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timates of Taylor Coefficients of Bounded Func-
tions of Two Complex Variables

(Presented by Academician M. A. Lavrent ev, 29 III 1962)

In the case of two complex variables I have given exact estimates of Taylor
coefficients for bounded functions (!). However, in these estimates the question
of the uniqueness of the extremal functions was not clarified; this question is
considered in the present note.

Let the function

[&.°]

Flw,z) = Z Gy W™ 2" (1)

m,n=0

satisfy the following conditions: a) it is regular in the bicylinder E{|jw| <
R, |z| < Ry}; b) for almost every fixed ¢, from the segment [0, 27], for 0 < p < 1
the integral * is bounded

21
/ p(pei®, to)] dep, (2)
0

where (pe’?, t) = F(Ry pe’?, Rype't=%)). We shall denote this class of functions
by A **.

As is known, a function F(w, z), regular in F, in addition to its representation
by the series (1), can be represented in E by the diagonal series

o) k
F(w,z) = Z (Z akl’lwk_lzl> . (3)
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It follows from conditions a) and b) that for almost all ¢ in [0, 27] the function
(¢, t) € Hy, and therefore for almost all ¢ in [0, 27] it has, almost everywhere
on || = 1, definite limiting values along nontangential paths, which form the
boundary function v(e*?,t), and for almost all ¢ in [0, 27], according to Cauchy’
s formula ***

m+n

2T
Z%memw%mw/wﬂwWWm (4)
=0 0

since, by virtue of the representation (3),

m+n

[(m+ )™ 0,8) = 3 ay, g RYI R (5)
=0

Multiplying both sides of equality (4) by e, from the resulting equality, inte-
grating with respect to t from 0 to 27, we find

2T 2T
G = AT RPRY) [ de [ pte peionme g, (o)
0 0

where the integrals are understood in the Lebesgue sense.

* That is, the set of those points t, in [0,27] at which the boundedness of the
integral (2) fails for 0 < p < 1 has measure zero.

** Obviously, the class ¢ considered in (?) is contained in \.

*** Here the integral is understood in the Lebesgue sense.

Since for almost all ¢ in [0, 27| we have ¥((,t) € H,, it follows that for almost
all t in [0, 27, ¥(¢, t)¢™ et € H, (m +n =1,2,...), and hence, by Riesz’
theorem (?), for almost all ¢ in [0, 27],

2m
/ w(eiap7 t>ei[(m+nfl)tpfnt] det = 0,
0

where the integral is understood in the Lebesgue sense; whence

2m 2w
/ dt / P(et?, t)ellmn=le=ntl geie — 0, (7)
0 0

where the integrals are understood in the Lebesgue sense. Thus we have proved:

Theorem 1. For functions

o0
F(w,z) = Z AW 2" € A

m,n=0
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the formulas (6), (7) hold.

We shall say that a certain property L holds for almost all points (¢, ) of the
square S{0 <t < 27w, 0 < ¢ < 27}, or, briefly, almost everywhere on S, if
almost all ¢ with 0 <t < 27 have the property that for them almost all ¢ with
0 < ¢ < 27 have property L.

Corollary 1. If a function F(w,z) € X is such that ¢(e*,t) = 0 almost
everywhere on S, then F(w,z) =0 in E.

Remark 1. Let the function F(w, z) be regular in E. Then the function ¢(p(, t)
(0 < p < 1), for any fixed ¢, 0 <t < 27, is regular in || < 1, and therefore, by
Cauchy’ s formula,

2w
[(m+ )L pm gl (0,8) = (2m) ! / Ppe'?, t)e e dy.
0

Taking (5) into account, we conclude that the expression [(m+n)!]~* ’w(mjn) (0, t)‘
is bounded as a function of ¢, continuous on the interval [0,27]; this implies
that the modulus of the integral

27
/ P(pe'e, t)eilmimentlgy 0 <t < 2m,
0

is bounded for 0 < p < 1. This property of functions regular in E was noted
without proof in the note (?).

Theorem 2. If in the bicylinder E the function

o0
F(w,z) = Z W™ 2",

m,n=0

where ag is prescribed, is regular and |F(w, z)| < 1, then for m +n >0

|amn| S (1 - |a00‘2)RImR5n7 (8)

and equality holds only for the function

F(’LU, Z) = (G’OOR?LRS + nmnwmzn)(RTRg + aOonmnwmzn) 1’ ‘nmn| =1
(9)
Proof. By the hypothesis of Theorem 2, in the disk |[¢| < 1, for any fixed ¢
with 0 < ¢ < 2m, the function ¥((,t) is regular and |¢((,t)] < 1. Therefore
the function ¥({,t), for any fixed ¢ with 0 < ¢ < 27, has almost everywhere on
|¢| = 1 definite limiting values along nontangential paths, forming the boundary
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function (e??,t); moreover, for any ¢ with 0 < ¢ < 27, almost everywhere on

=1,

(e’ t)] < 1. (10)

Obviously F(w,z) € A, and therefore, by Theorem 1, formulas (6), (7) hold.
Using these formulas, for m 4+ n > 0 we have *

2m
amnRinRg—FQaOO&OOUmn = (471'2)_1 / dt/ Z/J(eiwv t>e_i[(m+n>¢_nt]K(4pv t) d<p7
0 0

where

K(‘)Dv t) = (1 + aOOei[<m+n)w_nt]nmn)2‘

* In the proof of Theorem 2 below, the author follows the method of G. M. Goluzin (4).

Hence, for 7,,,, = '#8%mn (if ay, = 0, then n,,, is arbitrary with |n,,,,| = 1),

27 27
(| RYRE + 2ago|? = (472) " / dt / B(e®, e mime K (o 1) dg

2
) [
2
/ dt/ (e, )| | K (0, 1)) dip
0 0

27
1/ dt/ t)|dp =1+ |agl?,
o
(11)

which leads to estimate (8). Using the proposition for one complex variable*
and the fact that equality in

27 27 27 27
dt W K (@, t)|dp < dt K(p,t)|d 12
/O /0|¢<e 1K (o.8)] dp / /O<so>|so (12)

holds only when |¢(e??, )| = 1 almost everywhere on S,** we conclude that the
equality signs in (11) occur only in the case when

2
/ 1/} up ) —i[(m+n)p— nt]K“O t) dcp dt
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arg (e’ t)e Hmtnle—ntl (1) = const  (mod 27)

and [1(e'?,t)| = 1 almost everywhere on S. But these conditions can be written
otherwise:

arg (e, )R, t) = const (mod 27), (e, ) R(p, )| = 1,
where

R(SO t) = RTRSI + a’OOnmn(Rleiip)m(R2ei($&7t))n
| ago R RE + 1y (Ry€70)™ (Ryetle=th)n

which is equivalent to the single condition

P(e t)R(p,t) = const = @

almost everywhere on S, which, by virtue of Corollary 1 and the fact that
F(0,0) = ay, is fulfilled only in the case of the function (9), for which equality
holds in (8).

Theorem 3. If in the domain D*** the function

e}

F(w,z) = Z Gy W™ 2",

m,n=0

* The equality sign in

27 ‘
| se)ae
0

where f(e'#) and |f(e'¥)| are summable on [0, 27], is attained if and only if

27
< / F(e)|dy,

arg f(e'?) = const  (mod 27)
for almost all ¢, 0 < ¢ < 27. Indeed, let

2m
0= arg/ f(e?) de.

0
Then
27 .
/ f(e¥)dyp
0

2m

27 2m
:e“’/o f(e“")d</7=/0 | f(€"%)] cos[arg f(e'?)—0] dwé/o |f(e?)] de,
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from which the assertion easily follows.

** In fact, bearing in mind (10), equality in (12), as is known, is obtained only
when

21T ] 27
/ (e, 6)] 1K (0, 1)) dio = / K (p.)] dp
0 0

for almost all ¢ € [0, 27]. The latter equality, taking (10) into account, holds for
each of the indicated almost all ¢t only when

(e, 1)) =1
for almost all ¢ € [0, 2x]. Thus, equality in (12) holds only when
(e, )] =1

almost everywhere on S.

*#*% D is a bounded complete bicircular domain (containing its center (0,0)),
whose boundary is twice continuously differentiable and analytically convex from
the outside. As A. A. Temlyakov proved (5), the boundary of this domain can
be parametrically given in the form

ul =ry(r), [l =rp(r), 0T,

where r;(0) =0, (1) < oo, {(7) > 0 on (0,1], and
T
r9(T) = exp [— / 1T dlnry(7)| (ry(1) =0).
where ag is given, is regular, and |F(w, z)| < 1, then for m +n >0

|a‘mn‘ < (1 - |a00|2)M_1(man)7 (13)

where

m m
M(m,n) =rT (m—i—n) Ty (m+n>

(taking 0° = 1); equality for m > 0, n > 0 occurs only for the function

F<w7 Z) = (aOOM(m7 n) + nmnwmzn)<M(m7 n) + aOOnwmwmZn) ’ |77mn| =1
(14)

Proof. Since the hypersurface |w| = r,(7), |z| = r5(7), 0 < 7 < 1, is composed
of the surfaces |w| = r{(7), |2| = ro(7) under a continuous change of the param-
eter 7 in the segment [0, 1], and since the point (0,0) is an interior point of the
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bicylinder |w| < r{(7), |z| < ro(7) for any 7, 0 < 7 < 1, it follows, by Theorem
2, that

|G| < (1= [ago[*)ry™ (T)ry" (1),

m >0, n > 0, where 7 is an arbitrary number in (0,1). Using the functions of
one complex variable

F(0,z) = Z ap, 2",
n=0

o
F(w,0) = E Ay ow™,
m=0
we have

lagnl < (1—lag[*)r3™(0), n>0;  |ay,el < (1= lag|*)ry™ (1), m > 0.

It is not difficult to see that

m m
r{”( )7‘3( ), m>0, n>0;
m+mn m-+n
max " (7)ry (1) =

0<r<1 1 T{n(l)7 m > 0, n = O,
7’3(0), m=0, n>0;

therefore we have the estimate (13). Further, in the case of the bicylinder

w| < _ Mo el <y _ Mo
Mg + Ng Mg + Ng

(myg,ngy are any fixed ones from m = 1,2,...; n = 1,2,...), the equality sign in
the estimate

|Gy o] < (1= lago|*) M~ (mg, mg)

according to Theorem 2 occurs only for the function

F(w, 2) = (agoM(mg,1g) + My mg w0 2" ) (M (Mg, 1) + Goghmg no W0 2"™)

|77m0,n0| = 1a
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and since my, ny are any fixed numbers from m =1,2,...; n = 1,2, ..., equality
in (13) for m > 0, n > 0 occurs only for the function (14).

Remark 2. From Theorems 2 and 3, as corollaries, Cauchy’ s inequalities for
Taylor coefficients and the uniqueness of extremal functions follow easily.

Remark 3. In the case of n complex variables all arguments are carried out
in exactly the same way (for a polycylinder—as for a bicylinder; for the special
class of domains (6)—as for the domain D).
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