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Abstract
Full Text

Aerodynamics

V. N. Zhigulev

On the Effect of a Relaxation Boundary Layer

(Presented by Academician A. A. Dorodnitsyn, January 3, 1962)

The flow past a wedge by a supersonic stream of a weakly relaxing gas is con-
sidered. It is shown that nonequilibrium effects are substantial not only in a
layer, several relaxation lengths (uy7,) thick, adjacent directly to the shock wave,
but also in a region called the relaxation boundary layer, having a thickness of
several relaxation lengths, adjoining the surface of the wedge and extending in-
definitely downstream. An exact solution of the problem is given for vibrational
relaxation.

The equations of motion of the gas with allowance for vibrational relaxation
have the form:

1 2
dvpv =0 (W= Vp G e+ B = hy
dE, E,T)-E,
O Al — pRT; 1
0 . p=p (1)
RO
E(T) = ——v .
7.( z) eei/Ti 71’

where p is density; v is the velocity vector; p is pressure; T is the temperature
of the translational degrees of freedom; hy, c,, R, 6, are constants.

Consider the problem of flow past a wedge by a supersonic stream of a weakly
relaxing gas (i.e., a flow in which the quantity E,(7T,) is small); in this approxi-
mation the flow may be represented as the sum of an ideal flow, i.e., an oblique
shock wave and a uniform stream (the quantities are denoted by the subscript
0), and a linear term, the equations for which can be obtained by linearizing

system of equations (1) with respect to the parameter

Ei(To)

E(TO) = m
D

Choosing the coordinate system as shown in Fig. 1, one can obtain the following
system of equations for the perturbations (marked by a prime):
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Fig. 1

Figure 1: Fig. 1
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The expression for E;,, after integration of the relaxation equation with allowance
for the boundary condition E; = 0 at y = xztg~, takes the form:

E; = E,(T,) (1 — e~ ®t¥cte) (= x/ugTy; ¥ =y/ugTo)- (3)

It is easy to see that

ou o

F/(y)_ﬁiy_ﬁix’ (4)

from this follows the physical meaning of the function F(y).

The boundary conditions under which the system of equations (2) must be
solved have the form:

a) fory=0, z>0, v=0;
b) fOI'y:tg’}/'JI’ x>0)ﬁzl/6aﬁ:ka7

where

2Actgy — (1 — A) (% — 1) Mg sinycosy

VvV = s
M2u(sin® v + Acos2v) — 1+ Actg? v — (x — 1) M2

k:2A—(1—A)(%—1)MOQSin2’y’ A~ P

Mg%(l—A)siHZ'y—l—A Po

The general solution of system (2) may be represented in the form

b

" (l + %) e—Ttyctgy _ filz+ Ny);’;fz(x — 1Y)
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To determine the functions f; and f, we have the following system of functional
equations:

n(3-3)e "+ hie) - hiz) =0

(U= ) S ) + fy () (U ) - folgy) (1= ) = 0.

Eliminating f,, we obtain a functional equation for determining f;:

A+ 0fi(2) +efy(mz) + Be ™™ = 0;

A:E€+E(5; 0 =1+ pv; e=1—pv; (6)
a B
1 1 k
an&(E—a); m:k—?; ko = ctgy — 1; ky = ctgvy + p.

It is natural to seek the solution of equation (6) in the form of the series

(oo}
f1(z) =D+ Z c,e M
=0

Carrying out formally the necessary operations, we shall have:

fl - _g N ? iOOO (_g)z eizmprl;
A R NCH ®
i=0

The series (7) converge everywhere faster than a geometric progression with
ratio (—e/d). Thus,
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1 1 2B & eNt . i o
S = —x+yctgy = 7I+;Ly _ = —xm® i+1

D o <a+6>e +2H {A 5 + — 5 < 6) e ch (pym )}
(8)

It is easy to see that, for any y, the quantity p tends, as £ — oo, to the constant
limit

=0

_ A _ 1—vctgy
p|i:(>o = 27 = Ez(TO) 2 2"
[t ctg®y —p

We find the expression for F(y) from the third equation of system (2), applied
on the straight line y = x tg~; taking also into account the second condition b),
we obtain:

F(y) = <12;:23 {We ylctgy—p) 22( 7>‘e yetgym' o (uz?mi)}.
9)

It is easy to see that

1\
F0)=0;  F(so) = — (1 + 7) By(T,) 287
k ctg” y — p?

Thus, applying the third equation of system (2) to the entire flow, we obtain
that, as ¢ — oo, in the immediate vicinity of the body being flowed around
there is a vortex layer having a thickness of several relaxation lengths.

The expression for v has the form:

i

n/l 1 - B >
Hy— — | — —z+yctgy - —T+py 9
Y 2 (6 a) ¢ + 2¢e { Z ( )

i=1

—am’ oy (,U?jmz>} ,

i.e., v, for any ¥, tends to zero as x — oo.

Bringing together everything said about the structure of the flow, we see that
the region of influence of relaxation consists of two regions (Fig. 2): first, the
region A, directly adjacent to the shock wave and ending away from it at most
within several relaxation lengths; and, second, the region B, situated directly
at the boundary of the body being flowed around, having a thickness of several
relaxation lengths and extending to infinity downstream. We shall call region
B the relaxation boundary layer. In zone C there is equilibrium flow with a
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Fig. 2

Figure 2: Fig. 2

fully excited oscillatory degree of freedom, corresponding to the equilibrium
flow around the wedge.

Fig. 2

The hydrodynamic pressure changes only in zone A; across the relaxation bound-
ary layer the pressure is unchanged. The remaining quantities characterizing
the flow as * — oo are functions only of y, so that the relaxation boundary layer
does not change along the flow.

The velocity, temperature, and density will be, respectively,

u=F(y)—pl__; T=—E(Ty)—(k—=1)M[F(y)—p| __J;

p=rMZB__~T  (p=4p/po: T=T"/Ty). (10)

Figure 3 gives an example of a calculation for a relaxation boundary layer in the
case of flow past a wedge with an angle of 40° by a gas stream with Mach numbers
5, 10, and 20 and x = 1.4. Examination of Fig. 3 shows that for M_ = 20 the
jump (i.e., p(0) — p(o0)) of temperature, density, and velocity across the relax-
ation boundary layer is, respectively, 0.467E;(Ty); —0.467E;(Ty); —0.370E;(Ty,),
i.e., across the relaxation boundary layer the temperature increases in the di-
rection toward the wall, the density decreases, and the velocity also decreases.
The moduli of the ratios of these jumps to the values themselves as y — oo
are, for temperature, density, and velocity, respectively, 0.29, 0.404, 0.79, i.e.,
the jumps of the quantities under consideration are of the order of the relative
activation energy of the vibrational degree of freedom.

Fig. 3
Fig. 4

We next give expressions for the variation of the gas-dynamic quantities along
the surface of the wedge:

_ 1 - A B L
T O o ™

u=—p; T=(k—1)Mp—E,(Ty)(1—e®); p=rMp—T.

An example of the calculation is shown in Fig. 4 for a wedge with an angle of
40° and the conditions of Fig. 3. In practice, series of the type (11) converge
so rapidly that for calculations it is sufficient to take the first 2-3 terms. In
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conclusion it should be said that the effect of the relaxation boundary layer
noted in the present work is apparently inherent, to one degree or another, in
all flows of thermodynamically nonequilibrium media.
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