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Abstract
Full Text
Academician A. Yu. Ishlinskii and G. I. Barenblatt

On the Impact of a Viscoplastic Rod against a
Rigid Barrier
Nonstationary problems of the motion of viscoplastic media have been consid-
ered in the works of a number of investigators (1−4). A detailed analysis of
the available exact and approximate solutions of nonstationary problems of vis-
coplastic flow is given in the monograph by A. Kh. Mirzadzhan-zade (4). In the
present note, the formulation and an effective approximate solution are given
for the problem of the impact against a rigid barrier of a viscoplastic rod of
finite length.

1∘. The problem is posed as follows. A rod of finite length 𝑙, made of a viscoplas-
tic material and moving translationally in the direction of its axis (which we
choose as the 𝑥-axis) with velocity −𝑣0, at the initial moment 𝑡 = 0 strikes a
rigid barrier 𝑥 = 0.

We shall regard the motion of the rod as quasi-one-dimensional, i.e., we average
the stresses, velocities, etc., over the cross-section of the rod. The relation
between the stress 𝜎 and the strain rate 𝜕𝑣/𝜕𝑥 is written for the case under
consideration in the form

𝜕𝑣
𝜕𝑥 = 𝜎 + 𝜎0

𝜇 (|𝜎| > 𝜎0); 𝜕𝑣
𝜕𝑥 = 0 (|𝜎| < 𝜎0), (1)

where 𝑣(𝑥, 𝑡) is the velocity of the given cross-section of the rod at time 𝑡,
𝜎0 > 0 is the limiting stress, and 𝜇 is the coefficient of viscosity of the material;
obviously, 𝜎 ⩽ 0 at all points of the rod.

For 𝑡 > 0 the picture of the motion has the following form. The velocity of prop-
agation of elastic disturbances in the medium under consideration is infinitely
large; therefore the disturbance immediately encompasses the entire rod, and
the velocity of motion for any 𝑡 > 0 differs from −𝑣0 at all points of the rod.
The rod is divided into two parts: in one part (0 ⩽ 𝑥 ⩽ 𝑥0(𝑡))—the viscoplastic
region—the stresses in magnitude exceed 𝜎0 and viscoplastic flow takes place; in
the other part (𝑥0(𝑡) < 𝑥 ⩽ 𝑙)—the rigid region—the stresses in magnitude are
less than 𝜎0, so that this part of the rod moves as a rigid body. At the unknown
moving boundary of the viscoplastic and rigid regions 𝑥 = 𝑥0(𝑡), the stresses
and velocities are continuous.

2∘. Introduce the dimensionless variables
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𝜉 = 𝑥
𝑙 , 𝜏 = 𝜇𝑡

𝜌𝑙2 , 𝑢(𝜉, 𝜏) = −𝑣(𝑥, 𝑡)
𝑣0

, 𝜉0(𝜏) = 𝑥0(𝑡)
𝑙 . (2)

In the viscoplastic region the function 𝑢(𝜉, 𝜏) satisfies the heat-conduction equa-
tion

𝜕𝑢
𝜕𝜏 = 𝜕2𝑢

𝜕𝜉2 (0 ⩽ 𝜉 ⩽ 𝜉0(𝜏)), (3)

and in the rigid region it satisfies the equation

𝜕𝑢
𝜕𝜉 = 0 (𝜉0(𝜏) ⩽ 𝜉 ⩽ 1). (4)

Integrating (4), we find

𝑢(𝜉, 𝜏) = 𝑢0(𝜏) (𝜉0(𝜏) ⩽ 𝜉 ⩽ 1), (5)

where 𝑢0(𝜏) = 𝑣0(𝑡)/𝑣0 is the dimensionless velocity of motion of the rigid region,
as yet an undetermined function of time.

The equation of motion of the rigid region of the rod has the form:

𝑀 𝑑𝑣0
𝑑𝑡 = 𝜌𝐹 [𝑙 − 𝑥0(𝑡)]𝑑𝑣0

𝑑𝑡 = [𝜎𝑥=𝑥0(𝑡)−0]𝐹 , (6)

where 𝑀 is the mass of the rigid part of the rod, and 𝐹 is the cross-sectional area
of the rod. Using the continuity condition for stress at the moving boundary
𝑥 = 𝑥0(𝑡) and passing to dimensionless variables, we reduce relation (6) to the
form

𝑑𝑢0(𝜏)
𝑑𝜏 = − 𝑠

1 − 𝜉0(𝜏) , (7)

where 𝑠 = 𝜎0𝑙/𝜇𝑣0 is the Saint-Venant parameter, a dimensionless combination
of the defining parameters that characterizes the motion. By virtue of the
continuity of stress and velocity at the moving boundary 𝑥 = 𝑥0(𝑡), we have

𝑢[𝜉0(𝜏), 𝜏 ] = 𝑢0(𝜏), 𝜕𝑢[𝜉0(𝜏), 𝜏 ]
𝜕𝜉 = 0. (8)

Fig. 1

There are also the obvious boundary and initial conditions:
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Fig. 1

Figure 1: Fig. 1

Fig. 2

Figure 2: Fig. 2

𝑢(0, 𝜏) = 0 (𝜏 > 0),
𝑢(𝜉, 0) = 1 (0 < 𝜉 ≤ 1),
𝑢0(0) = 1, 𝜉0(0) = 0.

(9)

Fig. 2

Thus, the problem under consideration has been reduced to determining the
functions 𝑢(𝜉, 𝜏), 𝑢0(𝜏), and 𝜉0(𝜏), satisfying relations (3), (5), (7), (8), and
(9), i.e. to a problem with a moving boundary for the heat-conduction equation,
which is not reducible to the traditional boundary-value problems of mathemat-
ical physics.

3∘. For an approximate solution of the resulting system, we shall use the idea of
the Kármán—Pohlhausen method from boundary-layer theory (5); namely, we
represent the function 𝑢(𝜉, 𝜏) approximately in the form

𝑢(𝜉, 𝜏) =
⎧{
⎨{⎩

2𝑢0(𝜏) 𝜉
𝜉0(𝜏) − 𝑢0(𝜏) 𝜉2

𝜉2
0(𝜏) (0 ≤ 𝜉 ≤ 𝜉0(𝜏)),

𝑢0(𝜏) (𝜉0(𝜏) < 𝜉 ≤ 1).
(10)

If the functions 𝑢0(𝜏) and 𝜉0(𝜏) satisfy the last two conditions (9), then the
function (10) satisfies all the conditions (9). Naturally, the function (10) in the
viscoplastic region does not satisfy equation (3) exactly; we shall require that it
satisfy this equation on average, i.e. that it satisfy the integral relation obtained
by integrating (3) over the entire viscoplastic region (0 ≤ 𝜉 ≤ 𝜉0(𝜏)):

𝑑
𝑑𝜏 ∫

𝜉0(𝜏)

0
𝑢(𝜉, 𝜏) 𝑑𝜉 − 𝑢0(𝜏)𝑑𝜉0

𝑑𝜏 = − (𝜕𝑢
𝜕𝜉 )

𝜉=0
. (11)

Using (10) and (7), we obtain from this the differential equation

𝑑𝜉0
𝑑𝜏 = 6

𝜉0(𝜏) − 2𝑠𝜉0(𝜏)
[1 − 𝜉0(𝜏)]𝑢0(𝜏) , (12)

which, together with equation (7) and the last two conditions (9), determines
the unknown functions 𝑢0(𝜏) and 𝜉0(𝜏), and thus the approximate
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Fig. 3

Figure 3: Fig. 3

Fig. 4

Figure 4: Fig. 4

Fig. 3

solution of the problem. Introducing new dependent variables 𝑝 = 𝑢0(𝜏)/𝑠, 𝑞 =
𝜉2

0(𝜏), we rewrite the system of equations (7), (10) in the following form:

𝑑𝑞
𝑑𝜏 = 12 − 4𝑞

𝑝(1 − √𝑞) , 𝑑𝑝
𝑑𝜏 = − 1

1 − √𝑞 , (13)

which does not contain the Saint-Venant parameter 𝑠. The initial conditions
will take, respectively, the form:

𝑝(0) = 1
𝑠 , 𝑞(0) = 0. (14)

Fig. 4

Dividing the first equation (13) term by term by the second, we obtain a first-
order equation not containing the independent variable 𝜏 :

𝑑𝑞
𝑑𝑝 = −12(1 − √𝑞) + 4𝑞

𝑝 . (15)

A simple qualitative investigation shows that in the region of interest to us
(𝑝 ≥ 0, 0 ≤ 𝑞 ≤ 1) the integral curves behave as shown in Fig. 1. The problem
under consideration corresponds to curves of class I, lying below the separatrix
and having one maximum smaller than unity—only these curves intersect the
abscissa axis at finite points and make it possible to satisfy condition (14). The
corresponding integral curve intersects the abscissa axis at the point 𝑝 = 1/𝑠;
the direction of motion of the representative point along the integral curve as
time increases is shown in Fig. 1 by arrows.

4°. The investigation makes it possible to draw the following qualitative conclu-
sions. At the beginning of the motion the viscoplastic region expands; its size
𝜉0(𝜏) increases until it reaches a certain maximum, less than unity,

at 𝜏 = 𝜏0(𝑠) (Fig. 2), after which it begins to decrease. Thus, in all cases a
certain part of the rod adjoining the free boundary remains undeformed. At
some instant 𝜏 = 𝜏1(𝑠) the viscoplastic region disappears; this same instant
corresponds to the velocity 𝑢0(𝜏) of the rigid region of the rod becoming zero
(Fig. 3), so that the motion of the rod ceases completely.
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In the general case, system (13) requires numerical integration for its solution;
the results of the integration for several values of the Saint-Venant parameter
are presented in Figs. 2 and 3. For the case of large and small values of the
Saint-Venant parameter, the solution can be represented in explicit form.

The approximate solution obtained makes it possible to determine the shape of
the rod after impact. From the condition of incompressibility of the rod material
we have

𝐹 = 𝐹0 (1 + 𝜕𝑈
𝜕𝑥 )

−1
, (16)

where 𝐹 is the cross-sectional area of the deformed rod corresponding to a
certain value of 𝑥, 𝑈 is the instantaneous longitudinal displacement, and 𝐹0 is
the cross-sectional area of the undeformed rod. At the instant when the impact
ends, for an arbitrary section 𝑥 we have:

𝜕𝑈
𝜕𝑥 = −𝑟 ∫

𝜏∗∗(𝜉)

𝜏∗(𝜉)

𝜕𝑢(𝜉, 𝜏)
𝜕𝜉 𝑑𝜏 = −2𝑟 ∫

𝜏∗∗(𝜉)

𝜏∗(𝜉)

𝑢0(𝜏) [𝜉0(𝜏) − 𝜉]
𝜉2

0(𝜏) 𝑑𝜏 = −𝐹 − 𝐹0
𝐹 = −2𝑟𝑓(𝜉),

(17)

where 𝜏∗(𝜉) and 𝜏∗∗(𝜉) are the roots of the equation 𝜉 = 𝜉0(𝜏), 𝜏∗∗(𝜉) ⩾ 𝜏∗(𝜉),
𝑟 = 𝜌𝑣0𝑙/𝜇 is the Reynolds parameter. In Fig. 4, for various values of the Saint-
Venant parameter 𝑠, graphs are plotted of the function 𝑓(𝜉), which characterizes
the change in the shape of the rod after impact. In an entirely analogous way,
the shape of the rod can be determined at an arbitrary instant of the collision.

The authors express their gratitude to S. S. Grigoryan and B. M. Malyshev for
discussion of the work, and to R. L. Salganik and L. Ya. Semenova for help
with the computations.
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