals of real random processes with stationary
Gaussian increments and mean 0.

All processes are assumed to be defined on the interval 0 ⩽ 𝑡 ⩽ 1, but the asser-
tions formulated below concerning the orthogonality or equivalence of measures
evidently remain valid also for processes defined on any finite interval [0, 𝑇 ]. We
shall assume that all processes considered below have spectral densities. (For
the definition of the spectral density of a process with stationary increments,
see, for example, (7).) We shall denote the spectral density of the process 𝜉(𝑡)
by 𝑓𝜉(𝑡), and the corresponding Gaussian measure in function space by 𝑚𝜉. All
results of the present note are formulated in terms of the spectral densities of
the processes. Orthogonality of measures will be denoted by the symbol ⟂,
equivalence by the symbol ∼.

Let us denote by 𝜉(𝑡) and 𝜂(𝑡) two processes with stationary Gaussian increments
and mean 0 such that the spectral density of the process 𝜂(𝑡) can be represented
in the form 𝑓𝜂(𝜆) = 𝑓𝜉(𝜆) + 𝑓𝜁(𝜆) (i.e., 𝑓𝜂(𝜆) ⩾ 𝑓𝜉(𝜆)).
Then the following theorems hold:
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Theorem 1. Let the processes 𝜉(𝑡) and 𝜂(𝑡) be separable, the probability
distributions of 𝜉(0) and 𝜂(0) equivalent,

𝑓𝜉(𝜆) ⩾ 𝑐1
1 + |𝜆|𝛼1

(𝑐1 > 0) (1)

and, for some 𝜆0 > 0,

𝑓𝜁(𝜆) ⩽ 𝑐2
|𝜆|𝛼2

for |𝜆| > 𝜆0, (2)

where 𝛼 = 𝛼2 − 𝛼1 > 1
2 . Then 𝑚𝜂 ∼ 𝑚𝜉.

Theorem 2. Suppose that, for some 𝜆0 > 0, 𝑐1 ⩾ 0 and 𝑐2 > 0,

𝑓𝜉(𝜆) ⩽ 𝑐1
|𝜆|𝛼1

for |𝜆| > 𝜆0, (3)

𝑓𝜁(𝜆) ≥ 𝑐2
|𝜆|𝛼2

for |𝜆| > 𝜆0, (4)

where 1 < 𝛼1 = 𝛼2 − 1
2 . Then 𝑚𝜂 ⟂ 𝑚𝜉.

Let us briefly outline the proof of these theorems. Consider partitions of the
interval [0, 1] into 𝑛 equal subintervals Δ𝑡𝑗 (𝑗 = 1, 2, … , 𝑛). Let x𝑛 be the 𝑛-
dimensional column vector of increments, on the intervals Δ𝑡𝑗, of the process
specified on 0 ≤ 𝑡 ≤ 1. Denote by 𝑝𝜉(x𝑛) the 𝑛-dimensional density of the
normal probability distribution of the vector x𝑛 corresponding to the process
𝜉(𝑡), and by 𝐴𝑛(𝜉) the covariance matrix of successive increments of the process
𝜉(𝑡) on the intervals Δ𝑡𝑗. The symbol M𝜉 will denote expectation with respect
to the distribution corresponding to the process 𝜉(𝑡). Following Gacki (1), put

𝐽𝑛(𝜉, 𝜂) = M𝜉 ln
𝑝𝜉(x𝑛)
𝑝𝜂(x𝑛) − M𝜂 ln

𝑝𝜉(x𝑛)
𝑝𝜂(x𝑛) . (5)

Then, from the assumption of normality of the finite-dimensional distributions
of the processes, the formula is easily derived (cf. (10)):

𝐽𝑛(𝜉, 𝜂) = 1
2 Sp [𝐴𝑛(𝜂)𝐴−1

𝑛 (𝜉) − 2𝐸𝑛 + 𝐴𝑛(𝜉)𝐴−1
𝑛 (𝜂)] =

= 1
2 Sp [𝐴𝑛(𝜉)𝐴−1

𝑛 (𝜉)]2

𝐸𝑛 + 𝐴𝑛(𝜉)𝐴−1𝑛 (𝜉) , (6)

where Sp 𝐴 is the trace of the matrix 𝐴, and 𝐸𝑛 is the identity matrix of order 𝑛.
It is easy to see that it is sufficient to prove our theorems for the case 1 < 𝛼1 ≤ 3.
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The validity of Theorem 1 for 𝛼1 = 2 follows, for example, from Theorem 10.5.1
of Pinsker’s work (11). In the case 1 < 𝛼1 < 2, without loss of generality, we put
𝑓𝜉(𝜆) = 𝑐1|𝜆|−𝛼1 and 𝑓𝜁(𝜆) = 𝑐2|𝜆|−𝛼2 . Further, using the theorem on Toeplitz
forms (12), it can be shown that the eigenvalues of the matrix 𝐴𝑛(𝜁)𝐴−1

𝑛 (𝜉) do
not exceed the corresponding eigenvalues of the same matrix for 𝛼1 = 2 and the
same 𝛼. Hence, using formula (6) and Gacki’s criterion (1) for the equivalence
of Gaussian measures, we find that 𝑚𝜂 ∼ 𝑚𝜉.

In the same case 2 < 𝛼1 ≤ 3, Theorem 1 is proved by analogous arguments, using
the validity of the theorem for 3 < 𝛼1 ≤ 4, which follows from the assertion
already proved, and from the fact that multiplying both spectra by 𝜆−2 cannot
destroy equivalence.

We note that for 𝛼 > 1 and any 𝛼1 the assertion of Theorem 1 also follows from
a recent result of Parzen (10).

We proceed to the proof of Theorem 2. If 1 < 𝛼1 < 3, then, without loss of
generality, one may assume that 𝑓𝜉(𝜆) = 𝑐1|𝜆|−𝛼1 and 𝑓𝜁(𝜆) = 0 for |𝜆| ≤ 𝜆0,
𝑓𝜁(𝜆) = 𝑐2|𝜆|−𝛼2 for |𝜆| > 𝜆0.

Further, using formula (6) and Szegő’s theorem ((13), Theorem XIX) on the
limiting distribution of the eigenvalues of a pair of Toeplitz forms, we directly
obtain

lim
𝑛→∞

𝐽𝑛(𝜉, 𝜂) = ∞,

which is equivalent to the assertion of orthogonality of the corresponding mea-
sures. In the case 𝛼1 = 3, Theorem 2 can be proved from its validity for 𝛼1 = 2
by means of arguments related to those used in the proof of Theorem 1 in the
case 𝛼1 ≠ 2.

The orthogonality of the measures 𝑚𝜉 and 𝑚𝜂 can also be proved with the aid of
theorems on the“almost sure”properties of sample functions of the considered

processes and generalizing the known results of Baxter (5) and Gladyshev (7).
Below we shall give two new theorems of this type, in which, instead of Baxter’
s functional 𝑢(𝑥𝑛) = 𝑥′

𝑛𝑥𝑛, there appears the more general quadratic functional
𝑄𝜒(𝑥𝑛) = 𝑥′

𝑛𝐴𝑛(𝜒)𝑥𝑛, where 𝜒(𝑡) is a certain auxiliary process. In what follows,
by 𝑥𝑛 we shall denote the vector of increments of the process 𝜂(𝑡) on the intervals
Δ𝑡𝑗 (𝑗 = 1, 2, … , 𝑛).
Theorem 3. Suppose that, for large |𝜆|,

𝑓𝜉(𝜆) ⩽ 𝑐1
|𝜆|𝛼1

, (7)

𝑓𝜁(𝜆) = 𝑐2
|𝜆|𝛼2

+ 𝑜 ( 1
|𝜆|𝛼2

) , (8)
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where 2 ⩽ 𝛼1 + 1
2 = 𝛼2 ⩽ 7

2 . Then, if

𝑓𝜒(𝜆) = 1
|𝜆|5−𝛼2

+ 𝑜 ( 1
|𝜆|5−𝛼2

) ,

𝑛 = 3𝑚2 (𝑚 = 1, 2, …), then with probability 1

lim
𝑚→∞

𝑛2

4𝜋 ln 𝑛 {𝑄𝜒(𝑥𝑛)−

−16 ∫
∞

−∞
sin2 𝜆1

2𝑛 𝑓𝜉(𝜆1) 𝑑𝜆1 ∫
∞

−∞

sin2 𝜆1 − 𝜆2
2

sin2 𝜆1 − 𝜆2
2𝑛

sin2 𝜆2
2𝑛 𝑓𝜒(𝜆2) 𝑑𝜆2

⎫}
⎬}⎭

= 𝑐2. (9)

Theorem 4. Suppose that, for large |𝜆|,

𝑓𝜉(𝜆) ⩽ 𝑐1
|𝜆|𝛼1

, (10)

𝑓𝜁(𝜆) = 𝑐2
|𝜆|𝛼2

+ 𝑜 ( 1
|𝜆|𝛼2

) , (11)

where max [1, 𝛼2 − 1
2] < 𝛼1 < min[3, 𝛼2]. Then, if

𝑓𝜒(𝜆) = 1
|𝜆|𝛽 + 𝑜 ( 1

|𝜆|𝛽 ) ,

where 1 < 𝛽 ⩽ 3, 𝛼2 + 𝛽 < 5, 𝑛 = 3𝑚 (𝑚 = 1, 2, …), then with probability 1

lim
𝑚→∞

𝑛𝛼2+𝛽−3

𝐾 {𝑄𝜒(𝑥𝑛)−

−16 ∫
∞

−∞
sin2 𝜆1

2𝑛 𝑓𝜉(𝜆1) 𝑑𝜆1 ∫
∞

−∞

sin2 𝜆1 − 𝜆2
2

sin2 𝜆1 − 𝜆2
2𝑛

sin2 𝜆2
2𝑛 𝑓𝜒(𝜆2) 𝑑𝜆2

⎫}
⎬}⎭

= 𝑐2, (12)

where

sovietrxiv.org/items/ru-196201.95835 Machine Translation

https://sovietrxiv.org/items/ru-196201.95835


𝐾 = 32𝜋 ∫
𝜋

−𝜋
sin4 𝜇

2 [
∞

∑
𝑘=−∞

1
|𝜇 + 2𝑘𝜋|𝛼2

] [
∞

∑
𝑘=−∞

1
|𝜇 + 2𝑘𝜋|𝛽 ] 𝑑𝜇. (13)

The method of proof of Theorems 3 and 4 is based on the application of the
correlation theory of processes with stationary increments and of the apparatus
of series.

Fourier (primarily Nikol’skii’s theorem (14) on the order of the remainder of the
Fourier sums of 2𝜋-periodic functions under various smoothness conditions).

For the proof of Theorem 3 the mathematical expectation of 𝑄𝜒(𝑥𝑛) is com-
puted:

𝑀𝑄𝜒(𝑥𝑛) = Sp [𝐴𝑛(𝜉) + 𝐴𝑛(𝜉)]𝐴𝑛(𝜒)

= 16 ∫
∞

−∞
sin2 𝜆1

2𝑛𝑓𝜉(𝜆1) 𝑑𝜆1 ∫
∞

−∞

sin2 𝜆1−𝜆2
2

sin2 𝜆1−𝜆2
2𝑛

sin2 𝜆2
2𝑛𝑓𝜒(𝜆2) 𝑑𝜆2 + 4𝜋𝑐2 ln 𝑛

𝑛2 + 𝑜( ln 𝑛
𝑛2 ) .

(14)

Next, for the variance of 𝑄𝜒(𝑥𝑛) one can obtain the formula

𝐷𝑄𝜒(𝑥𝑛) = 2 Sp [𝐴𝑛(𝜂)𝐴𝑛(𝜒)]2

= 29 ∫
∞

−∞
sin2 𝜆1

2𝑛𝑓𝜂(𝜆1) 𝑑𝜆1 ∫
∞

−∞
sin2 𝜆2

2𝑛𝑓𝜒(𝜆2) 𝑑𝜆2 ∫
∞

−∞
sin2 𝜆3

2𝑛𝑓𝜂(𝜆3) 𝑑𝜆3×

× ∫
∞

−∞

sin 𝜆1−𝜆2
2 sin 𝜆2−𝜆3

2 sin 𝜆3−𝜆4
2 sin 𝜆4−𝜆1

2
sin 𝜆1−𝜆2

2𝑛 sin 𝜆2−𝜆3
2𝑛 sin 𝜆3−𝜆4

2𝑛 sin 𝜆4−𝜆1
2𝑛

sin2 𝜆4
2𝑛𝑓𝜒(𝜆4) 𝑑𝜆4.

(15)

Using this expression, one can show that under the conditions of Theorem 3

𝐷𝑄𝜒(𝑥𝑛) ≤ 𝑂( ln 𝑛
𝑛4 ) . (16)

In view of (14) and (16), the assertion of Theorem 3 follows immediately from
the Chebyshev and Borel–Cantelli lemmas.

Theorem 4 can be proved analogously.

The author expresses sincere gratitude to A. M. Yaglom for supervising the
work.
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