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1. Let W) be the class of all functions bounded on (—o0,00) that have a
derivative of order r bounded on the entire real axis; let P(") and PQ(Q be,
respectively, the classes of all periodic and all 27-periodic functions from
W), We shall say that a uniformly almost-periodic function f(z) belongs
to the class A if Ny(z,x + 1) = O(1), where N;(x,z + 1) is the number
of Fourier exponents of the function f(z) on the interval (x,2 + 1). (The
structural characteristic of the class A, is given in (°).) Denote by Wi
the intersection of the classes W) and A,. Obviously, w5 Pé?. Set:

Sup, |f* (z) — g&" ()|
Ca,r(f) - Infg(,(z) Orgl?g(r Eo<f(k>) )

where g, (z) is an entire function of degree < ¢ and
Ea(f) = Infga(:l;) Supx ‘f(x) - go'<x)|7

Sup, | f*)(z) — T}
Co () = Infy, ) max 22Pelf (@) @]

Y o<k<r Ex(fR)
where
T.(z)= Z a, cosve + b, sinve
v=0
and

sovietrxiv.org/items/ru-196201.92800 Machine Translation


https://sovietrxiv.org/items/ru-196201.92800

E(f) =Infr ) Sup, [f(z) =T, ()|

Let

CJ,T(W<T)) = Supfew(ﬂ Oo,r(f);

analogously the quantities C (WS(T)), C'(M,(P(T))7 C’,*L,T(Pé;)) are defined.

o,r

A. F. Timan (1) showed that, as 7 — oo, uniformly with respect to all o > 0,
the following asymptotic equality holds:

C, (W) = % In(r +1) +O(Inlnlnr). (1)

A. L. Garkavi (?) obtained the asymptotic formula

. 4
Crp(Py) = — In(p+1) + O(Innlnp), 2)

where p = min{n, r}.

It follows from the theorems given below that the result of A. L. Garkavi can

be extended to the class Wi of almost-periodic functions, while estimate (1)
for the quantity C, , for the class of all uniformly almost-periodic functions

belonging to W) cannot be improved, since it cannot be improved even for the
class P'") contained in it.

2. We formulate the main results of the note.

Theorem 1. Whatever the positive real ¢ > 0 and the natural number r, as
p — oo the asymptotic equality

4
C, ., (Wy)) = —In(p+1)+ O(lnlnlnp), where p = min{o,r}. (3)
’ T

holds.

Theorem 2. As r — oo, uniformly with respect to all o > 0, the asymptotic
equality

4
Co,p (PM) = — In(r+1) + O(InlnInr). (4)
’ ™

holds.

3. Let us recall some known facts and give three lemmas on which the proof
of Theorem 1 is based.
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The integral operator of N. I. Akhiezer—B. M. Levitan ®)

/ fla sty (W) du, (5)

where

g cosou—cosa(l+1/q)u

\Ijo,a(1+1/q) (U) -

o u2

(g > 0), assigns to every continuous and bounded function f(z) on (—o0,00) an
entire function f,  (z) of degree < o(1 + 1/g), and moreover f, (z) = f(x) if
f(z) is a bounded entire function on (—oo, 00) of degree < o.

Let L(q) be the norm of the operator (5) in the space of all bounded functions
on the real axis. A. F. Timan ¥ established that, uniformly with respect to all
q > 0, the asymptotic equality

L{g) = S5 n(a +1) +0(1) (6

holds.

Let the interval I, , = (0,0(1+41/q)) contain n (n > 0) points ¢; (¢; < ¢; 44, i =
1,2,...,n); let € > 0 be chosen so that the intervals (¢; —e, ¢; +¢) do not intersect
and belong to the interval /, .. Consider the function, continuous and linear on
the intervals (¢; —e,¢;), (¢;,¢; +¢€) (i =1,2,...,n),

Lpo—,q()‘) = Qpa,q()‘7cl7c2> 7Cn75) =

L, Al <o
1
+1=20 o<V <o (142). Mg (e —ee+e)

0, |)‘| =G

1
0, |)\|>a(1+7).
q

Set

1

9. / gpayq(A)e_iu}\ dAa

\IIO',O'<1+1/q) (u> = o0

z) = / F@+ W, g () du; (5)
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~

it is easy to see that @U,Uuﬂ/q)(u) =V, s(141/q W) foq(@) = f,4(x), if the
interval I, , is free of the points c;.

Let L(g) be the norm of the operator (5'), and L(g) the norm of the operator

S
/ f((E + U‘) [\Ija',a(lJrl/q) (’LL) - \Ila(lfl/q),a(/u)] du

in the space of all functions bounded on the real axis.

Lemma 1. If f(x) is continuous and bounded on (—o0, c0), then fg’q(ac) is an
entire function of degree < o(1+4 1/q). If f(x) is an entire function of degree
< o bounded on (—00,00), then f, () = f(z).

Lemma 2. The inequalities hold

L(q) < L(q) + 2n, (7)

L(g) <2(n+1). (8)

Lemma 3. If

Fla)~ D7 ™ (A =0, A = =My, Ay < gy for k>0, lim A = o0)

k=—o0

is a uniformly almost-periodic function, then

fo',q(x) = Z <po’,q<Ak)Akel>\km'
IApl<o(1+1/q)

4. We shall give the proof of Theorem 1. Let I be the common part of the
intervals I, . and (0,0 +1); let ¢, ¢o,... s ¢, (0 <n < Ny(0,0+1)) be the
Fourier exponents of the function f(x) belonging to the interval I,. We
shall show that for every function f(z) € wi"

Sup, | (2) — GF(f, o) 4
ooR B, (f#) S35 In(p+1) + O(1), )

~

where p = min{o,r}; G,(f, ., 2) is an entire function of degree < o, realizing

the best approximation to the function fg’r(x).

The equalities
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74 (2) = / SO ) Ty gy (@) du (k=0,1,.7)  (10)
—o0

are valid.

Denote by g, (f*),z) an entire function of degree < o, realizing the best ap-
proximation to the function f*)(x). By Lemma 1,

ga(f(k>7x) = / gcr(f(k)vx+u) @070(1+1/q)<u) du (k: O,l,...,T) (11)
—00

for any ¢ > 0.

Let o < r. In consequence of (10) and Lemma 3,

fin(z) = / " @+ u) U, 0 (w)du=SP(f,), (12)

where

Scr(fa‘r>: Z Akei)\kwy

[Agl<o
and therefore
G (Joo) = fob(a) (R =0,1,....7). (13)
Putting ¢ = o in equality (11), we obtain from (11), (12), and (13)
Sup |f®)(z) — G ([, . 7)| < {L(0) + LIE,(F®)  (k=0,1,...,7).

From the last inequality, by virtue of (7), it follows that for o < r

Sup, | f¥ () — GF(F, .. 2)]
. < .
Jfax. E.(7) < L(o) +2Ny(o,0 +1) +1 (14)

Let o > r. It is easy to see that
a0 = gy ]2 (0) = Ty o) =

= fop(z) — @, (x),
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where ®_(z) is some entire function of degree < o; therefore, from inequality
(8) one obtains the estimate

E,(fo,) <201+ Ny(o,0 + DIE,(f). (15)
For any function f(z) € W) (see (*,2)),

™

o) < 5z Bo(f¥) (B =0,1,..1) (16)

From S. N. Bernstein’ s inequality (®) and inequalities (15) and (16) it follows
that

Sup, |F0) — 01| <

k
<7 (1 + %) 1+ Ni(o,0+D]E,(fP)  (k=0,1,..,7).

Taking ¢ = r in equality (11), we obtain from (10), (11), and (7)

Sup,,

)

F® () = FN@)| < [L(r) + 2N (0,0 + 1) + 1B, (f*)

(k=0,1,...,7).

From the last two inequalities it follows that, for o > r,

~

Sup, |F®)(z) — GF(f, . )|
0Sker E,(f®)

< L(r)+(2+me)N(o,0+1) +me+1. (17)

Estimate (9) is a consequence of inequalities (14), (17), and the asymptotic
equality (6). From (9) we obtain the inequality

r 4 .
C'mr(W.;( >) < = In(p+ 1)+ O(1), where p = min{o, r},

which, by virtue of (2), leads to the asymptotic equality (3).

5. We do not present here the proof of Theorem 2, based on the effective
construction of a function g, (z) € P") for which

4
Cor(95) > — In(r +1) + O(lnlnInr).
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